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Abstract: There are diverse materials science problems concerned with how the presence of a 

low concentration of particulate inclusions having mechanical properties distinct from the matrix 

in which they are placed influences the elasticity of the resulting composite material. There is a 

classical treatment of the calculation of the leading order virial coefficient for the bulk modulus 

K and shear modulus G, or intrinsic moduli [K] and [G], for ellipsoidal inclusions having a 

general contrast between the elastic properties of the particle inclusions and the matrix. 

However, the treatment of more physically interesting shapes, such as gravel in concrete, is 

analytically intractable. With literal concrete applications in mind, we treat construction gravel as 

being composed of block-like particles having an equivalent length, width, and thickness, and we 

develop numerical approximants for [K] and [G] for these block structures based on finite 

element calculations and limiting analytic information. The approach generalizes our previous 

treatment of the electrical conductivity and elastic moduli of composites containing complex-

shaped objects, in the dilute limit, having a general property contrast with the suspending matrix, 

and corrects an error in the previous elastic moduli calculation. We verify that our approximants 

provide an accurate description of [K] and [G] for general property contrast conditions and 



extensive tabulations of data based on finite element calculation for a wide range of object 

shapes.  
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1. Introduction 
 
Many applications in science and engineering involve the addition of particles to a matrix to 
change the overall properties of the resulting composite material. These properties include bulk 
and shear moduli, compressive and tensile strength, electrical and thermal conductivity, 
dielectric constant, and shear viscosity (inclusions in fluids). In any composite made from a low 
concentration of essentially isolated inclusions (volume fraction, ci) embedded in a matrix 
(volume fraction, cm), the effect of each inclusion on the overall properties is mainly controlled 
by inclusion shape and the contrast in its properties compared to the matrix.  For a general 
property P, the contrast is defined by the ratio, ΔP  ≡ Pi / Pm , which is a basic quantity governing 
the change in composite material properties. The importance of particle shape in composite 
property changes also depends on ΔP (Torquato, 2002; Milton, 2002; Christensen, 1991; Douglas 
and Garboczi, 1995). The ‘dilute limit’ can be rigorously and formally defined by having a 
particle volume fraction small enough so that the elastic fields around a given inclusion do not 
affect the elastic fields around other inclusions. For linear isotropic elasticity, we define the 
property contrast ratios as, ΔK = Ki / Km, ΔG

 = Gi  / Gm, and ΔE = Ei / Em, where K is the isotropic 
bulk modulus, G is the isotropic shear modulus, and E is the isotropic Young’s modulus. In the 
dilute limit, the composite elastic properties K and G are described by virial expansions 
(Torquato, 2002) in the inclusion concentration: 
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where [K] and [G] are dimensionless functions of matrix and inclusion elastic properties and 
particle shape. Higher order ci terms become important when the elastic field of the particles start 
to interact. For particles having an anisotropic shape, we assume that the particles are distributed 
with isotropic orientational distributions so that [K] and [G] become scalar quantities [Douglas 
and Garboczi, 1995; Garboczi and Douglas, 1996; Mansfield et al., 2001]. The ‘intrinsic moduli’ 
[K] and [G] have the following functional forms, 
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In general, intrinsic moduli depend on the elastic properties of both matrix and inclusion, as well 
as particle shape. However, if we use the common equations relating K, G, the Young’s modulus 
E, and the Poisson’s ratio, ν,  
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and make the additional assumption that the intrinsic moduli depend only on the property 
contrast between the inclusion and matrix (ΔE = Ei / Em is defined to be the “stiffness contrast” 
between the two phases), we can write [K] and [G] formally as, 
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where νm and νi are the Poisson’s ratios of matrix and inclusion, respectively. If the inclusion has 
the same isotropic elastic properties as the matrix, there is no change in composite properties 
when the particle inclusions are added and the intrinsic moduli must then be 0. Evidently, the 
intrinsic moduli depend on only three elastic parameters rather than four. The goal of this paper 
is to construct general purpose and effective analytical approximations for the functional 
dependence of [K] and [G] in eq. (4) on general elastic parameters and on a particular class of 
particle shape, namely rectangular parallelepipeds (blocks). 
 
A previous paper (Garboczi et al., 2006) used a combination of numerical finite element 
techniques and approximate analytical techniques to approximate the intrinsic moduli functions 
given in eq. (4) for a range of particle geometries and elastic property contrasts. Approximate 
analytical forms for the property and shape dependence in eq. (4) were used in this work, where 
the unknown coefficients were determined by fitting to finite element numerical results for 
specific shapes. This paper extends the range of property mismatch and shapes considered in this 
previous work, as well as correcting a mistake and improving the numerical data used. The exact 
ellipsoid calculation of Eshelby (Eshelby, 1957) as implemented by Mura (Mura, 1982) and Pan 
and Weng (Pan and Weng, 1995) is used,  along with the numerical values of the intrinsic 
moduli in the infinite and zero contrast limits, to construct an improved analytical approximation 
for eq. (4).  
 
The calculation of the intrinsic moduli is a basic input into the development of any approximate 
treatment of composite materials at higher particle concentrations. For example, differential 
effective medium theory (McLaughlin, 1977; Garboczi and Berryman, 2001) requires that one be 
able to determine the intrinsic (dilute) properties for any combination of matrix and composite 
properties. Providing an approximate analytical form for the intrinsic moduli of various shapes 
that do not have an exact solution for their intrinsic moduli will allow differential effective 
medium theory to be applied to composite materials built out of these inclusion shapes.  
 
2. Exact relations for the intrinsic elastic moduli 
 
For intrinsic elastic moduli, the only exact calculations for general contrast are for ellipsoidal 
particles (Eshelby, 1957; Mura, 1982; Pan and Weng, 1995). Simple formulae are available for 
axisymmetric ellipsoids including spheres (Berryman, 1980; Christensen, 1991). There are also 
general exact relations that cover parts of the space of inclusion shape and property contrast.  
 
An expansion exists for the effective properties of the general composite elastic problem, at any 
volume fraction and for any shape inclusion, in terms of the property contrast (Torquato, 2002; 
Torquato, 1997). Up through quadratic order in (ΔK – 1) and (ΔG – 1), the terms are independent 



of particle shape (Torquato, 2002; Torquato, 1997; Garboczi et al., 2006). In this expansion, the 
intrinsic moduli are formally defined as the limits, 
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Up to quadratic order, [K] depends only on ΔK and [G] depends only on ΔG, independent of 
inclusion shape. This fact leads to two analytical relations that [K] and [G] must simultaneously 
obey for any particle. The conditions ΔK = 1 and ΔG = 1 imply that [K] = 0 and [G] = 0, 
respectively, since under these conditions there is no difference between the inclusion and the 
matrix material; this assumes the interface is perfect and smooth. We then conclude that there are 
a total of three relations that must be obeyed by [K] and [G] for any shape. This fact, along with 
the zero and infinite contrast limits, was used previously in (Garboczi et al., 2006) to construct 
approximants for [K] and [G]. However, we have since realized that there is a fourth analytical 
expression that must be satisfied and which only applies to [K]. In particular, there is an exact 
expression for the bulk modulus K of a two-phase composite medium where Gi  = Gm, for any 
contrast ΔK and any volume fraction of inclusions (Hill, 1963): 
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Specializing eq. (6) to the dilute limit by using eq. (5) results in: 
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The approximate analytic expression used previously for [K] (Garboczi et al., 2006) did not 
exactly satisfy eq. (7).  The expressions for [K] and [G] did, however, satisfy the other three 
exact relations, but the data chosen to validate the approximate expressions did not sample the 
region where the approximate value of [K] would have been seen to be inaccurate. For this 
reason, this error was not detected at the time. This paper corrects that oversight. Using eq. (3), it 
is easy to show that when Gi = Gm, the value for ΔE is: 
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As an illustration of eq. (8), when νm = 0.4 and νi = - 0.5, δE = (2.8)-1 ≈ 0.357, and when νm = -  
0.5 and νi = 0.4, δE = 2.8. Using eq. (3), together with eq. (8), we define δK = ΔK when ΔG = 1, 
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which is used in a later section where approximants for [K] and [G] are formulated. 
 
