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a b s t r a c t

Fluid–solid interactions in natural and engineered porous solids underlie a variety of technological pro-
cesses, including geological storage of anthropogenic greenhouse gases, enhanced coal bed methane
recovery, membrane separation, and heterogeneous catalysis. The size, distribution and interconnectivity
of pores, the chemical and physical properties of the solid and fluid phases collectively dictate how fluid
molecules migrate into and through the micro- and meso-porous media, adsorb and ultimately react with
the solid surfaces. Due to the high penetration power and relatively short wavelength of neutrons, small-
angle neutron scattering (SANS) as well as ultra small-angle scattering (USANS) techniques are ideally
suited for assessing the phase behavior of confined fluids under pressure as well as for evaluating the
total porosity in engineered and natural porous systems including coal. Here we demonstrate that SANS
and USANS can be also used for determining the fraction of the pore volume that is actually accessible to
fluids as a function of pore sizes and study the fraction of inaccessible pores as a function of pore size in
three coals from the Illinois Basin (USA) and Bowen Basin (Australia). Experiments were performed at CO2

and methane pressures up to 780 bar, including pressures corresponding to zero average contrast condi-
tion (ZAC), which is the pressure where no scattering from the accessible pores occurs. Scattering curves
at the ZAC were compared with the scattering from same coals under vacuum and analysed using a newly
developed approach that shows that the volume fraction of accessible pores in these coals varies between
�90% in the macropore region to �30% in the mesopore region and the variation is distinctive for each of
the examined coals. The developed methodology may be also applied for assessing the volume of acces-
sible pores in other natural underground formations of interest for CO2 sequestration, such as saline aqui-
fers as well as for estimating closed porosity in engineered porous solids of technological importance.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

Fluids containing inorganic and organic solutes (including
hydrocarbons) and gaseous species (e.g. carbon dioxide, CO2, and
methane, CH4) can occupy the pores or fractures of numerous
types of complex heterogeneous solids. These solid materials in-
clude such practical systems as supported catalysts, ceramics and
composites, membranes, rock, minerals, soil, and bone. A number
ll rights reserved.
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of factors dictate how fluids migrate into and through these micro-
and meso-porous media, wet and ultimately adsorb and react with
the solid surfaces. These include the size, shape, distribution and
interconnectivity of pores, as well as the chemistry and physical
properties of the solids and fluid molecules.

Coal is a porous material with pore sizes that span wide length
scales including macro-, meso- and micro-porous regimes [1,2].
The porosity plays a key role in all aspects of coal utilization, such
as extraction of methane from coal seams, gasification, combus-
tions, liquefaction, production of metallurgical coke and activated
carbon as well as geological sequestration of CO2. The debate about
the nature and structure of the pores in coal is ongoing [3,4].
According to a widely accepted consensus, coal is a solid that
contains slit-like pores interconnected by narrow capillary
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constrictions and connected to the surface [5]. However, recent
studies have suggested that a significant proportion of pores in coal
may not be open to the external surface [6,7]. It is not known if
pores in coal are inaccessible to green house gases such as methane
and carbon dioxide, and the issue of selectivity of access to pores of
different sizes is even more obscure. However, such information is
particularly important for the practice of ECBM (enhanced coal bed
methane recovery), a technique that uses injected CO2 to increase
the extraction efficiency of methane from coal seams. Experimen-
tal data on pore accessibility and adsorption selectivity could help
to understand the fundamental limits to the ability of CO2 to dis-
place methane in subsurface conditions during sequestration of
CO2 in coal seams.

Here, we present a new approach for the experimental determi-
nation of the pore volume that is actually accessible to fluids as a
function of pore size. The approach is based on the analysis of
small-angle neutron scattering (SANS) patterns obtained from
indigenous porous media and same media saturated with a con-
trast matching gas or supercritical fluid. We demonstrate the util-
ity of the approach by determining the fraction of meso- and
macro-pores that are accessible to methane and CO2 as a function
of pore size in several coals.

