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A Semicontinuum Model for SixGe1−x Alloys: Calculation
of Their Elastic Characteristics and the Strain Field at the

Free Surface of a Semi-Infinite Alloy

V.K. Tewary1 and M. D. Vaudin2

Abstract: A semicontiuum Green’s-function-based model is proposed for anal-
ysis of averaged mechanical characteristics of SixGe1−x. The atomistic forces in
the model are distributed at discrete lattice sites, but the Green’s function is ap-
proximated by the continuum GF in the far field and by the averaged lattice GF in
the near field. Averaging is achieved by replacing Si and Ge atoms by identical
hypothetical atoms that are x fraction Si and (1-x) fraction Ge. The parameters of
the model are derived using the atomistic model from the interatomic potential be-
tween the hypothetical atoms. The interatomic potential is obtained from the radial
embedded atom model proposed in an earlier paper. The parameters of the model
potential are estimated partly by interpolation and partly by fitting the calculated
and measured values of the cohesive energy and the lattice constant of SixGe1−x as
functions of x. The model is applied to calculate the elastic constants of SixGe1−x

and the displacement and the strain field at the free surface of a semi-infinite alloy
for different values of x due to a buried point defect. The elastic constants predicted
by the model are used to calculate the curvature of a single crystal of Si with a 49
nm epitaxial film of Si(0.846)Ge(0.154). The calculated value (312.8 m) of the ra-
dius of curvature is in excellent agreement with the recently measured value (314.5
m) at our laboratory.

Keywords: Curvature of plates, elastic constants, interatomic potential, Mindlin
problem, phonon Green’s function, SiGe alloys, semi-continuum Green’s function.

1 Introduction

We present a semicontinuum model of SixGe1−x that accounts for the discrete lat-
tice structure of the solid and relates it to the corresponding continuum model. The
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main application of this model is intended for the analysis of averaged thermal and
mechanical characteristics of the solid. Examples of such characteristics are elas-
tic strains, mechanical stability, and thermodynamic functions of the solid such as
thermal conductivity and the specific heat.

SixGe1−x refers to an alloy of Si and Ge, where x is the relative concentration of Si
(0≤ x≤ 1). This is a material of strong topical interest due to its crucial role in the
modern nanoscale CMOS technology. The alloy SixGe1−x is used for stretching the
Si lattice, which results into enhanced carrier mobility and a significant increase
in the efficiency of the devices. This has resulted in fabrication of sub 45 nm
transistors with the possibility of even further reduction in the device dimensions.
For excellent reviews of strained silicon and other references on the topic, see, for
example, (Fitzgerald 1995; Schaffler 1997; Brunner 2002; Roberts, Klein et al.
2006; Derbyshire 2007).

Atomistic modeling of SixGe1−x by using classical molecular dynamics as well as
ab initio theories has been reported by many authors. See, for example (Bernard
and Zunger 1991; Araki, Fujimura et al. 1997; Goumri-Said, Kanoun et al. 2004;
Zhu, Pan et al. 2006; Abtew and Drabold 2007; Torres, Coutinho et al. 2008).
The problem with pure atomistic modeling of SixGe1−x is that its structure as a
function of x is quite uncertain. Whereas the lattice remains essentially cubic, the
distribution of the two elements on the diamond lattice sites does not seem to be
unique or stable with respect to long range ordering (Qteish and Resta 1988; Qteish
and Resta 1988). Yu et. al (2001) have shown by using the ab initio theory that
the two elements are highly miscible. It is therefore a fair assumption that for
values of x close to 0 or 1, the elements are randomly distributed and the alloy
is quite homogenous. Because of the lack of uniqueness in the distribution of the
atoms, it is not possible to develop a purely atomistic model of SixGe1−x that can be
applicable to all samples of the material. It should be, therefore, useful to develop
an averaging scheme for mathematical modeling of SixGe1−x.

Although it has not been verified experimentally, we expect intuitively that many
properties of interest in the strained silicon technology may not be very sensitive
to the details of the local atomistic structure. Examples are elastic strains and ther-
modynamic properties like specific heat and thermal conductivity that are averaged
over a finite region of the solid and are also bulk characteristics of the alloy. Since
they are averaged over a finite volume of the solid, they would be functions of only
x. As long as the alloy remains homogenous, these quantities would not be sensi-
tive to the finer differences in distribution of the atoms over the lattice sites. These
are measurable physical quantities that can be used to characterize the alloy and
should also be useful in the design calculations for devices based upon the use of
strained silicon.
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In a recent paper, Torres et al (2008) have carried out detailed ab initio calculations
on the structure of SixGe1−x and tried to predict the average properties of the alloy
by averaging over the various supercell structures predicted by the theory. How-
ever, the ab inito calculations are computationally extensive and lose the rigor of
the first principle calculations after averaging. Alternatively one can use a purely
continuum model that totally smears out the discrete structure of the lattice and
averages all the properties of the solid over the bulk.