 
3. Numerical Data: Elastic and Shape 
 
We use a digital-image-based finite element method (FEM) to generate accurate numerical data 
for specific shapes, in this case blocks (Garboczi and Day, 1995; Garboczi, 1998; Bohn and 
Garboczi, 2003), coupled with digital resolution scaling (Roberts and Garboczi, 2000; 2002). 
The code uses Message Passing Interface (MPI) parallelization (Bohn and Garboczi, 2003) to be 
able to compute systems up to 8003 voxels in size. To compute the intrinsic elastic moduli of an 
arbitrary block, one constructs a 3-D digital image of this shape and embeds it in a larger 3-D 
digital image using periodic boundary conditions and a unit cell size that is eight times larger, in 
each of the x, y, and z directions, than the object itself. So, for example, a rectangular 
parallelepiped that has dimensions 10 x 20 x 30 voxels should be embedded in a unit cell that is 
80 x 160 x 240 voxels in size (Garboczi et al., 2006). This keeps the particle and its periodic 
reflections sufficiently well separated so that a dilute limit result is obtained (Nunan and Keller, 
1984). The notation for blocks is generated by normalizing the three dimensions by the smallest 
one, and then writing 1-x-y to represent the object, where 1 < x < y. The 10 x 20 x 30 voxel 
example given above would be denoted as a 1-2-3 object in this notation. Ellipsoids can also be 
described by the same notation using the axis lengths. Further details of the finite element 
method can be found in (Garboczi et al., 2006). 
 
The intrinsic properties, [K] and [G], can found by using the overall bulk and shear moduli in eq. 
(5) and assuming that the limit has been achieved. Nunan and Keller found, after an isotropic 
average, that the intrinsic moduli of rigid spheres in cubic arrangements was the same as the 
exact intrinsic moduli when the volume fraction was small enough so that the next order term, 
ci

2, did not matter (Nunan and Keller, 1984). For our choice of a unit cell that was eight times 
larger in each dimension than the inclusions, the value of ci was always (1/8)3 = 0.001953…, 
which is small enough so that terms of order ci

2 were negligible. 
 
Once finite-size unit cell effects are minimized, the main source of error is digital resolution. In 
the limit of infinite resolution (i.e., a vanishing physical size per voxel length), the results will be 
accurate. One cannot, of course, operate at this limit, but one can do the same computation at 
several different resolutions, plot the results vs. 1/ N, where N is the length of the unit cell in 
voxels, and then extrapolate to 1/N = 0 or N→ ∞. Each FEM computation was done at two 
different unit cell sizes and the results extrapolated to infinite N. This procedure was validated 
for the case of a sphere (Garboczi et al., 2006). 

 
To deal with randomly shaped objects, like that of gravel used in construction materials, a 
combined X-ray computed tomography (CT) spherical harmonics technique has been developed 
that results in an analytic formula, consisting of a spherical harmonic series, for the shape of a 3-
D object (Garboczi, 2002; Erdoğan et al., 2006). Three length parameters can be defined for 



these objects using a simple numerical algorithm that operates on the spherical harmonic series: 
length L, width W, and thickness T (Taylor et al., 2006). The length L is the longest surface to 
surface distance on the object, the width W is the longest surface to surface distance that is 
perpendicular to L, and T is the longest surface to surface distance that is perpendicular to both L 
and W, and T < W < L. The aspect ratio parameters L = L/T and W = W/T are defined so that a 
random object can be described by the same notation being used for blocks and ellipsoids, 1-x-y, 
with x = W and y = L. In effect, this describes a random object like a piece of gravel as an 
effective block, a two parameter effective shape. For numerical FEM computation of the intrinsic 
elastic moduli, a digital image version of the analytic random object is then treated the same way 
as were blocks, with digital resolution scaling and the size of the unit cell based on 1-x-y. This 
means that the actual inclusion volume fraction is always less than (1/8)3, since the randomly 
shaped particle fits inside the effective block. 
 
4. Exact ellipsoid formulae and comparison to blocks 
 
The intrinsic elastic moduli for arbitrary shape and elastic property ellipsoids have been derived 
by Mura (Mura, 1982) and implemented by Pan and Weng (Pan and Weng, 1985). This exact 
result of course obeys all the analytical limits mentioned in Section 2. Since there is no easy 
analytic form, and the results depend on the evaluation of elliptic integrals, a Fortran computer 
program has been written following (Pan and Weng, 1985) and is available via anonymous ftp 
from NIST (ftp.nist.gov/pub/bfrl/garbocz/Blocks/ellipsoid.f). Figure 1 below shows [K] for a 
variety of ellipsoidal shapes for νm = 0.4 and νi = -0.5. Notice the generic shape of the curve, 
with asymptotes in both the infinite and zero contrast limits. The shape of [G] is very similar. 
Note also the close agreement of the curves around ΔE = 10, which is equivalent to ΔK = 1, 
according to eq. (9): 
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For νm = 0.4 and νi = - 0.5, ΔK = 0.1 ΔE. Since νm ≠ νi, ΔK and ΔG are not equal to unity when    
ΔE = 1. The exact contrast expansions (Torquato, 2002; Torquato, 1997) are in terms of (ΔK – 1) 
and (ΔG – 1), so that the conditions, Ki = Km and Gi = Gm are required to have [K] and [G] equal 
zero, respectively. So we see that near the unit contrast limit, the shape of the inclusion does not 
matter. 
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Figure 1: Analytical results for [K] for 1-1-1 (sphere), 1-1-5, and 1-1-10 ellipsoids. The 

Poisson’s ratio values are νm = 0.4 and νi = - 0.5. 
 
Blocks are similar to ellipsoids in their anisotropy of shape, but they differ in having edges and 
corners. In general, at least in the shape regime studied here, for the same overall 1-x-y shape, 
the blocks have higher magnitude values of [K]o and [K]∞. This is illustrated in Figs. 2-4, where 
the numerical results for a cube are compared to those for a sphere for widely ranging choices of 
the matrix and inclusion Poisson ratios. Since it may be useful for others, as the cube is a 
canonical shape, the numerical data for these figures is listed in Table 1. The intrinsic moduli for 
the two shapes, in each case, agree in a region around ΔK = 1 and ΔG = 1. For Fig. 2, where νm = 
νi = 0.2, these areas coincide with the region around ΔE = 1, since for this case ΔK = ΔG = ΔE. For 
both [K] and [G], the curves for the cube have greater magnitude than those for the sphere in the 
zero and infinite contrast limits.  
 



-3

-2

-1

0

1

2

3

0.01 0.1 1 10 100 1000 10000 100000

ν
m

 = 0.2 ν
i
 = 0.2

[K] cube
[G] cube
[K] sph
[G] sph

In
tri

ns
ic

 m
od

ul
i

Δ
Ε  

 
Figure 2: Results for [K] and [G] for a cube (FEM) and a sphere (exact analytical) for νm = νi = 
0.2. 
 
In Fig. 3, for the different pair of values for νm and νi , νm = 0.4 and νi = - 0.5, we observe that 
[K] for the cube rises above the curve for the sphere in the infinite contrast limit, but only 
slightly differs from the curve for the sphere in the zero contrast limit. The case for [G] in Fig. 3 
does not show such a deviation, with good agreement between the cube and the sphere in the 
infinite limit, but with significant disagreement in the ΔE = 0 limit. 
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Figure 3: Results for [K] and [G] for a cube (FEM) and a sphere (exact analytical) for νm = 0.4 
and νi = - 0.5. 
 