A number of experimental methods have been used to charac-
terize porosity in solids, including gas adsorption [8], mercury
intrusion porosimetry [9], transmission electron microscopy
(TEM) [10], as well as small-angle scattering techniques (both
small-angle neutron scattering, SANS [11], and small-angle X-ray
I(Q) I(Q)
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Fig. 1. Qualitative presentation of contrast-matching experiments with fluid saturated p
accessible to fluid molecules. In the latter case, the residual scattering at the zero average
a function of pore sizes, as explained in the text.
scattering, SAXS [12]). Each of the methods has its limitations,
e.g. gas adsorption and mercury porosimetry can only provide
information about ‘‘open’’ porosity and TEM can only be used to as-
sess pore connectivity inside a very limited sample volume. Thus
far, SANS and SAXS in combination with corresponding ultra
small-angle scattering techniques (USANS and USAXS) are non-
invasive techniques that have been used for evaluating the total
porosity (i.e. sum of the inaccessible and accessible pore volumes)
over the range of pore sizes 0.4 nm–5 lm. The physical property
probed by a neutron beam is called scattering length density
(SLD). The scattering occurs on the interface between regions of
different SLD values, which can be quantified a priori if both the
mass density and chemical composition of each region are known.
In a great majority of coals there are two dominant regions of dif-
ferent SLD values: the solid coal matrix (with possibly slightly fluc-
tuating SLD values) and the pore space. With proper mathematical
processing of scattering data it is possible to determine the total
porosity and surface area, pore size distribution, and other struc-
tural parameters [13,14].

In order to quantify the volume fraction of inaccessible pores,
the porous solid may be saturated with ‘‘contrast matching’’ fluid,
i.e. fluid with the SLD value close to that of the solid matrix. In this
case, the scattering from open pores is eliminated and the residual
scattering provides a ‘‘fingerprint’’ of the inaccessible porosity.
SANS has been used before to evaluate the fraction of inaccessible
pores in coal using liquid mixtures of protonated and deuterated
solvents as a contrast matching medium. Gethner [15] employed
I(Q)

Q Q
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orous systems. (A) All pores are accessible to fluid molecules; (B) Pores are partially
contrast condition can be used to quantify the volume fraction of accessible pores as



Table 2
Scattering length densities of coal and silica xerogel.

Sample SLD
(1010 cm�2)

PZAC (bar)/qCD4

(g/cm3, 23 �C)
PZAC (bar)/qCO2

(g/cm3, 60 �C)

Seelyville 2.20 224.7/0.220 380.1/0.88
Coal 1 3.45 504.7/0.345 –
Coal 2 2.34 246.7/0.234 –
Porous silica 3.47 514.3/0.347 –
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mixtures of H2O and D2O to create contrast matching in coals.
Based on the acquired SANS data, he concluded that all pores in
the coal studied were completely filled by aqueous solutions and
attributed residual scattering from the contrast matched coal to
inhomogeneities in the organic matrix. These conclusions were la-
ter re-examined by Hall et al. [16–18] who also used H2O/D2O mix-
tures to eliminate scattering from open pores and concluded that
some inaccessible pores existed in their coal samples. We note that
in coals many of the functional groups can exchange hydrogen
with water on time scales varying from seconds to weeks. There-
fore, the isotope exchange may alter the H2O/D2O ratio in pores
and significantly shift the local contrast matching condition, which
was not fully recognized in previous studies [15–18].

An alternative method of obtaining contrast matching in porous
media is to use non-adsorbing or weakly adsorbing supercritical
fluids or gases, such as CO2 or deuterated methane (d-methane)
and measure the scattering patterns as a function of pressure.
Using d-methane (CD4) rather than ‘‘normal’’ methane (CH4) helps
to minimize the contribution of incoherent scattering from hydro-
gen to the SANS data. Furthermore, the SLD for methane can be
varied with pressure and, unlike CH4, d-methane has a positive
SLD. An important advantage of utilizing gases or supercritical flu-
ids is their excellent penetrability into porous structure due to
their order(s) of magnitude lower viscosity than their correspond-
ing liquids.

For a two-phase system with randomly distributed intercon-
nected pores (e.g. coal with pores filled with air or weakly adsorb-
ing fluid), the SANS intensity I(Q) (neutron cross section per unit
volume in units of cm�1) is given by:

IðQÞ ¼ 4pðq�s � q�f Þ
2cð1� cÞV

Z 1

o
r2c0ðrÞ

sinðQrÞ
Qr

dr; ð1Þ

where c0 is the normalized correlation function of the SLD fluctua-
tions [11], ðq�s � q�f Þ

2 � k2
n is the neutron contrast between the

SLD of the solid matrix ðq�s Þ and the SLD of fluid in pores
ðq�f Þ; c ¼ Vpore=V sample is volume fraction of pores in the sample (total
porosity), V is the volume of sample illuminated by the neutron beam,
and Q = 4pk�1sin h, in which 2h is the scattering angle. In Eq. (1), q�f is
proportional to the fluid density, which depends on pressure (P) and
temperature (T). At small pressure q�s � q�f , and therefore neutron
contrast and the intensity I(Q) initially decreases with increasing P.
If all pores are accessible to the fluid, I(Q) should virtually vanish at
a certain P, corresponding to the zero average contrast (ZAC) pressure
(PZAC) at which q�s ¼ q�f and thus k2

N ¼ 0. At P > PZAC, as q�f becomes
greater than q�s , the scattering intensity I(Q) will start increasing. In
the two-phase approximation, any residual scattering observed at
P = PZAC is attributed to the scattering from inaccessible pores, which
do not belong to the interconnected porous channels having access to
the external surface (Fig. 1).