The continuum model is useful for modeling the far field elastic response of a
solid and also for modeling extended defects such as free surfaces and interfaces.
However, it has only a limited validity for lattice statics calculations (Tewary 1973)
since it does not account for the dispersive nature of the forces and has a singular
behavior at the origin in real space. Moreover, it has no Brillouin zone constraints
on the wave vectors and the phonon frequencies, which makes it inadequate for
calculation of the frequency spectrum and the thermodynamic quantities. Further,
the elastic constants that are the basic parameters of the continuum model need to
be related to the atomistic characteristics such as the interatomic potential. There
is clearly a need for a simple averaging scheme that can be used to predict the
basic elastic and thermodynamic characteristics of SixGe1−x for preliminary design
calculations.

Our objective is to develop a model for calculating the above averaged charac-
teristics. We propose a semicontinuum Green’s function (GF) based model that
accounts for the discrete atomistic structure of the lattice in an averaged fashion
and uniquely relates it to the bulk continuum characteristics of the solid. It should
be more realistic than a pure continuum model for lattice statics modeling because
it seamlessly relates the continuum parameters to atomistic interactions. Our pro-
posed model is based upon the lattice GF that accounts for the full Brillouin zone
structure of the solid so that it is applicable to nanomaterials. We also utilize the
fact that the continuum model is valid in the asymptotic limit and is reasonably
applicable to extended defects such as free surfaces and interfaces (Tewary 2004;
Tewary and Read 2004; Read and Tewary 2007) that play an important role in
nanomaterials.

We model the SixGe1−x lattice as a collection of identical hypothetical atoms. The
characteristics of each atom are defined to be the weighted averages of the corre-
sponding characteristics of Si and Ge. We will refer to these hypothetical atoms
as SxG. The parameters of the interatomic potential between SxG atoms are ob-
tained by interpolating the parameters for Si and Ge and by fitting them with two
known physical quantities of the alloy: lattice constant and the cohesive energy.
The model predicts elastic constants of the alloy as a function of x. As more data
become available, in particular the elastic constants, the model can be refined by
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incorporating those data.

For the interatomic potential, we use our recently proposed (Tewary 2011) radial
embedded atom model (REAM). This model has been shown to be successful in
reproducing seven physical quantities of Si and Ge: cohesive energy, unrelaxed
vacancy formation energy, equilibrium lattice constant, Raman frequency, and the
three elastic constants. All these quantities are very important for characterization
(Mitani, Nakashima et al. 2006; Nakashima, Mitani et al. 2006; Saito, Motohashi
et al. 2006) of the solids and lattice statics modeling that includes calculation of
lattice distortions, strains and other related elastic properties of the solid. Since the
main interest in modeling of strained silicon is in the strains, REAM seems to be a
suitable choice for the interatomic potential.

Although the interpolated potential gives the phonon dispersion relations for the
solid, our model of hypothetical atoms is not expected to reproduce the details of
the actual phonon dispersion of SixGe1−x. As mentioned earlier, the model can
only give those characteristics that can be averaged over a finite region of the solid.
We can therefore use the model to calculate the phonon frequency spectrum and the
thermodynamic quantities that depend upon the integral of the frequency spectrum
but not on the details of the phonon dispersion.

Our model should be useful for calculation of lattice and continuum Green’s func-
tions for various thermomechanical and elctrodynamical properties and also for
numerical techniques approaches such as meshless Petrov-Galerkin technique for
SixGe1−x that do not depend upon the detailed local structure of the alloy (Tewary
1973; Liu, Han et al. 2006; Yang and Tewary 2008; Chen, Ke et al. 2009; Yakhno
2011). Moreover, the model gives an effective interatomic potential between SxG
atoms, it can be used for estimating third-order elastic constants using a phonon-
based technique ()()(Pham and Tahir Cagin 2010). Because of the asymptotic cor-
respondence between the lattice and the continuum Green’s functions, our model
should be applicable to multiscale modeling of SixGe1−x alloys using standard tech-
niques (Tewary 2004; Tewary and Read 2004; Read and Tewary 2007; Nasdala,
Kempe et al. 2010; Ojeda and Cagin 2010). For an excellent review of multiscale
modeling in nanomechanics, see (Shen and Atluri 2004).

In this paper we describe the model and quote the relevant formulae for lattice
statics modeling of SixGe1−x. We calculate the three elastic constants c11, c12,
and c44 of SixGe1−x including the effect of internal relaxation for different values
of x. We illustrate the method by calculating the displacement field and the strain
field at the free surface due to a buried point defect in a semi-infinite SixGe1−x

alloy for different values of x. Finally, we calculate the radius of curvature of
a single-crystal Si substrate of thickness 720 nm with a 49 nm epitaxial film of
Si(0.846)Ge(0.154) using the anisotropic version of the Stoney formula (Stoney
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1909; Janssen, Abdalla et al. 2009). The calculated value of the radius of curvature
(312.8 m) is in excellent agreement with a recently measured value (314.5 m),
obtained by using the highly precise lattice comparator technique at NIST (Kessler
and Vaudin 2011; Vaudin, Kessler et al. 2011). Measurement of wafer curvature
is critical to the fabrication of devices in the microelectronics industry. It is an
important technique for characterization of elastic properties of nanomaterials and
is a part of the NIST program on Standard Reference Materials.