In Fig. 4, for νm = -0.5 and νi = 0.4, again [K] for the cube and sphere clearly diverge in the ΔE = 
∞  limit but agree closely in the ΔE = 0 limit. The curves for [G] for cube and sphere diverge 
modestly in the ΔE = ∞ and ΔE = 0 limits. So Figs. 2-4 illustrate the sensitivity of the intrinsic 
moduli to the matrix and inclusion Poisson ratios.  
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Figure 4: Results for [K] and [G] for a cube (FEM) and a sphere (exact analytical) for νm = - 0.5 
and νi = 0.4. 
 



Table 1: Some FEM results for a cube inclusion for three pairs of matrix and inclusion Poisson’s 
ratios 
 

νm = - 0.5 ; νi = 0.4 νm = 0.2 ; νi = 0.2 νm = 0.4 ; νi = - 0.5 
ΔE [K] [G] ΔE [K] [G] ΔE [K] [G] 

0.010 -1.084 -2.784 0.010 -2.4652 -2.2765 0.010 -5.5692 -1.9111 
0.020 -0.940 -2.749 0.050 -2.1156 -2.0024 0.020 -5.4514 -1.7967 
0.030 -0.804 -2.714 0.100 -1.8421 -1.7741 0.040 -5.2462 -1.5929 
0.040 -0.674 -2.680 0.300 -1.1245 -1.1112 0.070 -4.9963 -1.3299 
0.050 -0.550 -2.647 0.500 -0.67656 -0.67426 0.100 -4.7936 -1.1079 
0.060 -0.431 -2.615 0.750 -0.28626 -0.28580 0.150 -4.5256 -0.8032 
0.070 -0.317 -2.583 1.50 0.40189 0.40229 0.200 -4.3140 -0.5555 
0.080 -0.207 -2.552 2.00 0.67493 0.67629 0.280 -4.0464 -0.23976 
0.090 -0.102 -2.522 3.00 1.0277 1.0330 0.35714 -3.8402 0.00 
0.100 0.00 -2.493 5.00 1.3977 1.4197 0.400 -3.7405 0.1139 
0.120 0.193 -2.436 7.50 1.6263 1.6689 0.500 -3.5371 0.3396 
0.140 0.375 -2.381 10.0 1.7576 1.8256 0.700 -3.2092 0.6736 
0.170 0.628 -2.303 20.0 1.9732 2.0853 0.900 -2.9459 0.9135 
0.200 0.861 -2.229 50.0 2.1180 2.2818 1.00 -2.8306 1.0110 
0.220 1.008 -2.181 200. 2.1944 2.3994 1.50 -2.3576 1.3587 
0.300 1.532 -2.007 500. 2.2115 2.4177 2.00 -1.9956 1.5737 
0.400 2.086 -1.817 5000.0 2.2209 2.4547 3.50 -1.2591 1.9251 
0.500 2.557 -1.650 5.00 -0.7947 2.1006 
0.600 2.965 -1.502 7.00 -0.3856 2.2382 
0.800 3.647 -1.249 9.00 -0.1080 2.3246 
1.000 4.200 -1.039 15.0 0.3653 2.4669 
1.200 4.661 -0.860 25.0 0.7124 2.5666 
1.600 5.392 -0.570 50.0 1.0142 2.6585 
2.000 5.951 -0.341 100.0 1.1807 2.7116 
2.400 6.393 -0.155 500.0 1.3237 2.7517 
2.800 6.753 0.00 5000.0 1.3530 2.7846 
3.300 7.120 0.162 
4.200 7.621 0.392 
5.000 7.953 0.551 
6.000 8.274 0.708 
7.000 8.523 0.833 
8.000 8.721 0.936 
10.00 9.016 1.096 
20.00 9.695 1.492 
50.00 10.163 1.813 
100.0 10.370 1.946 
500.0 10.507 2.068 
5000.0 10.431 2.136 

 

 

 



If one wants to generate an approximate analytical formula that can predict intrinsic elastic 
moduli, then the results of Figs. 1 to 4 show that inclusion shape, matrix and inclusion Poisson’s 
ratios, and stiffness contrast are important variables that must be correctly handled. The basic 
idea of this paper is to use the ellipsoid analytical results as a starting point but modify them such 
that the block zero and infinite contrast limits are obtained correctly.  
 
 
5. Basic Idea of Intrinsic Moduli Approximant 
 
Consider a specific block shape, its shape given by the notation 1-x-y. What is needed to 
generate an approximate formula for its intrinsic moduli? One can first start with the exact 
ellipsoid formula for a 1-x-y ellipsoid. As seen above for the sphere-cube results, there will be a 
region of ΔE, which will shift depending on matrix and inclusion Poisson’s ratios, where the 
ellipsoid results will be accurate. However, we expect that in the infinite contrast limit or zero 
contrast limit or both this exact solution will be inaccurate. Figure 5 shows numerical results for 
[K] and Fig. 6 shows numerical results for [G] plotted vs. ΔE, for the 1-3-5 block shape and three 
different sets of values for (νm,νi ), along with the exact 1-3-5 ellipsoid results. While in some 
limits the ellipsoid results are actually a fairly good approximation, in other limits it noticeably 
diverges from the numerical results, which was also seen in previous figures comparing cubes 
and spheres. 
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Figure 5: The numerical FEM data for [K] for the 1-3-5 block, with various choices of        (νm, 
νi), along with the exact 1-3-5 ellipsoid values. 
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Figure 6: The FEM numerical data for [G] for the 1-3-5 block, with various choices of (νm, νi), 
along with the exact 1-3-5 ellipsoid values. 
 
 
If we could compute the values of [K] and [G] in the zero limit ([K]o and [G]o) and in the infinite 
contrast limit ([K]∞ and [G]∞), these could be used to alter the ellipsoid results so that the 
approximate analytical form would asymptote to the correct limits and perhaps also give better 
agreement with the results for values between contrasts near unity and the zero and infinite 
contrast limits.  
 
Computing zero contrast limits is quite straightforward and was done in the previous paper 
(Garboczi et al., 2006). In the finite element code, one simply sets the inclusion moduli to zero. 
This ensures a zero stress boundary condition at the appropriate voxel interfaces. Computing the 
infinite contrast limit is somewhat harder – this was not done in the previous paper (Garboczi et 
al., 2006). For the set of block inclusions considered here, there is always a center of symmetry 
at the center of mass of the inclusion. Therefore, when equal strains in the x, y, and z directions 
are applied, as when computing the bulk modulus, this center does not move. An inclusion that is 
infinitely stiff under this kind of strain will have a zero displacement boundary condition – the 
material cannot be strained by any finite applied strain. The FEM code was altered to allow for 
this boundary condition, with zero displacement inside the inclusion as well, and then run in a 
similar way.  
 
Computing [G] for an infinitely stiff inclusion is harder. A zero strain boundary condition at the 
inclusion surface and interior must still be maintained, but under an applied shear strain an object 
that is not rotationally invariant can rotate to minimize the elastic energy in the matrix. For this 
reason, the infinite contrast limit for [G] was approximated by using a large value of ΔE = 5000. 