2. Materials and methods

2.1. Coals and porous silica

Three coal samples were investigated in this study: one from the
Illinois Basin in the USA, collected from 167 m depth (Seelyville).
Two other coals were samples of commercial coals from the Bowen
Basin, Queensland, Australia. The selected coal samples have
Table 1
Selected characteristics of coal samples.

Coal Hg porosity (%) Ash (% db) C (% daf) H (% daf) He dens (g/mL)

Seelyville 8.3 8.02 79.36 5.82 1.49
Coal 1 16.1 20.3 80.7 3.9 1.594
Coal 2 7.0 5.6 84.1 5.7 1.313
different total porosities and thus potentially different volume of
accessible pores. In addition, they contain different proportions of
the macerals; vitrinite is a dominant fraction in Seelyville and Coal
2, and inertinite is a dominant fraction in Coal 1. All coals were pre-
pared in the form of coarse powder (particle size 1–0.5 mm), and all
characterization was performed on this fraction (Table 1).

Porous fractal silica (PFS) samples were prepared by a template
method, which was described in detail in [19]. The structure of
thus obtained blank PFS samples with the volume fraction of silica
/s = 0.15 was carefully characterized prior to these experiments
[20,21]. Major structural parameters of the studied PFS include:
cross-sectional fractal dimension Dcs = 1. 89 and mass fractal
dimension Dm = 2.73 (both corresponding to the pore size range
50 nm–30 lm), pore volume 1.24 cm3/g, as well as specific area
of 490 m2/g. Pore size distribution of the studied PFS samples
may be found in Figs. 9 and 13 in [22]. The volume fraction of silica
/s = 0.15 of the studied PFS, which corresponds to the porosity
P = 85% was evaluated by weighing the solid and porous glass sam-
ples. Structural SANS study of CO2 saturated sample at high pres-
sure has shown that this porous silica is characterized by
completely open porosity over the range of pore sizes between
�5 lm and �40 Å [21].

The scattering length densities (SLDs) of the studied coals used
for evaluating zero average contrast pressure PZAC were calculated
as described in [13] based on their content of carbon and hydrogen
(see Table 1). The SLD of porous silica was calculated using density
of amorphous silica qSiO2

= 1.8 g/cm3. The results are listed in
Table 2, which also shows the pressure and density of CD4 at
T = 23 �C and CO2 at T = 60 �C at which the SLD of each porous ma-
trix is contrast matched by the fluid. As was shown in [21,23], SLDs
of CO2 and CD4 at any particular fluid density, temperature and
pressure may be calculated using the following equations:

q�CO2
¼ ½2:49 � ðqCO2

Þbulk�1010 cm�2

q�CD4 ¼ ½10 � ðqCD4Þbulk�1010 cm�2

where q� is the fluid SLD. All fluid density calculations were per-
formed using equations of state from the REFPROP software avail-
able from National Institute of Standards and Technology [24].
Densities of deuterated methane CD4 were calculated from densi-
ties of normal methane by multiplying qCH4

by a factor 1.25 (the ra-
tio of atomic weights of deuterated and protonated methane).

2.2. SANS and USANS experiments

SANS experiments were conducted at ORNL on the General Pur-
pose SANS instrument [25] with neutron wavelengths of k = 12 Å
and k = 4.8 Å (Dk/k � 0.13). Sample-detector distances were chosen
Rv,max (%) Vitrinite (vol.% mmf) Liptinite/inertinite (vol.% mmf)/(vol.% mfm)