We describe the interatomic potential between SxG atoms in Section 2 based upon
the potential derived in an earlier paper (Tewary 2011). We present the calculation
of the force constants, the elastic constants, and the lattice GF in Sec. 3 using the
harmonic approximation, which is inherent in the GF based models. In Sec. 4, we
use the asymptotic limit of the lattice GF to calculate the continuum GF for the
Mindlin problem (Pan 2002; Tewary 2004) using the delta function representation
(Tewary 2004) and the strains at the free surface of SixGe1−x due to a buried point
force. Numerical results are given for x=0 (pure Ge), 0.2, 0.4, 0.6, 0.8, and 1.0 (pure
Si). In Sec. 5, we describe the calculation of curvature of a thin film of SixGe1−x

on single crystal silicon for x=0.846. Finally, the conclusions are summarized in
Section 6.

2 Interatomic potential for SxG atoms

We assume that SixGe1−x has the perfect diamond cubic lattice structure and all the
lattice sites are occupied by SxG atoms. We set up our frame of reference using the
Born-von Karman model of a diamond lattice. We label the unit cells by indices
L,L’, etc. and an atom inside a unit cell by κ , κ’. The notation for the lattice sites
is the same as used in the classic text by Maradudin et al. (1971).

We choose the origin of coordinates at an atomic site in the perfect lattice. The
Cartesian axes are assumed to be along the crystallographic axes. The Cartesian
components will be denoted by the indices i,j (=1,2,3). Summation convention
will be used for Cartesian indices but not for unit cell labels L and κ . Unless stated
otherwise, all lengths will be expressed in units of a, where 4a is the lattice constant
of the solid.

The radius vector of the atom Lκ is given by

R(Lκ) = R(L)+R’(κ), (1)

where R(L) is the radius vector of the unit cell L and R’(κ) is the radius vector
of the atom κ with respect to its own unit cell. For diamond lattice, there are two
atoms in the unit cell that we label as κ = 0 and 1. Their radius vectors are (0,0,0)
and (1,1,1), respectively.
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We model the interatomic potential between SxG atoms by using REAM (Tewary
2011). We write the energy W of an atom as a sum of two parts: the electronic part
ψ that contains the angular terms and a radial part V. Thus for the atom Lκ

W (Lκ) = ψ(Lκ)+ΣL’κ’V (R(L′κ ′)−Lκ)), (2)

where

V (r) = Aexp[−α(r/r0−1)]+Bexp[−β (r/r0−1)], (3)

r0 =
√

3 is the nearest neighbor distance and A, B, α , and β are parameters to be
determined. The range of the interaction is limited to the second neighbor distance.
Thus the sum in Eq. (2) extends over all atoms in the first and second neighbor
shells. The parameters of REAM (Tewary 2011) are defined in Appendix 1.

In this section we generate the values of the REAM parameters for SxG atoms in
SixGe1−x for different values of x. The REAM parameters for Si and Ge are quoted
in Table 1. The values for x=0 and x=1 correspond to Si and Ge, respectively.
For intermediate values of x, we obtain the parameters by interpolation and fitting
the calculated values of the cohesive energy and the equilibrium lattice constants
with their known values. The independent parameters are interpolated linearly. The
lattice constant and the cohesive energy are interpolated, respectively, using a cubic
and quadratic interpolation scheme since their values are known at intermediate
values of x. The choice of interpolation formula is of course quite arbitrary. A
better interpolation scheme can be developed as more data become available for
intermediate values of x.

For the interpolation of α , β , AE , and t(s) (defined in Appendix 1), we use the
following linear formula

PSG(x) = PSG0(1− x)+PSG1x, (4)

where PSG is the parameter to be interpolated and PSG0 and PSG1 are its known
values at x=0 and 1, respectively.

For the lattice constant we use the following cubic interpolation formula (Dis-
mukes, Ekstrom et al. 1964; Herzog 2000; Arimoto, Yamanaka et al. 2006) that
fits the measured values almost exactly:

4a(x) = 4a1x+4a0(1− x)−0.00436x2 +0.0043x3 +0.03265x2−0.02829x, (5)

where 4a(x) is the lattice constant in nm for SixGe1−x and 4a0 and 4a1 are its val-
ues for x=0 (Ge) and x=1 (Si) respectively. For the cohesive energy we use the
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quadratic interpolation formula as given below. It fits with the observed values of
the cohesive energy EC0 at x=0 and EC1 at x=1, and the density function theory
result EC01 at x=0.5 (quoted in (Baskes, Nelson et al. 1989)) corresponding to the
binary alloy SiGe.