Table 2 shows, for ellipsoids using the exact analytical solution, how good this approximation is. 
For both [K] and [G], for a range of matrix Poisson’s ratio that more than covers the range found 
in practice and for a range of ellipsoidal shapes corresponding to the range in block shapes 
considered in this paper, using ΔE = 5000 instead of ΔE = ∞ only results in an error of two parts 
per 1000 or less. Note that the value of the inclusion Poisson’s ratio is irrelevant for an infinite 
stiffness (both K and G are infinite) inclusion, since zero displacement means that there is no 
elastic energy or stress stored in the inclusion. The columns for [K]o and [G]o are listed for later 
comparison to block values. Therefore, this approximation is adopted for computing the value of 
[G]∞ for blocks. This approximation could also be used for computing [K]∞. However, this value 
is computed directly as described above. Table 3 shows how well this approximation works for 
blocks. 
 



Table 2: The exact analytical ellipsoid results for infinite, ΔE = 5000, and zero contrast values of 
[K] and [G] for various ellipsoids.  
 

Shape νm [K]∞ [K](ΔE=5000) [G]∞ [G](ΔE=5000) [K]0 [G]0 
111 0.4 1.286 1.285 2.250 2.249 -4.500 -1.800 

 0.1 2.455 2.454 1.929 1.928 -1.688 -2.077 
 -0.5 9.000 8.997 1.731 1.729 -1.125 -2.368 

123 0.4 1.390 1.389 2.505 2.504 -5.662 -1.986 
 0.1 2.907 2.905 2.200 2.199 -1.977 -2.361 
 -0.5 11.221 11.214 2.007 2.004 -1.193 -2.829 

113 0.4 1.437 1.436 2.563 2.562 -5.092 -1.901 
 0.1 3.142 3.140 2.269 2.268 -1.808 -2.263 
 -0.5 12.488 12.474 2.083 2.080 -1.148 -2.761 

115 0.4 1.690 1.688 3.200 3.197 -5.361 -1.953 
 0.1 4.330 4.325 2.890 2.887 -1.860 -2.367 
 -0.5 18.633 18.585 2.691 2.684 -1.157 -3.031 

133 0.4 1.422 1.421 2.632 2.630 -6.470 -2.114 
 0.1 3.031 3.029 2.317 2.316 -2.198 -2.536 
 -0.5 11.788 11.780 2.116 2.113 -1.250 -3.068 

135 0.4 1.540 1.538 2.960 2.958 -7.552 -2.293 
 0.1 3.545 3.543 2.637 2.635 -2.492 -2.796 
 -0.5 14.342 14.326 2.429 2.425 -1.329 -3.490 

155 0.4 1.614 1.613 3.293 3.291 -9.611 -2.621 
 0.1 3.830 3.827 2.932 2.929 -3.073 -3.241 
 -0.5 15.619 15.602 2.700 2.695 -1.487 -4.094 

117 0.4 2.004 2.000 4.042 4.035 -5.477 -1.978 
 0.1 5.824 5.811 3.693 3.685 -1.881 -2.416 
 -0.5 26.440 26.314 3.465 3.451 -1.160 -3.175 

147 0.4 1.697 1.695 3.476 3.473 -9.645 -2.636 
 0.1 4.213 4.210 3.119 3.115 -3.083 -3.267 
 -0.5 17.596 17.568 2.887 2.881 -1.493 -4.186 

177 0.4 1.815 1.814 4.023 4.019 -12.986 -3.170 
 0.1 4.660 4.657 3.597 3.593 -4.038 -3.991 
 -0.5 19.590 19.561 3.322 3.314 -1.761 -5.172 

 
 
Table 3 shows a comparison, for the same wide range of Poisson ratios as in Table 2, between 
the infinite contrast limit of [K] for various blocks, and the value of [K] computed at ΔE = 5000. 
The shape labels of the blocks, 1-x-y, are the same as the ellipsoids in Table 2. It is clear from 
the Table 3 results that even for blocks, the ΔE = 5000 value for [K] is very close to the directly 
computed infinite contrast value. A similar kind of agreement will hold for [G], as was seen in 
Table 2, so that in the rest of the paper [G]∞  is assumed to be well-approximated by the value of 
[G] computed at ΔE = 5000. Since the [K] and [G] curves become very flat as the contrast 
increases, all this is saying is that ΔE = 5000 is large enough so that [G] is already within a few 
percent of its infinite contrast limit. 



 
Table 3: The ΔE = ∞ and ΔE = 5000 FEM values of [K] for blocks.  

 
Shape νm [K]∞ [K](ΔE=5000) % diff 
111 0.4 1.361 1.353 -0.6 
 0.1 2.773 2.758 -0.5 
 -0.5 10.526 10.486 -0.4 
123 0.4 1.462 1.459 -0.2 
 0.1 3.192 3.197 0.2 
 -0.5 12.551 12.535 -0.1 
113 0.4 1.508 1.511 0.2 
 0.1 3.408 3.340 -2.0 
 -0.5 13.668 13.664 -0.03 
115 0.4 1.747 1.751 0.2 
 0.1 4.419 4.424 0.1 
 -0.5 18.567 18.584 0.1 
133 0.4 1.492 1.468 -1.6 
 0.1 3.315 3.315 0 
 -0.5 13.066 12.969 -0.7 
135 0.4 1.604 1.582 -1.4 
 0.1 3.752 3.843 2.4 
 -0.5 15.170 15.197 0.2 
155 0.4 1.685 1.632 -3.1 
 0.1 3.999 4.032 0.8 
 -0.5 16.158 16.098 -0.4 
117 0.4 2.036 2.069 1.6 
 0.1 5.558 5.638 1.4 
 -0.5 23.871 23.926 0.2 
147 0.4 1.755 1.781 1.5 
 0.1 4.299 4.449 3.5 
 -0.5 17.620 17.551 -0.4 
177 0.4 1.884 1.880 -0.2 
 0.1 4.653 4.571 -1.8 
 -0.5 18.906 18.705 -1.1 

 
Using the numerical results for the zero and infinite contrast limits to alter the ellipsoid formulae 
must be done in such a way so that the exact constraints that have been discussed above are 
preserved – three for [G] and [K] and an extra one for [K]. We denote the extra terms for [K] and 
[G] as [k] and [g], respectively. Therefore, an approximate analytical expression is: 
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where [k] = 0 when ΔK = 1 and [g] = 0 when ΔG = 1 or at the appropriate value of ΔE so as to 
preserve the exact values of [K] = 0 at ΔK = 1 and [G] = 0 at ΔG = 1. Also, since the linear and 
quadratic terms in (ΔK - 1) and (ΔG  - 1) are exact when expanding around ΔK =  ΔG = 1, [k] and 
[g] must be of cubic order or higher when expanded around these limits (or the appropriate ΔE 
values). The simplest forms of [k] and [g] that satisfy these constraints and that appropriately 
correct the ellipsoidal terms are: 
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and 
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where [K]∞, [K]o, [G]∞, and [G]o are the FEM values and those marked with a superscript of “ell” 
are the exact ellipsoid values. However, eq. (11) is not correct at the δK point. To keep the 
correct form at the δK point, [k] must be zero at that point in addition to being zero at ΔK = 1. 
Since the value of [K] at both of these points is identical for all inclusion shapes, it seems 
reasonable to allow [k] = 0 everywhere between these two values of ΔK.  Therefore, eq. (11) is 
modified to the relations, 
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Equation (12) satisfies the constraints for [G]. Purely as a matter of seeming to fit the numerical 
data better, eq. (12) was slightly modified to 
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The value of 5 in the denominator of the form for [G] when ΔG  > 1 is a fitting parameter. When 
using eqs. (13) and (14), one usually plots vs. ΔE, which would modify the functional forms if 
they were written as functions of ΔE. 
 



We can take the same data for the 1-3-5 block and now evaluate eqs. (13) and (14) using the data 
for the numerical zero and infinite contrast limits given in Table 4. The results are plotted in 
Figs. 7 and 8, where very good agreement is obtained with the numerical data.  
 