0.53 91.3 4.8/3.9
0.62 23.9 1.6/74.5
0.95 82.6 4.1/13.3
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to cover an overall range of scattering vectors (Q)
0.0016 < Q < 0.2 Å�1, where Q = 4pk�1sin h, in which 2h is the scat-
tering angle. The data were corrected for instrumental background
as well as detector efficiency and put on absolute scale [cross sec-
tion I(Q) in units of cm�1] by means of pre-calibrated secondary
standards. USANS experiments were performed at NIST, using the
BT5 perfect crystal SANS instrument (k = 2.4 Å, Q-range
5 	 10�5 < Q < 0.003 Å�1 [26]. Application of these instruments al-
lowed a broad range of pore sizes, from approximately 10,000 Å to
12 Å to be probed by neutrons. The characteristic pore size may be
estimated based on the Bragg law k = 2Dsin h, where for disordered
systems D is the characteristic length scale of the structural inho-
mogeneities (e.g. linear pore size in a coal matrix). This law pro-
vides an approximate relationship between the scattering vector
Q and R: R 
 2p/Q. Detailed simulations show that for polydisperse
porous media a more appropriate relationship is R 
 2.5/Q [13],
which was used in this work to relate Q-values with R.

For both SANS and USANS experiments, coal or silica powders
were confined inside a thin-wall aluminium container with inter-
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Fig. 2. The variation of the normalized scattering as a function of pressure of d-methane
calculated pressures at which zero average contrast condition is reached for each combin
of deviation from the calculated value of PZAC, (±10% for Seelyville and Coal 2, and ±5%
nal thickness of 1 mm. Samples were dried overnight under vac-
uum at 60 �C and subsequently mounted inside the ORNL high-
pressure cell that has been used extensively for previous neutron
scattering experiments with CO2-saturated coals as well as engi-
neered porous materials [21,23,27–31]. The neutron beam size
used was about 3 cm2 in area and acquisition times were of the or-
der of 30 min for SANS and several hours for USANS. SANS and
USANS scattering profiles of CD4 saturated samples were acquired
at room temperature T = 23 �C in the pressure range from 0 to
�640 bar of CD4 (Air Liquide, 99% purity). SANS and USANS profiles
of Seelyville coal with supercritical CO2 (Air Liquide, SFC purity
99.99%) were obtained at temperature 60 �C in the pressure range
0 to �550 bar. In this experiment the sample temperature was con-
trolled with a precision of ±0.1 �C using electric heaters and a pre-
cision temperature controller. The pressure was increased stepwise
using a custom-built pressure intensifier and measured using a
precision pressure transducer. All measurements were started
�10 min after fluid injection to allow for equilibrium saturation
of the pores with CD4 or CO2 at each pressure.
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3. Results and discussion

In compositionally complex porous matrices, such as coal, the
scattering from ‘‘dry’’ samples may contain a small contribution
that originates from fluctuations of the SLD due to the presence
of chemical inhomogeneity of the organic matter and/or various
inclusions, such as mineral matter. Careful analysis has shown that
this contribution usually does not exceed 5–10% of the total scat-
tering [14,16]. However it may become accentuated near ZAC
due to the suppression of scattering from open pores of all sizes.
To examine this issue, we observe that the zero average contrast
condition for all porous solids studied here is actually achieved
at PZAC values that have been calculated from the equations of state
for corresponding bulk fluids and the chemical composition of each
matrix. In Fig. 2 we show the ratio of the scattering intensity mea-
sured at several pressure values, I(Q, P), to the intensity measured
under vacuum I(Q, VAC), corresponding to pores of different sizes
in four different samples (three coals and a man-made porous sil-
ica). Detailed simulations show that for polydisperse porous media
such as coal more than half of the scattering intensity measured at
a scattering vector Qi is contributed by pores whose linear dimen-
sion, Ri, lies in a narrow range around the mean value of Ri 
 2.5/Qi

[13]. It transpires that for each sample the minimum scattering
intensity is reached close to the calculated value of PZAC. Further-
more, the scattering intensity shows only minor variation with
pressure around PZAC and the deviation of the pressure correspond-
ing to the scattering minimum from PZAC in pores of different sizes
does not exceed �10% for Seelyville and Coal 2, and �5% for Coal 1
and porous silica. The observed agreement between the calculated
and measured values of PZAC indicates a close proximity of the den-
sities of the adsorbed and unadsorbed fluid phases at high pres-
sures in pores of sizes varying from �100 Å to 2.5 lm. Most
importantly, curves presented in Fig. 2 show a monotonic decrease
as the pressure approaches the calculated PZAC value followed by a
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Fig. 3. Combined USANS and SANS curves acquired from coals and porous silica i
monotonic increase. This indicates that a possible contribution of
inhomogeneities with SLD (and, consequently, PZAC) different from
the matrix is not significant across the entire range of pore sizes,
with the notable exception of the small pores (6100 Å), for which
condensation effects have modified the shape of scattering curves.
Such condensation effects have been subject of recent SANS studies
of the phase behavior of gases and supercritical fluids in microp-
ores of natural and engineered porous materials [21,23,27,28].