EC(x) = EC1x+EC0(1− x)−4EC01x(1− x). (6)

The variation of the cohesive energy with the concentration is shown in Fig. 1

Figure 1: Cohesive energy in eV of SixGe1−x as function of x. The points show the
experimental values to which the theoretical curve was fitted.

The constants A and B in Eq. (3) are calculated by using the formulae given in
Appendix 1 from the interpolated values of α and β and EC(x) as given by Eq. (6).

The values of all the REAM parameters are given in Table 1. The values for inter-
mediate values of x can be obtained by interpolation.

3 Force constants, elastic constants, and Green’s function

In this section we give values for the interatomic force constants and expressions
for phonon GFs (Maradudin, Montroll et al. 1971). From the phonon GFs we
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Table 1: Parameters of REAM. AE , A, and B are in eV. Other parameters are
dimensionless

x 0 (Ge) 0.2 0.4 0.6 0.8 1 (Si)
AE 14.2598 14.4089 14.5581 14.7072 14.8563 15.0055

β (0) 3.6395 3.8371 4.0346 4.2322 4.4297 4.6273
β (1) 2.9421 3.1002 3.2583 3.4165 3.5746 3.7327
t(1) 2.2018 2.2080 2.2142 2.2204 2.2265 2.2327
t(2) 2.2142 2.2564 2.2986 2.3408 2.3831 2.4253
α 5.0465 5.2342 5.4218 5.6095 5.7971 5.9848
β 9.5143 9.1903 8.8664 8.5425 8.2186 7.8946
A -1.9686 -2.2700 -2.6501 -3.1505 -3.8475 -4.9000
B 1.2391 1.5015 1.8442 2.3089 2.9726 3.9943

obtain lattice static and continuum GFs for SixGe1−x as functions of x. We then
use the GF to calculate the strain at the free surface in a semi-infinte SixGe1−x alloy
due to a buried point defect.

The force constants Φ(Lκ ,L’κ’) between atoms Lκ and L’κ’ are obtained by nu-
merical differentiation of the total crystal energy (Maradudin, Montroll et al. 1971).
For a perfect lattice the force constants are independent of the choice of the origin
and depend upon Lκ and L’κ’ only through their difference. They can be, there-
fore, labeled by a single index L’κ’ – Lκ . For solids with tetrahedral symmetry,
the force constants between the atom at the origin and its first and second neighbor
atoms are given below .(Herman 1959):

Φ(0,111) =−

α β β

β α β

β β α

 (7)

Φ(0,220) =−

 µ ν δ

ν µ δ

−δ −δ λ

 (8)

The notation for the force constants is the same as given by Herman (1959). The
notation for first neighbor constants should not cause any confusion with that in Eq.
(3) since the meaning will be apparent by context. The force constants between the
origin and the other atoms in the first and second neighbor shells can be obtained
by symmetry (Maradudin, Montroll et al. 1971). The values of the force constants
for SixGe1−x at several values of x are given in Table 2. We have given the force
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constants for more values of x because these are fundamental parameters that are
needed in a variety of lattice statics and dynamics calculations.

Table 2: Force constants in eV/a2 for SixGe1−x for different x. Notation as in Eqs.
(7) and (8)

x α β µ λ ν δ

0 (Ge) 6.0229 2.5054 0.3833 -0.4472 0.5216 0.2938
0.1 6.0740 2.5371 0.3950 -0.4588 0.5299 0.2906
0.2 6.1229 2.5654 0.4066 -0.4708 0.5380 0.2872
0.3 6.1698 2.5902 0.4180 -0.4832 0.5458 0.2839
0.4 6.2146 2.6119 0.4292 -0.4960 0.5534 0.2806
0.5 6.2576 2.6304 0.4402 -0.5090 0.5607 0.2773
0.6 6.2988 2.6460 0.4510 -0.5225 0.5676 0.2741
0.7 6.3383 2.6588 0.4614 -0.5362 0.5742 0.2709
0.8 6.3763 2.6690 0.4716 -0.5501 0.5804 0.2679
0.9 6.4128 2.6766 0.4814 -0.5643 0.5861 0.2650

1 (Si) 6.4479 2.6819 0.4909 -0.5787 0.5914 0.2622

The dynamical matrix D(K) for phonons is defined in terms of the force constants
(Maradudin, Montroll et al. 1971), where K is a wave vector confined to the first
Brillouin zone of the lattice. For the diamond structure D(K) is a 6x6 matrix with
its elements labeled by iκ , jκ’ as defined below:

Di j(κ,κ ′;K) = (1/Mx)ΣLΦi j(0κ,Lκ
′)exp[−ιK.R(Lκ

′−0κ)], (9)

where Mx is the mass of a SxG atom obtained by averaging of the masses of Si and
Ge atoms using Eq. (4).