 
Table 4: Zero and infinite contrast limit results for [K] and [G] for the 1-3-5 block, used to 
construct approximate analytic expression used in Figs. 7 and 8. 
 

νm [K]∞ [G](ΔE=5000) [K]0 [G]0 
0.4 1.604 3.492 -7.420 -2.404 
0.3 2.234 3.334 -4.192 -2.582 
-0.5 15.170 2.695 -1.355 -3.602 
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Figure 7: The numerical data for [K] for the 1-3-5 block, with various choices of (νm, νi), along 
with the approximate formula that is built on the exact 1-3-5 ellipsoid values and the numerical 
zero and infinite numerical limits for [K] (Table 4) for the 1-3-5 block. 
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Figure 8: The numerical data for [G] for the 1-3-5 block, with various choices of (νm, νi), along 
with the approximate formula that is built on the exact 1-3-5 ellipsoid values and the numerical 
zero and infinite numerical limits for [G] for the 1-3-5 block. 
 
So then, for any block, if there are numerical evaluations of the zero and infinite contrast limits, 
for the matrix Poisson's ratio chosen, eqs. (13) and (14) can be used to give a good 
approximation for the complete [K] and [G] for any value of inclusion Poisson’ ratio and 
stiffness contrast. There are only four pieces of information that must be numerically obtained. 
However, we desire to make this analytic approximation more general, covering a range of 
matrix Poisson's ratios and shapes.  
 
First consider extension to arbitrary matrix Poisson’s ratio. Choose the 1-3-5 block again. If we 
evaluate the zero and infinite contrast limits at νm = -0.5, 0.1, and 0.4, we can construct a three-
parameter Padé approximant that fits these three points exactly and is a very good approximation 
for a wide range of matrix Poisson's ratios. This form is based on the exact expressions for the 
sphere (Garboczi et al., 2006), 
 

)1(
)1(3][

)21(
)1(

2
3][

m

m

m

m
o

K

K

υ
υ

υ
υ

+
−

=

−
−

−=

∞

            

)54(2
)1(15][

)57(
)1(15][

m

m

m

m
o

G

G

υ
υ
υ
υ

−
−

=

−
−

−=

∞

                           (15) 

which are simple rational functions of νm in which both numerator and denominator are linear 
functions of νm. All of the expressions in eq. (15) have the form of 
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Let A equal the value of an intrinsic modulus at νm = 0.4, B equals the value of the same intrinsic 
modulus at νm = 0.1, and C equals the value of the intrinsic modulus at νm = - 0.5. [K] (or [G]) in 
the zero of infinite contrast limit is approximately given by eq. (16) with  
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Figures 9 and 10 show how well the approximants work for the 1-3-5 block, where the zero and 
infinite contrast values for [K] and [G] have been evaluated by FEM. The Padé approximants are 
very accurate, reproducing the FEM results to within a few percent.  In particular, the fitting 
forms work well for negative Poisson ratios, so they should be accurate for auxetic materials 
(Caddock and Evans, 1989; Lakes, 1987).  
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Figure 9: Showing how well the Padé approximants for the Poisson’s ratio dependence of the 
infinite and zero contrast limits of [K] fits the numerical data for the 1-3-5 block. Both Padé 
approximants are based on the numerical values determined at νm = 0.4, 0.1, and -0.5. 
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Figure 10: Showing how well the Padé approximants for the Poisson’s ratio dependence of the 
infinite and zero limits of [G] fits the numerical data for the 1-3-5 block. Both Padé 
approximants are based on the numerical values determined at νm = 0.4, 0.1, and - 0.5. 
 
Table 5 contains the values for [K] and [G] in the zero and infinite contrast limits for the same 
three values of νm = - 0.5, 0.1, and 0.4, so that the Padé approximants can be constructed for any 
of these blocks using eqs. (16) and (17).  So for all the block shapes listed in Table 5, one can 
accurately predict the value of [K] or [G] in the zero or infinite contrast limits, and then by using 
eqs. (13) and (14) one can accurately predict the values of [K] and [G] for any value of ΔE and 
most values of νi.  
 
However, we desire our analytical approximation to be as general as possible, so the last step is 
to be able to handle any block shape within or slightly outside the range of blocks in Table 5. 
The blocks in Table 5 were chosen to span a range of shapes so as to be able to implement this 
shape interpolation, as will be discussed next. 
 



Table 5: The zero and infinite limits of [K] and [G] for blocks.  
 

  Block Block Block Block 
Shape νm [K]∞ [G](ΔE=5000) [K]0 [G]0 
111 0.4 1.361 2.798 -5.701 -2.033 

 0.1 2.773 2.357 -2.049 -2.378 
 -0.5 10.526 2.102 -1.235 -2.821 

123 0.4 1.462 3.011 -6.413 -2.175 
 0.1 3.192 2.643 -2.231 -2.587 
 -0.5 12.551 2.353 -1.278 -3.155 

113 0.4 1.508 3.120 -6.097 -2.114 
 0.1 3.408 2.622 -2.130 -2.521 
 -0.5 13.668 2.418 -1.250 -3.111 

115 0.4 1.747 3.760 -6.290 -2.163 
 0.1 4.419 3.216 -2.164 -2.609 
 -0.5 18.567 2.900 -1.255 -3.319 

133 0.4 1.492 3.276 -6.860 -2.268 
 0.1 3.315 2.956 -2.357 -2.710 
 -0.5 13.066 2.434 -1.315 -3.318 

135 0.4 1.604 3.492 -7.420 -2.404 
 0.1 3.752 3.055 -2.512 -2.895 
 -0.5 15.170 2.695 -1.355 -3.602 

155 0.4 1.685 3.899 -8.288 -2.632 
 0.1 3.999 3.341 -2.771 -3.180 
 -0.5 16.158 3.041 -1.434 -3.956 

117 0.4 2.036 4.540 -6.375 -2.181 
 0.1 5.558 3.862 -2.183 -2.645 
 -0.5 23.871 3.423 -1.258 -3.422 

147 0.4 1.755 3.953 -8.300 -2.645 
 0.1 4.299 3.375 -2.770 -3.199 
 -0.5 17.620 3.035 -1.428 -4.017 

177 0.4 1.884 4.411 -9.277 -3.008 
 0.1 4.653 3.748 -3.063 -3.622 
 -0.5 18.906 3.289 -1.520 -4.506 

 
Figure 11 shows a graphical view of the range of block shapes studied in this paper. The gray 
shaded region contains all the shapes studied, and since x ≤ y, only shapes on or above the x = y 
line are allowed. Note that the origin is taken to be at (1,1). A point at the coordinates (x,y) 
corresponds to the block 1-x-y. The points show the shapes for which FEM results have been 
obtained, as in Table 5. The gray region is divided into two triangular regions, bounded by the 
point sets I - (1,1):(1,3):(2,3) and II - (1,1):(2,3):(3,3), and four quadrilateral regions, bounded by 
the point sets III - (1,3):1,5):(3.5):(2,3), IV - (2,3):(3,5):(5,5):(3,3), V - (1,5):(1,7):(4,7):(3,5), and 
VI - (3,5):(4,7):(7,7):(5,5). For block shapes within the quadrilateral regions, we write  
 

[ ] = a + bx + dy +fxy         (18) 



 
where [..] is an intrinsic modulus, either [K] or [G] in the zero or infinite contrast limits. For 
block shapes within the triangular regions, we set f = 0 and fit the three corners. Table 6 contains 
the values of a, b, d, and f for each region, where [IJ] is an intrinsic modulus at the x = I and y = 
J point in Fig. 11. 
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Figure 11: Showing a schematic of the shape space considered in this paper. The gray region and 
the diagonal and solid vertical lines contain all the allowed rectangular parallelepiped shapes, 
denoted by points (x,y) corresponding to the block shapes denoted 1-x-y. 
 