Fig. 3 shows the combined USANS and SANS patterns from the
coals and porous silica, measured in vacuum and at P 
 PZAC. The
relatively strong residual scattering from contrast-matched coals
indicates the presence of significant number of pores, accessible
to neither supercritical CO2 nor methane. The scattering patterns
at P = PZAC show distinctive deviations from I(Q) in vacuum that
vary with each sample. Whereas all samples reveal a substantial
decrease in I(Q) in the low-Q range (indicating that most of the
large pores are accessible to the fluid), the reduction of intensity
in the intermediate Q-range is less accentuated and is Q-depen-
dent. For Coal 1, the curve I(Q, PZAC) is virtually parallel to I(Q) ac-
quired in vacuum. The strongest decline in scattering at PZAC is
observed for porous silica: it exceeds five orders of magnitude at
the limit of low Q, and about two orders of magnitude for larger
values of the scattering vector.

We demonstrate in Appendix A that the ratio of I(Qi, PZAC) and
I(Qi, VAC) may be used to calculate the volume fraction of accessible
pores cAC(Qi) at any arbitrary value of the scattering vector Qi (or,
equivalently, at any pore size, Ri 
 2.5/Qi):

IðQ i; PZACÞ
IðQi;VACÞ ffi 1� cACðQ iÞ; ð2Þ

where cAC(Qi) is defined as the ratio of the volume of accessible
pores to the total pore volume at a given pore size. Consequently
a negligible change in the scattering intensity measured at zero
average contrast pressure I(Qi, PZAC) relative to the intensity
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measured under vacuum I(Qi, VAC) in some region Qi indicates a
low accessibility of gases into pores of sizes Ri � 2.5/Qi. Conversely,
if gases can penetrate into pores of that size, a relatively large
change in that ratio may be anticipated. Fig. 4 shows the variation
of the volume fraction of accessible pores in the studied coals and
porous silica as a function of Qi and Ri calculated using Eq. (2). As
may be seen in Fig. 4, for the test sample (porous silica) the values
of I(Qi, PZAC) are much smaller than I(Qi, VAC) for all values of Qi so
that the value of cAC is approximately equal to unity for pores of all
sizes. This result was expected based on our previous studies of the
same porous silica sample, which demonstrated that its porous
fractal structure is completely open to fluid molecules [21]. In con-
trast, the variation of cAC(R) for each coal sample is radically differ-
ent from that for porous silica and also varies from coal to coal. For
the Seelyville coal, macropores larger than � 1000 Å are equally
accessible to both CO2 and d-methane molecules, and the value of
cAC for both fluids gradually decreases from �0.9 to �0.55. At the
same time, pores inside the size range 1000 > R > 100 Å appear to
be more accessible to CO2 molecules (by �10%). We tentatively
attribute this subtle but measurable difference to a smaller size of
CO2 molecules, which makes it easier to penetrate narrow capillary
constrictions joining the pores. For Coal 1, the ratio of I(Qi, VAC) to
I(Qi, PZAC) and thus cAC is approximately constant over a large range
of Qi, and the volume fraction of accessible pores is generally much
larger than for the other coals. About 80–85% of both macro- and
meso-pores within the size range from 100 to 25,000 Å are accessi-
ble to d-methane. For Coal 2, the variation of cAC with pore size is
qualitatively similar to that of the Seelyville except of the upturn
for pore sizes R < 700 Å. Error bars in Fig. 4 are based on the esti-
mated fluctuations of the SLD in different pores in each sample
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Fig. 4. The variation of the volume fraction of pores accessible to green house gases as a
porous silica. The error bars correspond to cAC ±10% for Seelyville and Coal 2, and cAC ±5
(see discussion of Fig. 2). The possible modification of the distribu-
tion function cAC(R) by a small scattering contribution from inclu-
sions and inhomogeneities near the contrast matching condition
is estimated by error bars shown in Fig. 4.
4. Conclusions