The eigenvalues of D(K) give the phonon frequencies and the phonon dispersion
relations. The eigenvalues can be calculated analytically in the high symmetry
directions .(Herman 1959). As mentioned earlier, our model is not expected to
give the details of the phonon dispersion. However, the low K limit of the phonon
dispersion in the symmetry directions gives valuable relations between the force
constants and the elastic constants using the method of the long waves, which ac-
counts for the internal relaxation in a non-Bravais lattice. For the diamond lattice
structure, these relations have been derived by Herman (1959).

The variations of three elastic constants for SixGe1−x with x are shown in Fig. 2.
We see from the figure that the dependence of all the three elastic constants on
concentration is almost linear. Interestingly, this is as predicted by the simple rule
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of mixtures, which is in reasonable agreement with the measured values (Baker and
Arzt 2000) within experimental errors.

To obtain a quantitative comparison, our calculated values of the elastic constants
for SiGe (x=0.5) in GPa are c11=147, c12=59 and c44=73 as shown in Fig. 2.
The corresponding values measured by Mendik et. al (1991) for Si(0.49)Ge(0.51)
are c11=137.7 ± 3.3, c12=51.2±4.0, and c44=66.6 ± 2.0. The measured val-
ues (Baker and Arzt 2000) for x=1 (Si) are c11=165.8, c12=63.9, c44=79.6 and
for x=0 (Ge) c11=128.5, c12=48.3 and c44=66.8. The measured value of c44 for
Si(0.49)Ge(0.51) is obviously inconsistent with the values for pure Si and pure
Ge. Mendik et al ()(Mendik, Ospelt et al. 1991) have also given their measured
values for a SiGe superlattice. These values are c11=147±3.6, c12=59.0±4.2,
c44=73.0±2.2. These values are in almost exact agreement with our theoretical
values given above and in Fig. 2. We infer therefore that our semi-continuum
model and our effective potential between SxG atoms is reasonably reliable for
estimating the elastic properties of SixGe1−x solids.

Our interest in this paper is in the lattice statics GF (Tewary 1973). It is obtained
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from the phonon GF (Maradudin, Montroll et al. 1971), which is defined below:

Gi j(ω2;0κ,Lκ
′) = (1/N)ΣKGi j(κ,κ ′;ω

2,K)exp[ιK.R(Lκ
′−0κ)], (10)

where ι=
√

-1, N is the total number of unit cells, I is the 6x6 identity matrix, ω is
the phonon frequency, and G(K) is the Fourier transform of the GF matrix defined
as follows:

G(ω2,K) = (1/Mx)[−ω
2I+D(K)]−1, (11)

The sum in Eq. (10) is over all the K-vectors in the first Brillouin zone of the
lattice. The eigenvalues of D(K) must be real for the lattice to be stable. Hence,
it is apparent from Eq. (11), that the phonon GF has singularities on the real axis.
A suitable contour needs to be defined for the evaluation of the GF (Maradudin,
Montroll et al. 1971). For this purpose, it is convenient to add a small imaginary
part to ω2and take the limit as the imaginary part approaches zero. The phonon
frequency spectrum is then given by the imaginary part of the diagonal elements of
the GF as given below (Maradudin, Montroll et al. 1971):

g(ω) = 2ωImTrΣKG(ω2− ι0+,K), (12)

where ι0+ indicates that the limit of the zero imaginary part is approached from
the positive side.

The frequency spectrum is a very important characteristic of the solid. It is needed
for calculation of free energy, specific heat, Debye-Waller factor, phase diagrams,
scattering cross-sections, etc. All these quantities are useful in characterizing SixGe1−x

alloys. These calculations will be presented in a later paper.

The lattice statics GF U of a solid is defined as the zero frequency limit of the
phonon GF (Tewary 1973). From Eq. (10), we obtain the following expression for
U:

Ui j(Lκ,L′κ ′) = (1/N)ΣKi j(κ,κ ′;K)exp[ιK.R(L′κ ′−Lκ)], (13)

where

Û(K) = Limω→0G(ω2,K) = [Φ(K)]−1, (14)

and Φ(K) is the Fourier transform of the force constant matrix as defined in Eq.
(10). Note that the lattice statics GF is independent of the atomic mass.

In the near field region, we can calculate the discrete lattice GF directly from Eq.
(13). Methods for calculation of the lattice GF and its application for solving the
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defect problem in lattices have been described in detail in (Tewary 1973; Thomson,
Zhou et al. 1992). The lattice GF accounts for discrete lattice effects and is appli-
cable to calculation of lattice distortions in the entire lattice. However, the present
model is an averaged model and is therefore not expected to reproduce the finer
details of the discrete atomistic effects.