 



Table 6: A list of the values of a, b, d, and f for the six regions shown in Fig. 11. 
 
 

 
Region I 

a = ½ (3 [11] – 2[23] + [13]) 
b = [23] – [13] 

d = ½ ([13] – [11] ) 
f = 0 

 
Region II 

a = ½ (3 [11] – [33]) 
b = [33] – [23] 

c = ½ (-[11] – [33] + [23]) 
f = 0 

 
Region III 

a =  ¼ (20 [13] – 10 [23] + 3 [35] – 9 [15]) 
b = ¼ (-10 [13] + 10 [23] – 3 [35] + 3 [15]) 

d = ¼ (-4 [13] + 2 [23] – [35] + 3 [15]) 
f = ¼ (2 [13] – 2 [23] + [35] – [15]) 

 
Region IV 

a =  ¼ (15 [23] – 20 [33] + 9 [55] – 15 [35]) 
b = ¼ (-5 [23] + 5 [33] – 3 [55] + 3 [35]) 
d = ¼ (-6 [23] + 4 [33] – 3 [55] + 5 [35]) 

f = ¼ (2 [23] - 2 [33] + [55] - [35]) 
 
Region V 

a = 21/4 [15] – 7/4 [35] + 5/6 [47] – 10/3 [17] 
b = -7/4 [15] + 7/4 [35] – 5/6 [47] + 5/6 [17] 
d = -3/4 [15] + ¼ [35] – 1/6 [47] + 2/3 [17] 
f = 1/4 [15] – 1/4 [35] + 1/6 [47] – 1/6 [17] 

 
Region VI 

a = 35/4 [35] – 21/4 [55] + 10/3 [77] – 35/6 [47] 
b = -7/4 [35] + 7/4 [55] -5/6 [77] + 5/6 [47] 
d = -5/4 [35] + ¾ [55] -2/3 [77] + 7/6 [47] 
f = 1/4 [35] – 1/4 [55] + 1/6 [77] – 1/6 [47] 

 
Having constructed all the analytical approximations needed, one must link them all together to 
determine the intrinsic moduli of an arbitrary shape with arbitrary elastic parameters for 
inclusion and matrix within the limits of the analytical approximations. The approach for a given 
shape, denoted 1-x-y, and a given choice of ΔE, νm, and νi, is as follows. First the intrinsic 
moduli for each of the ten basic shapes are generated for the two cases, ΔE = 0 and ΔE → ∞, at 
the given value of νm, using the Padé approximants for the effect of the matrix Poisson’s ratio as 
given in eqs. (16) and (17) and the data in Table 5. Then the appropriate shape function, eq. (18) 
and Table 6, is used to give the ΔE = 0 and ΔE → ∞ intrinsic moduli values for the shape 
considered. Finally, the analytical approximations in eqs. (13) and (14) gives the intrinsic moduli 
for the given shape at the correct value of ΔK and ΔG, which are defined by the values of ΔE, νm, 
and νi via eq. (3).  
 
This process for generating the analytic approximation for an arbitrary block shape has been built 
into a short computer program (Fortran), which takes the values of shape (x,y) and ΔE, νm, and νi 
as inputs. This program incorporates the exact ellipsoid result, and is available at via anonymous 
ftp (ftp.nist.gov/pub/bfrl/garbocz/Blocks/blockapprox.f). 
 
 



6. Results for blocks 
 
We now turn to stringent tests of the analytic approximation on shapes that require a shape 
interpolation. Extensive FEM results have been generated for a 1-3.25-6.25 block, for νm = 0.27 
and νi = 0.03 and a range of values of ΔE. Figure 12 shows the comparison between FEM data 
and the analytic approximation. The agreement is excellent, within a few percent. Figure 12 
demonstrates the usefulness of the analytic approximation. 
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Figure 12: Showing FEM data along with the analytical approximation for [K] and [G] for a        
1-3.25-6.25 block. Poisson’s ratio values are νm = 0.27 and νi = 0.03. 
 
Table 7 contains FEM results for blocks that require a shape interpolation, for various values of 
ΔE, νm, and νi. There is generally good agreement between numerical FEM results and the 
analytical approximant.  
 
 
 
 
 
 
 
 
 
 
 



 
Table 7: [K] and [G] FEM data for blocks of various kinds, for different sets of νm, νi. and ΔE, 
for testing the accuracy of the analytical approximation (an). All but one entry out of 15 total 
have % differences ≤ 6 %, for both [K] and [G], between the analytical approximation and the 
numerical FEM result. 
 

 [K] [G] 
Shape νm νi ΔE FEM an % diff FEM an % diff 
1-2-2 0.3 0.2 2 0.278 0.280 0.7 0.763 0.758 -0.65 
1-2-2 0.3 0.2 10 1.368 1.411 3.1 1.975 1.956 -1.0 
1-2-4 0.28 0.18 35 1.979 2.058 4.0 2.634 2.691 2.2 
1-3-6 0.08 0.26 71 3.978 4.215 6.0 2.868 2.987 4.1 

1-2-3.4 -0.3 0.2 35 7.065 7.406 4.8 2.087 2.053 -1.6 
1-3-5.75 -0.3 0.2 35 8.273 8.877 7.3 2.333 2.361 1.2 
1-4-8.25 -0.3 0.2 35 9.345 9.157 -2.0 2.562 2.530 -1.2 

1-3-4 0.1 0.35 23 3.177 3.24 2.0 2.333 2.34 0.4 
1-2-5 0.42 0.0 12 0.557 0.566 1.6 2.550 2.62 2.9 
1-2-5 0.38 0.12 12 1.025 1.066 4.0 2.425 2.477 2.1 
1-2-5 0.3 0.1 1 -0.719 -0.720 0.14 0.167 0.167 0.0 
1-4-5 0.3 0.2 100 2.183 2.190 0.32 3.207 3.287 2.5 
1-4-5 0.3 - 0.0 -4.460 -4.553 -2.1 -2.715 -2.706 0.33 
1-4-4 0.3 0.2 100 2.096 2.095 0.05 3.079 3.280 6.5 
1-4-4 0.3 - 0.0 -4.307 -4.394 -2.0 -2.631 -2.620 0.42 
1-7/3-
11/3 

0.3 0.2 100 1.979 1.983 0.2 2.849 2.879 1.1 

 
 
7. Results for rocks 
 
In Section 3 above, we mentioned how a block analogue can be built for a random-shaped object 
by defining the length, L, the width, W, and the thickness, T, for the object. To make the 
connection to the block shape notation used in this paper, we define x = W / T and y = L / T,     
so that a random-shaped object is denoted by the equivalent block notation 1-x-y. We look at 
star-shaped objects drawn from common rocks used for construction purposes. By “star-shaped”, 
we mean an object that is not necessarily convex, but having the property that all line segments 
drawn from the center of mass to the surface are totally contained within the object.  This 
eliminates particles having non-reentrant surfaces (“overhangs”). A simple example of a star-
shaped but non-convex object is a standard golf ball. This paper looks at pieces of gravel used in 
construction materials. This material is crushed and/or naturally rounded, so that they probably 
would not have non-convex features. Figure 13 shows a picture of one rock studied in this paper.  



 
 
Figure 13: 3-D VRML images of a real rock, denoted Wilson 0.75-2, whose intrinsic moduli data 
and predictions are shown in Fig. 14. 
 