In this paper, we have demonstrated for the first time that
SANS and USANS can be used for determining the fraction of
the pore volume in porous media that is actually accessible to
fluids as a function of pore sizes. The proposed new methodol-
ogy was used to study volume of pores accessible to methane
and CO2 in three coals from the Illinois Basin (USA) and Bowen
Basin (Australia). The proposed relation between scattering
intensities and the volume fraction of accessible pores (Eq. (2))
in combination with the relationship between real and inverse
space dimensions was used to analyse the differences in scatter-
ing intensities measured at zero average contrast pressure and
under vacuum (Fig. 3) and to calculate the variation of the vol-
ume fraction of accessible pores as a function of pore sizes in the
studied coals (Fig. 4). The results presented in this article consti-
tute evidence of the existence of closed pores in coal that are
inaccessible to the molecules of supercritical CO2 and d-methane
on the time scale of performed experiments [32]. Each coal has
its own ‘‘fingerprint’’ distribution of cAC as a function of pore size
in the meso- and macroporous regions. The fraction of pores
accessible to CO2 and methane appears to be relatively large in
highly porous inertinite-rich Coal 1. It is much lower in vitri-
nite-rich, low-porosity Seelyville and Coal 2 coals, both of which
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demonstrate qualitatively similar but yet not identical variation
of cAC(R). Based on these observations we speculate that the
amount of accessible pores in coal may be directly related to
the total porosity as probability of the formation of the intercon-
nected network of pores accessible to fluids should be facilitated
in higher porosity coals. We believe that the observed coexis-
tence of inaccessible and accessible pores may help to resolve
the inconsistency between the existing models of the coal struc-
ture, one of which is based on the assumption of interconnectiv-
ity and thus total accessibility of pores [5] and the other
advocates predominantly closed porosity [6]. Our data demon-
strate that both types of pores may be present in coal samples.
Finding reliable correlations between closed porosity and other
major physical and chemical parameters of colas (total porosity,
elemental and maceral composition, rank, etc.) will require sys-
tematic SANS/USANS studies of coal samples from different
origin.

Finally, we note that pore accessibility and its variation with
pore size are not defined solely by the structure of a specific por-
ous solid. Accessibility may vary considerably depending on tem-
perature and pressure, which determine the phase of the invading
medium (i.e. gas, liquid, or supercritical fluid) as well as on the
chemistry-driven specifics of the molecule–surface interaction
potentials. Even for a particular solid/fluid combination, the
accessible porosity and the variation of cAC(R) may depend on
the proximity of the fluid phase state to its critical point at which
the critical adsorption effects may become dominant [33]. In the
case of coal and other organic porous materials, the measured
cAC(R) may also depend on the time scale of the experiment, as
the molecular diffusion in such solids might occur quickly
through an interconnected network of pores having access to
the external surface as well as slowly through the solid matrix.
Establishing quantitative relationship between the microstructure
and matrix chemistry of a porous solid and the accessibility of its
pore space to an invading fluid in an arbitrary thermodynamic
state is a complex task. The methodology described here may
be used for in situ quantification of coal pores accessible to CO2

and methane at temperatures and pressures corresponding to
subsurface conditions. Such experiments may help to refine exist-
ing methods used for calculating saturation capacity of subsurface
gas reservoirs as well as to improve models used for evaluating
the kinetics of methane production from coal seams, thus provid-
ing essential information for ECBM technologies and geological
storage of anthropogenic carbon. It may be also applied for
assessing the volume of accessible pores in other natural under-
ground formations of interest for CO2 sequestration, such as sal-
ine aquifers as well as for estimating the fraction of pores that
are inaccessible to fluids in engineered porous solids of techno-
logical importance.
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Appendix A. Derivation of the Eq. (2) in the main text

A.1. Porod invariant

Following Porod [12], we define the static scattering structure
factor S(Q) as

SðQÞ ¼ hDqðQÞDqð�QÞi ¼ hjDqðQÞj2i; ðA:1Þ

where h� � �i denotes the equilibrium statistical mechanical average
while Dq(Q) denotes the Fourier transformed fluctuation density.
The experimentally measured data for S(Q) can be used for restora-
tion of the density–density correlator �SðrÞ in coordinate space. In-
deed, we obtain

�SðrÞ ¼ 1

ð2pÞ3
Z

dQ expðiQ � rÞSðQÞ: ðA:2Þ

Up to a constant, the Porod invariant can now be defined as
�Sðr ¼ 0Þ. At the same time, it is well known from thermodynamics
[34] that S(Q = 0) can be obtained with help of the thermodynamic
sum rule as usual. In Porod’s notations (e.g. see page 28 in [12]) we
write

SðQ ¼ 0Þ ¼ V2hðDq2Þi; ðA:3Þ

where V is the volume of the sample. To determine the volume, Por-
od defines (without derivation) on the same page the invariant

�Sðr ¼ 0Þ ¼ 2p2VhðDq2Þi ðA:4Þ

now known in the literature as Porod invariant [34]. By combining
Eqs. (A.3) and (A.4), the volume V can be determined. For the pur-
poses of this work we would like to re-derive the Porod invariant
and to explain why, indeed, it is an invariant. To do so, we derive
the following chain of equalities