In the asymptotic or far field region, we can use the semicontinuum approximation
by utilizing the fact that the asymptotic limit (Tewary 1973) of U for large R(Lκ-
L’κ’) is the continuum GF. In the continuum limit, we replace the summation over
K by an integral in Eq. (13) and use the low-K limit of Φ(K). Only the acoustic
part of Φ(K) contribute to the continuum GF, which is simply the Christoffel matrix
defined as follows:

Λi j(K) = cik jlKkKl, (15)

where c is the fourth rank elastic constant tensor. Thus, in the continuum limit, we
obtain

Û0(K) = [Λ(K)]−1, (16)

and

U0ij(R) = (1/2π)3
∞∫
−∞

Û0ij (K)exp(ιK.R)dK, (17)

apart from the normalization factors in the definition of Û0(K). The subscript 0
indicates that no boundary conditions have been applied to the GF and it is valid
only for the infinite vector space. The continuum GF is applicable to extended de-
fects such as free surfaces and interfaces by applying appropriate boundary condi-
tions. Powerful techniques for calculating the continuum GF for anisotropic solids
for different boundary conditions corresponding to free surfaces and interfaces are
available in the literature (Tewary, Wagoner et al. 1989; Pan 2002; Yang and Pan
2002; Tewary 2004; Tewary and Read 2004; Yang and Tewary 2005; Yang and
Tewary 2006; Read and Tewary 2007; Yang and Tewary 2007).

Now we apply the lattice statics GF to calculate the strain field in the solid due
to a substitutional point defect. We assume that the point defect is at the origin.
A point defect may be a vacancy or a foreign atom. We can also model a small
local variation in the concentration x as a distribution of point defects. In a perfect
lattice, the force at each atom in the lattice is zero. The effect of the point defect is
to introduce forces at the lattice sites near the defect and also to change the GF. It
is possible to account for the change in the GF by defining effective Kanzaki forces
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(Tewary 1973; Tewary 2004; Read and Tewary 2007) and use the perfect lattice
GF along with the Kanzaki force. If we denote the Kanzaki force at Lκ by FK , the
displacement field u is given by (Tewary 1973)

u(Lκ) = ΣL’κ’U0 (Lκ ,L’κ ′)FK(L’κ ′) (18)

The Kanzaki force due to a substitutional defect follows the symmetry of the lattice.
If we restrict the forces to the nearest neighbors of the defect, then the form of the
vector F(L’κ’) for the atom L’κ’= (1,1,1) is

FK(1,1,1) = ( f , f , f ), (19)

where

f = ∂∆W/∂u1(1,1,1), (20)

∆W is the change in the crystal energy due to the defect, and the derivative in Eq.
(20) is evaluated at u1(L’κ’=1,1,1). The force vectors for other atoms in the nearest
neighbor shell can be written by symmetry.

In the near field region the atomistic displacements can be calculated from Eq. (18)
by using the lattice GF defined by Eq. (13). These displacements must be treated
as average lattice distortion over a finite region. In the semicontinuum approxima-
tion, we calculate the force f by using the discrete interatomic potential but use the
continuum GF approximation for U. The approximation is valid for |R(Lκ-L’κ’)| »
R(L’κ’) and also for extended defects such as free surfaces and interfaces (Tewary
2004).

One advantage of using the semicontinuum approximation is that R and u become
continuous and differentiable variables. Hence, their derivatives are well defined
(Read and Tewary 2007). These derivatives are needed for calculation of the con-
tinuum parameters such as stress and strains. In a purely discrete model, R and u
are discrete variables so the definitions of the derivatives and therefore the stresses
and strains are somewhat subjective. In the next section we shall apply Eq. (18)
to calculate the strain and the displacement fields due to a buried defect at a free
surface in SixGe1−x.

4 Strain field on the free surface of SixGe1−x due to a buried point defect

For the purpose of illustration, we apply our model to a semi-infinite SixGe1−x alloy
containing a buried point defect as described in the previous section. We calculate
the strains at the surface due to the defect and the displacement field at the free
surface. The continuum form of the GF is especially convenient for simulating a



278 Copyright © 2011 Tech Science Press CMC, vol.25, no.3, pp.265-290, 2011

free surface by applying appropriate boundary conditions. The present case of a
buried point defect in a semi-infinite solid is the Mindlin problem. Efficient meth-
ods for solving the Mindlin and similar problems for anisotropic solids have been
developed by Pan, Yang, and their collaborators (Pan and Yuan 2000; Pan and Yang
2001; Pan 2002; Yang and Pan 2002; Pan and Yang 2003). We shall, however, use
a slightly different technique based upon the delta function representation of the
GF (Tewary 2004).

We assume that the free surface is the (001) plane. For these calculations it is more
convenient to choose a frame of reference in which the origin and the X- and Y-
axes are on the free surface and the positive Z-axis points into the solid.

In the continuum approximation we replace the variable R(Lκ-L’κ’) by a continu-
ous vector variable r with Cartesian components x1, x2 and x3 along the X,Y, and
Z directions respectively. The atomic sites L’κ’ where the Kanzaki force is applied
are still treated as discrete sites. The field points Lκ are confined to the free surface.
The displacement field at the free surface is now given by the continuum form of
Eq. (18) as given below

u(rs) = ΣL’κ’gc(rs ,L’κ ′)FK(L’κ ′), (21)

where rs is a continuous variable on the free surface (x3=0) and Ucis the continuum
GF that satisfies the prescribed boundary conditions for the Mindlin problem. The
zero-traction boundary condition at the free surface, which is the plane at x3=0, is
given by

τi3(r) = ci3 jke jk(r) = 0(x3 = 0), (22)

where

e jk(r) = ∂u j(r)/∂xk, (23)

and e and τ denote respectively the second-rank strain and stress tensors. The off-
diagonal elements of Eq. (23) have to be symmetrized in the definition of the strain
tensor.