Since we now have the approximate analytic expression for the intrinsic moduli of blocks, it was 
of interest to see how well this worked for rocks using the values of x and y defined for the rock. 
Note that the true volume and surface area of rocks, as measured by X-ray CT, is approximately 
linearly proportional to the equivalent block volume of L x W x T and equivalent block surface 
area 2 (LW + WT + LT) (Taylor et al., 2006). Figure 14 shows FEM data and the approximate 
analytic expression for the Wilson 0.75-2 rock (roughly 20 mm in size) pictured in Fig. 13. The 
block notation for this rock was 1-1.61-2.19. The matrix Poisson’s ratio was νm = 0.4 and the 
rock Poisson’s ratio was νi = - 0.4. Good agreement is seen between finite element data and our 
approximant, which was developed for a 1-1.61-2.19 block. 
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Figure 14: Showing FEM data along with the analytical approximation for [K] and [G] for the 
Wilson 0.75-2 rock, with x = 1.61 and y = 2.19 (block notation 1-1.61-2.19). Poisson’s ratio 
values were νm = 0.4 and νi = -0.4. 
 

 
Next, the intrinsic moduli for 33 different combinations of rock type (arbitrary labels) and rock 
and matrix moduli were computed, and compared to the analytic approximate expression. The 
results are shown in Table 8 below. The size of these rocks were approximately 10 mm to 20 
mm. Excellent agreement was obtained. Out of the 33 entries, for [K] 18 have % differences ≤ 3 
%, 27 have % differences ≤ 6 %, and all % differences are less than ≤ 12 %, and for [G], 21 have 
% differences ≤ 3 %, 25 have % differences ≤ 6 %, and all % differences are less than ≤ 12 %. 



Table 8: [K] and [G] FEM data for rocks of various kinds, of size 10 mm to 20 mm, for different 
sets of νm, νi. and ΔE, for testing the accuracy of the analytical approximation (an) as applied to 
rocks.  
 

Name x-y νm νi ΔE [K](FEM) [K](an) Δ% [G](FEM) [G](an) Δ% 
120D1-2 1.24-1.93 0.3 - 0 -3.240 -3.475 -7.3 -2.166 -2.223 -2.6 
120D1-2 1.24-1.93 0.3 0.2 10 1.356 1.403 3.5 1.915 1.899 -0.8 
120D1-2 1.24-1.93 0.3 0.2 20 1.574 1.623 3.1 2.175 2.211 1.7 
120E1-5 3.17-3.85 0.3 - 0 -4.329 -4.159 3.9 -2.571 -2.513 2.3 
120E1-5 3.17-3.85 0.3 0.2 7.5 1.324 1.347 1.7 1.934 1.942 0.4 
120E1-5 3.17-3.85 0.3 0.2 20 1.770 1.777 0.4 2.482 2.580 3.9 
120E1-5 3.17-3.85 0.3 0.2 100 2.052 2.035 -0.8 2.858 3.095 8.3 
120E1-5 3.17-3.85 0.35 0.15 10.5 1.168 1.176 0.7 2.243 2.281 1.7 
111-7-32 1.21-2.20 0.14 0.32 52 2.812 2.742 -2.5 2.398 2.303 -4.0 
111-7-31 1.78-4.39 0.38 0.08 44 1.461 1.503 2.9 2.779 3.059 10 

108BD-15 1.74-2.60 0.17 0.32 100 2.683 2.608 -2.8 2.497 2.503 0.24 
108BD-15 1.74-2.60 0.17 - 0 -2.552 -2.505 1.8 -2.511 -2.458 2.1 
114AE-34 1.37-1.70 0.28 0.16 83 2.031 1.856 -8.6 2.548 2.514 -1.3 

107-70 1.15-1.64 0.08 0.38 64 2.709 3.016 11.3 1.971 2.216 12 
106A-16 1.31-1.58 0.22 0.22 27 1.879 2.040 8.6 1.991 2.175 9.2 
W0.5-1 1.37-2.27 0.05 0.25 57 3.26 3.334 2.3 2.25 2.266 0.7 
W0.5-2 2.69-3.26 0.3 0.0 22 1.57 1.597 1.7 2.49 2.581 3.7 
W0.5-3 1.40-1.58 -0.35 0.35 1.0 2.60 2.647 1.8 -0.738 -0.798 -8.1 
W0.5-4 1.41-2.44 0.0 -0.4 33 3.12 3.274 4.9 2.19 2.278 4.0 
W0.5-5 1.19-1.56 0.3 0.3 90 1.70 1.786 5.1 2.32 2.517 8.5 
W0.5-6 1.45-1.89 -0.25 0.0 8 3.66 4.103 12.1 1.39 1.387 -0.22
W0.75-1 1.25-1.84 0.0 0.0 71 3.45 3.550 2.9 2.23 2.249 0.85 
W0.75-2 1.61-2.19 0.4 -0.4 2 -1.79 -1.902 -6.3 1.46 1.437 -1.6 
W0.75-2 1.61-2.19 0.4 -0.4 3.5 -1.086 -1.135 -4.5 1.86 1.834 -1.4 
W0.75-2 1.61-2.19 0.4 -0.4 5 -0.649 -0.668 -2.9 2.08 2.051 -1.4 
W0.75-2 1.61-2.19 0.4 -0.4 8 -0.121 -0.121 0 2.31 2.294 -0.70
W0.75-2 1.61-2.19 0.4 -0.4 10 0.103 0.103 0 2.40 2.392 -0.33
W0.75-2 1.61-2.19 0.4 -0.4 20 0.661 0.652 -1.4 2.60 2.624 0.92 
W0.75-2 1.61-2.19 0.4 -0.4 50 1.10 1.080 -1.8 2.79 2.796 0.22 
W0.75-3 1.25-1.61 0.28 0.18 5 1.03 1.074 4.3 1.48 1.465 -1.09
W0.75-4 1.34-1.69 -0.22 0.0 0.2 -0.867 -0.912 -5.2 -1.69 -1.862 -10 
W0.75-5 1.60-2.16 0.42 0.2 100 1.29 1.269 -1.6 2.91 2.842 -2.3 
W0.75-6 2.27-2.39 0.36 0.2 35 1.41 1.470 4.3 2.48 2.656 7.1 

 
No direct computations were made of [K]∞ for any of the rocks. This was because their random 
shapes were not centro-symmetric. The algorithm described earlier for computation of [K]∞ was 
only for centro-symmetric objects. However, the analytical approximation is based on the zero 
and infinite contrast limits of blocks that are centro-symmetric. The good agreement shown in 
Fig. 14 and Table 8 for fairly large values of ΔE shows that the non-centro-symmetric nature of 
these random objects does not make much of a difference in the bulk moduli in the ΔE = ∞ limit. 



 
8. Summary and Conclusions 
 
The exact result for the intrinsic moduli of ellipsoids was used as a base upon which we added 
the zero and infinite contrast limits of [K] and [G] for blocks. The exact ellipsoid result satisfied 
the three exact constraints for [K] and [G] and the fourth exact constraint for [K]. For both [K] 
and [G], the three common constraints were – zero at unit contrast, and exact linear and quadratic 
terms for expansions in contrasts close to unity. For [K], there was an exact value when Gm = Gi 
or ΔG = 1. Finite element results for the zero and infinite contrast limits were added to the exact 
ellipsoid result in such a way that these exact results were not disturbed but the correct values for 
the blocks would be reached in the zero and infinite contrast limits. Good agreement was then 
found for a typical block, with shape 1-3-5 with fixed values of matrix and inclusion Poisson’s 
ratios. Padé approximants were derived and fit to FEM data so that the zero and infinite contrast 
limits could be accurately estimated for any choice of matrix Poisson’s ratio. Finally, a shape 
extrapolation scheme was generated so that the intrinsic moduli for any choice of νm and νi and 
for any block whose shape lay between 1-1-1 and 1-7-7 could be accurately estimated. In fact, 
we expect that for blocks slightly outside the shape range investigated, perhaps up to 1-9-9, the 
analytic approximation will still be accurate to within 10 %.  
 