�Sðr ¼ 0Þ ¼ 1

ð2pÞ3
Z

dQSðQÞ ¼ 1

ð2pÞ3
Z

dQhDqðQÞDqð�QÞi

¼ 1

ð2pÞ3
Z

dQ
Z

dr
Z

dr0 exp½�iQ � ðr � r0Þ�

	 hDqðrÞDqðr0Þi

¼
Z

drhðDqðrÞÞ2i ¼ constVhðDqð0ÞÞ2i ¼ 2p2VhDq2i: ðA:5Þ

The const was determined by the angular averaging, as usual. At the
same time, the above can be also written asZ

dQSðQÞ ¼
Z

dQhDqðQÞDqð�QÞi ¼ ð2pÞ3
Z

drhðDqðrÞÞ2i ðA:6Þ

Eq. (A.6) can be recognized as Parseval’s formula used in the theory
of Fourier transforms. For our readers’ convenience we would like to
reobtain this formula now.
A.2. Porod invariant and Parseval’s formula

To begin, we would like to remind our readers the basic facts
about this formula. For this purpose, let f(r) be some arbitrary
well-behaved function whose Fourier transform is given by

f ðrÞ ¼ 1

ð2pÞ3
Z

dQ expðiQ � rÞ � f ðrÞ: ðA:7Þ

Accordingly, its inverse transform is given by

f ðQÞ ¼
Z

dr expð�iQ � rÞ � f ðrÞ: ðA:8Þ

Using these definitions, consider the following chain of equalities
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Z
drðf ðrÞÞ2 ¼

Z
drf ðrÞ 1

ð2pÞ3
Z

dQexpðiQ � rÞf ðQÞ

¼ 1

ð2pÞ3
Z

dQ f ðQÞ
Z

drf ðrÞexpðiQ � rÞ

¼ 1

ð2pÞ3
Z

dQ f ðQÞf ð�QÞ

� 1

ð2pÞ3
Z

dQ jf ðQÞj2: ðA:9AÞ

In this expression |f(Q)|2 = f(Q)f( � Q) � f(Q)f(Q)�, where � denotes
complex conjugation. The expression (A.9A) is the Parseval identity.
That isZ

drðf ðrÞÞ2 ¼ 1

ð2pÞ3
Z

dQ jf ðQÞj2: ðA:9BÞ

It is useful now to compare this result with Eq. (A.6). To do so, we
have to make the following identifications

ð2pÞ3
Z

dr½f ðrÞ�2 ¢ ð2pÞ3
Z

drh½DqðrÞ�2i

andZ
dQ jf ðQÞj2 ¢

Z
dQSðQÞ

Parseval’s formula can be written in many different ways. For in-
stance, instead of Eq. (A.8) we can write f(r) =

P
iai/i(r), where

we assume that
R

|/i(r)|2dr = 1 and
R
u�i ðrÞujðrÞdr ¼ dij. Using this

result we obtainZ
dr½f ðrÞ�2 ¼

X
i

jaij2: ðA:10Þ

This result can be looked upon as follows. Replace integration by
summation in Eq. (A.9B), that is write

X
i

ðDrÞ3½f ðriÞ�2 ¼
X

i

ðDQÞ3

ð2pÞ3
jf ðQ iÞj

2
: ðA:11Þ

By doing so, we effectively put our system onto some (say, cubic)
lattice with effective size of the cell of order Dr in real space and
DQ in reciprocal space. By analogy with quantum mechanics, let
now Dr DQ = H, where H is some constant. Such a result makes
sense in view of the wave nature of light (or neutrons). Such a
Heisenberg-type relation was used successfully already by Radlinski
[13] in his computer simulations of neutron scattering from coals.
In his work the constant H was estimated as 2.5. With account of
such a relation, we can rewrite Eq. (A.11) as follows

X
i

h½DqðriÞ�2i ¼
ðDQÞ6

ð2pÞ3
1

H3

X
i

SðQ iÞ ðA:12Þ

Equivalently, the above results are just the discretised form of Eq.
(A.6). We shall use this form of Parseval’s identity below.