We consider a point defect at a depth h below the surface so the coordinates of
the defect are (0,0,-h). The coordinates of its four nearest neighbors are (1,1,1+h),
(-1,-1,1+h), (-1,1,-1+h), and (1,-1,-1+h). These are the only atoms for which the
Kanzaki force is non-zero. The continuum Green’s function Uc that satisfies Eq.
(22) is given below. It is written as a sum of U0, the Green’s function for the infinite
solid, and US due to the contribution of the free surface, as follows:

Uc(r,Lκ) = U0(r-R(Lκ)) + Us(r, R(Lκ)), (24)
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where Lκ is confined to the four discrete lattice sites for which F(Lκ) is nonzero.
The first term on the RHS of (24) gives the GF for an infinite solid, and the sec-
ond term represents the correction due to the free surface. Since the first part has
translation symmetry, it depends upon r and R only through their difference. The
second part depends upon the two variables separately. The full form of Uc , the
GF for the Mindlin problem (Tewary 2004), is given in Appendix 2.

The displacement field at any r is given by Eq. (21) and the strain field can be
calculated by using (23). The X and Z components u1 and u3 of the displacement
field for r along the X axis (r2=r3=0) at the free surface for different values of the
concentration x are shown in Figures 3 and 4, respectively. The corresponding
strain components e11 and e33 are shown in Figures 5 and 6, respectively. In these
calculations we have assumed f=1 nN which is the approximate value of the force
due to a substitutional defect of the same kind as Si or Ge. The depth of the defect
below the free surface was assumed to be 10.

Figure 3: X-component of the displacement field at the free surface of semi-infinite
SixGe1−x along the X axis (X,0,0) as function of X for various values of the Ge
concentration x. All lengths are in units of a. Legend: Solid line for x=0 (pure Ge);
dots for x=0.2; dash dots for x=0.4; dashes for x=0.6; long dashes for x=0.8; dash
and three dots for x=1.0 (pure Si).
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Figure 4: Z-component of the displacement field at the free surface of semi-

infinite SixGe1-x along the X axis (X,0,0) as function of X for various values of the 

Ge concentration x. Notation and units same as in Fig. 3. 

 

Figure 4: Z-component of the displacement field at the free surface of semi-infinite
SixGe1−x along the X axis (X,0,0) as function of X for various values of the Ge
concentration x. Notation and units same as in Fig. 3.

We see from Figs. 3 and 4 that the magnitude of the displacement field first in-
creases and then decreases as X increases with an extremum at about X=10 for the
X component and at about X=5 for the Z component. The X-component of the dis-
placement field is 0 at X=0 due to the symmetry. The extremum is a consequence
of the lattice anisotropy because the Green’s function depends upon the distance as
well as the direction of the source and the field points. The distribution of forces
at 4 lattice sites around the defect forms a quadrupole at the defect. The extremum
occurs at a point where the total of the projection of the Green’s function tensor has
an extremum. The curve in Fig. 4 shows the formation of a hump at the surface
immediately above the defect. This is similar to the hump due to a Ge quantum dot
in silicon as calculated in an earlier paper (Read and Tewary 2007). The qualitative
behavior of the strain curves shown in Figs. 5 and 6 can be understood in a similar
way. These curves should be measureable and can be useful for characterization of
the alloy.
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Figure 5: XX-component of the strain tensor at the free surface of semi-infinite 

SixGe1-x along the X axis (X,0,0) as function of X for various values of the Ge 
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Figure 5: XX-component of the strain tensor at the free surface of semi-infinite
SixGe1−x along the X axis (X,0,0) as function of X for various values of the Ge
concentration x. Notation and units same as in Fig. 3

5 Calculation of curvature of a Si substrate with a film of SixGe1−x

We now use the elastic constants derived for SixGe1−x to calculate the curvature
of a single- crystal Si substrate of thickness 720 nm with a 49 nm epitaxial film
of Si(0.846)Ge(0.154) and compare the calculated value with the value measured
recently at NIST (Kessler and Vaudin 2011; Vaudin, Kessler et al. 2011). There is a
strong industrial interest in modeling and measurement of wafer curvatures. Wafer
curvature measurements are critical to fabrication of devices because wafers must
be flat within a certain tolerance. It is also an important technique for characteriza-
tion of the elastic properties of nanomaterials and is a part of the NIST program on
Standard Reference Materials. The curvature is experimentally determined by mea-
suring the spatial variation of the orientation of the lattice planes across a surface
(Vaudin, Kessler et al. 2011). The measurement technique, developed at NIST, is
based upon the use of lattice comparator that can determine the orientation of lattice
planes perpendicular to a curved crystal surface very precisely with an accuracy of
2*10−9 rad (Vaudin, Kessler et al. 2011).
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Figure 6: ZZ-component of the strain tensor at the free surface of semi-infinite 