By describing random star-shaped objects (e.g. rocks) in a length-width-thickness notation, 1-x-
y, it was found that the analytic approximation was also accurate for these objects. Although it 
was known before that the true rock volume and surface area were linearly proportional to the 
block volume and surface area, respectively (Taylor et al., 2006), having the intrinsic moduli 
proportional to the equivalent block intrinsic moduli with a proportionality constant of 
approximately one was an unexpected and useful result.  
 
The analytic approximation can be systematically improved by obtaining FEM results for the 
zero and infinite contrast limits for blocks beyond 1-7-7, with the first three obvious shapes to do 
being 1-1-9, 1-5-9,and 1-9-9. Or one could add blocks with shape between those considered to 
make the existing shape interpolation more accurate for the same shape range. 
 
The availability of accurate approximate formulas for the intrinsic elastic properties of 
rectangular parallelepipeds of a modest but useful range of shapes and a wide range of material 
properties allows several immediate applications. In polymer science, measurements of intrinsic 
properties have been traditionally carried out to determine size and shape. More subtle properties 
are also of interest such as molecular topology (e.g., star, ring, or comb polymers), which will 
have more possibility of investigation as a greater “shape library” is available relating shape and 
intrinsic properties (Mansfield et al, 2001; Douglas et al., 1990; Mansfield and Douglas, 2002; 
Kang et al., 2004). Adding rectangular parallelepiped shapes broadens measurement 
interpretation possibilities beyond simply using spheres and ellipsoids.   
 
The hybrid finite-element – analytic-approximation technique described in this paper will work 
for other shapes than just for rectangular parallelepipeds. The digital resolution scaling FEM 
technique works for any shape. Parallel FEM algorithms allow for much larger systems to be 
studied, and in particular higher degrees of anisotropy than with just scalar algorithms. By 
employing hundreds of processors, a much larger degree of anisotropy and different kinds of 



shapes could be studied in the same manner. We note that the finite element algorithm used 
appeared to scale fairly close to linearly with number of processors, so that many more 
processors could profitably be used to compute the intrinsic moduli for more complex shapes and 
for simple shapes with larger degrees of anisotropy. 
 
Finally, effective medium theory, and differential effective medium theory (D-EMT) in 
particular, is based on analytical forms for the intrinsic properties, for any material properties of 
matrix or inclusion (McLaughlin, 1977; Garboczi and Berryman, 2001; Sun, Garboczi, and Shah, 
2007). This has meant that D-EMT has been limited to shapes for which the intrinsic properties 
are known analytically. For the elastic case in 3-D, this means that only spheres, ellipsoids of 
revolution, and tri-axial ellipsoids can be considered. Having approximate and accurate 
analytical forms for the intrinsic elastic properties of a range of rectangular parallelepipeds 
means that effective medium theory can now be extended to predict the elastic properties of 
concentrated suspensions of these shapes; albeit for a modest range of shapes but a wide range in 
material properties. In composites where there is only a small difference between matrix and 
inclusion elastic properties, shape does not matter very much so that a spherical particle D-EMT 
could be successfully used. However, when the contrast between matrix and inclusions are 
significant, these rectangular parallelepiped analytical approximations and those for other shapes 
will be useful in constructing new versions of D-EMT. 
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Table Captions 
 
Table 1: Some FEM results for a cube inclusion for three pairs of matrix and inclusion Poisson’s 
ratios. 
 
Table 2: The exact analytical ellipsoid results for infinite, ΔE = 5000, and zero contrast values of 
[K] and [G] for various ellipsoids. 
 
Table 3: The ΔE = ∞ and ΔE = 5000 FEM values of [K] for blocks.  
 
Table 4: Zero and infinite contrast limit results for [K] and [G] for the 1-3-5 block, used to 
construct approximate analytic expression used in Figs. 7 and 8. 
 
Table 5: The zero and infinite limits of [K] and [G] for blocks. 
 
Table 6: A list of the values of a, b, d, and f for the six regions shown in Fig. 11. 
 
Table 7: [K] and [G] FEM data for blocks of various kinds, for different sets of νm, νi. and ΔE, 
for testing the accuracy of the analytical approximation (an). All but one entry out of 15 total 
have % differences ≤ 6 %, for both [K] and [G], between the analytical approximation and the 
numerical FEM result. 
 
Table 8: [K] and [G] FEM data for rocks of various kinds, for different sets of νm, νi. and ΔE, for 
testing the accuracy of the analytical approximation (an) as applied to rocks. 
 



Figure Captions 
 
Figure 1: Analytical results for [K] for 1-1-1 (sphere), 1-1-5, and 1-1-10 ellipsoids. The 
Poisson’s ratio values are νm = 0.4 and νi = - 0.5. 
 
Figure 2: Results for [K] and [G] for a cube (FEM) and a sphere (exact analytical) for νm = νi = 
0.2. 
 
Figure 3: Results for [K] and [G] for a cube (FEM) and a sphere (exact analytical) for νm = 0.4 
and νi = - 0.5. 
 
Figure 4: Results for [K] and [G] for a cube (FEM) and a sphere (exact analytical) for νm = - 0.5 
and νi = 0.4. 
 
Figure 5: The numerical FEM data for [K] for the 1-3-5 block, with various choices of (νm, νi), 
along with the exact 1-3-5 ellipsoid values. 
 
Figure 6: The FEM numerical data for [G] for the 1-3-5 block, with various choices of (νm, νi), 
along with the exact 1-3-5 ellipsoid values. 
 
Figure 7: The numerical data for [K] for the 1-3-5 block, with various choices of (νm, νi), along 
with the approximate formula that is built on the exact 1-3-5 ellipsoid values and the numerical 
zero and infinite numerical limits for [K] (Table 4) for the 1-3-5 block. 
 
Figure 8: The numerical data for [G] for the 1-3-5 block, with various choices of (νm, νi), along 
with the approximate formula that is built on the exact 1-3-5 ellipsoid values and the numerical 
zero and infinite numerical limits for [G] for the 1-3-5 block. 
 
Figure 9: Showing how well the Padé approximants for the Poisson’s ratio dependence of the 
infinite and zero contrast limits of [K] fits the numerical data for the 1-3-5 block. Both Padé 
approximants are based on the numerical values determined at νm = 0.4, 0.1, and -0.5. 
 
Figure 10: Showing how well the Padé approximants for the Poisson’s ratio dependence of the 
infinite and zero limits of [G] fits the numerical data for the 1-3-5 block. Both Padé 
approximants are based on the numerical values determined at νm = 0.4, 0.1, and - 0.5. 
 
Figure 11: Showing a schematic of the shape space considered in this paper. The gray region and 
the diagonal and solid vertical lines contain all the allowed rectangular parallelepiped shapes, 
denoted by points (x,y) corresponding to the block shapes denoted 1-x-y. 
 
Figure 12: Showing FEM data along with the analytical approximation for [K] and [G] for a 1-
3.25-6.25 block. Poisson’s ratio values are νm = 0.27 and νi = 0.03. 
 
Figure 13: 3-D VRML images of a real rock, denoted Wilson 0.75-2, whose intrinsic moduli data 
and predictions are shown in Fig. 14. 
 



Figure 14: Showing FEM data along with the analytical approximation for [K] and [G] for the 
Wilson 0.75-2 rock, with x = 1.61 and y = 2.19 (block notation 1-1.61-2.19). Poisson’s ratio 
values were νm = 0.4 and νi = -0.4. 
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