A.3. Porod invariant to Eq. (2) of the main text

We would like now to generalize the obtained result, Eq. (A.12),
by extending it to two-phase systems. For this purpose, in view of
the fact that Eq. (A.12) is written for the cubic lattice, we can use
known results from the scattering theory for solid alloys [35].
We begin by introducing random numbers ci such that ci = 1 (if
the ith site is occupied by phase 1) and ci = 0 (if the ith site is occu-
pied by phase 2). The average hcii can now be defined as

hcii ¼ c ¼ 1 XN

ci;
N
i

where summation takes place over all lattice sites. Also, in view of
definition of ci it follows that c2

i ¼ ci . Consider now Dq(ri) for such
two phase system. In the case of just one phase we define fluctuation
of density as Dq(ri) = q(ri) � q, where q is homogeneous reference
density. In the case of two phases, we have q ? cq1 + (1 � c)q2 and
Dq(ri) = ciq1 + (1 � ci)q2 � [cq1 + (1 � c)q2] = (ci � c)q1 � (ci � c)q2.

Consider now the average

hDqðriÞ2i ¼ h½ðci � cÞq1�
2i þ h½ðci � cÞq2�

2i � 2q1q2hðci � cÞ2i

¼ ðq1 � q2Þ
2hðci � cÞ2i ¼ ðq1 � q2Þ

2cð1� cÞ

Using this result we obtain,
X

i

SðQ iÞ ¼ 2p2Vðq1 � q2Þ
2cð1� cÞ; ðA:13Þ

where averaging over angles was made. Explicitly, we took into ac-
count that ð2pÞ3

4p ¼ 2p2 and that (Dr)3P
i = V. Here and below we shall

assume that (Dr)3 is of order of H3 so that V = NH3. The constant
factor (DQ)3 was absorbed into definition of S(Q) since it is not
essential (see below). Thus, Eq. (A.13) is the standard result by Por-
od [12].

This result should now be looked upon as follows. Following
book by Krivoglaz [35], especially taking into account his Eq.
(1.15) on page 11, we can think not only about the averages of
the type 1

N

PN
i¼1ðci � cÞ2 ¼ cð1� cÞ in the direct lattice but also about

analogous averages in the dual lattice, which in the present case is
cubic also. In such a case, we can use Eqs. (A.1), (A.11), (A.12) in or-
der to write

SðQ iÞ ¼ hjDqðQ iÞj
2i ðA:14Þ

In order to perform averaging over random variables Dq(Qi) we
have to take into account that

DqðQ iÞ ¼
1
V

X
j

DqðrjÞ expðiQ i � rjÞ ðA:15Þ

and V = NH3 as before. To evaluate h[Dq(Qi)]2i using Eq. (A.15), fol-
lowing Ref. [35] (page 11, Eq. (1.15)), we introduce the density-re-
lated variable c(Qi) in such a way that

1
N

Xn

i¼1

cðQ iÞ½ð1� cðQ iÞÞ� ¼ cð1� cÞ ðA:16Þ

In view of Eqs. (A.12) and (A.13)

SðQ iÞ ¼ xcðQ iÞð1� cðQ iÞÞ ðA:17Þ

The constant x is known in principle but unimportant since it will
be subsequently eliminated. To get rid of this constant, we deter-
mine the ratios of the type

SðQ i; PZACÞ
SðQ i;VACÞ ¼

cINðQ iÞ½1� cINðQ iÞ�
cðQ iÞ½ð1� ciðQ iÞÞ�

; ðA:18Þ

where S(Qi, PZAC) and S(Qi, VAC) is the structure factor from fluid
saturated coal at zero average contrast pressure PZAC and the struc-
ture factor of the coal under vacuum, respectively. Furthermore,
c(Qi) is the volume fraction of all pores (see Eq. (1) of the main text)
and cIN (Qi) is the volume fraction of inaccessible pores defined as
the ratio of the volume of inaccessible pores to the total pore volume.
For low porosity samples such as coal both c and cIN� 1, and for
any arbitrary value of the scattering vector Qi (or equivalently at
corresponding pore size Ri = 2.5/Qi) we have

cINðQ iÞð1� cINðQ iÞÞ�
cðQ iÞð1� cðQ iÞÞ

ffi cINðQ iÞ
cðQ iÞ

¼ 1� cACðQ iÞ ðA:19Þ

or
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SðQ i; PZACÞ
SðQ i;VACÞ ffi 1� cACðQ iÞ; ðA:20Þ

where cAC (Qi) is the volume fraction of accessible pores at Qi is de-
fined as the ratio of the volume of accessible pores to the total pore
volume. Eq. (A.20) is Eq. (2) of the main text. It can be used for eval-
uating the volume fraction of accessible pores as a function of Qi (or
Ri) by measuring SANS/USANS patterns from the ‘‘dry’’ and contrast
matched samples and finding the ratio of the scattering intensities
at each Qi.
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