SixGe1-x along the X axis (X,0,0) as function of X for various values of the Ge 
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Figure 6: ZZ-component of the strain tensor at the free surface of semi-infinite
SixGe1−x along the X axis (X,0,0) as function of X for various values of the Ge
concentration x. Notation and units same as in Fig. 3

When a thin film is deposited on a substrate, it induces a curvature due to the
stresses caused by the mismatch between the lattice constants of the film and the
substrate. This stress has been calculated in the classic paper by Stoney (1909)
for isotropic solids. The curvature of the composite can be derived from Stoney’s
equation and is given by (Freund, Floro et al. 1999; Vaudin, Kessler et al. 2011)

1/Rc = 6(M f /Ms)εm(h f /h2
s ), (25)

where

εm = (a f −as)/as, (26)

is the lattice mismatch, Rc is the radius of curvature (ROC), and M and h denote,
respectively, the effective elastic modulus and the thickness of the film or the sub-
strate. The quantities for the film and the substrate are identified by the subscripts f
and s, respectively. The values of a f ,s are calculated by using Eq. (5).
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It has been shown by Janssen et al. (2009) that the form of the Stoney’s equation is
also valid for anisotropic solids with the appropriate definition of the elastic moduli
M f ,s. For an anisotropic cubic solid with the interface on the (001) plane, the
effective modulus is given by (Janssen, Abdalla et al. 2009)

M = c11+ c12−2(c122)/c11. (27)

We now calculate Rc by using our model for SixGe1−x for x=0.154, the alloy for
which the curvature has been measured. The calculated values of the parameters in
the force constant matrices for the first and second neighbor atoms for x=0.154, as
defined in Eqs. (7) and (8), are given below in the units of eV/a2:

I neighbors: α = 6.39323, β = 2.67278

II neighbors: µ=0.47613, λ = - 0.55663, ν = 0.58308, and δ=0.26654

These values yield the following values of the elastic constants of the alloy in the
units of GPa:

c11=160.2, c12=61.9, and c44=77.8.

The elastic constants of Si substrate are given in Sec. 3. The lattice constant of
SixGe1−x, as derived from Eq. (5), is 5.4627 Å and is 5.431 Å for Si. This gives
εm=5.837x10−3 from Eq. (26). Finally, using all the above values, we obtain from
Eq. (25) Rc = 312.8 m.

The measured value of Rc as reported by Vaudin et al. (2011) is about 275 m.
However, a very recent and accurate measurement (Kessler and Vaudin 2011) gives
Rc = 314.5 m which is in excellent agreement with our calculated value 312.8 m.

6 Conclusions

We have proposed a semicontiuum GF based model for analysis of averaged me-
chanical characteristics of SixGe1−x. The model is semicontinuum in the sense that
the forces are distributed at discrete lattice sites but the GF is approximated by the
continuum GF asymptotically and by averaged lattice GF in the near field. The av-
eraging is achieved by replacing Si and Ge atoms by identical hypothetical atoms
called SxG that are hybrids of x fraction Si and (1-x) fraction of Ge. The force con-
stants for the lattice GF and the elastic constants for the continuum GF are derived
from the interatomic potential between the SxG atoms, which is obtained from the
REAM (radial embedded atom model) proposed in an earlier paper. The model
predicts correct values of the elastic constants of SiGe (x=0.5), which gives at least
some credence to the model.

For the purpose of illustration we have applied the model to a semi-infinite SixGe1−x

alloy containing a point defect. We have calculated the displacement and the strain
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field at the free surface of the alloy for x=0 (pure Ge), 0.2, 0.4, 0.6, 0.8, and 1.0
(pure Si) due to a point defect at depth 10 below the free surface. These are mea-
sureable quantities. The displacement field at the free surface shows a hump which
is a characteristic of the lattice anisotropy. This should, in principle, be observable.

Finally, using the elastic constants predicted by our model, we have calculated the
radius of curvature of a single-crystal Si substrate of thickness 720 nm, induced
by a 49 nm epitaxial film of Si(0.846)Ge(0.154). The calculated value 312.8 m
is in excellent agreement with the recently measured value 314.5 m at our labora-
tory. Measurement of wafer curvature is critical to the fabrication of devices in the
microelectronics industry and is an important technique for characterization of the
elastic properties of nanomaterials.

The model is somewhat similar to the multiscale GF model (Tewary 2004; Tewary
and Read 2004; Read and Tewary 2007) developed earlier. The main difference
is that in the multiscale model the Kanzaki force is calculated by using molecular
dynamics without making the linear approximation, and both lattice and continuum
GF are used in the calculation of the displacements. One advantage of the semicon-
tinuum model is that the continuum parameters like strains are well defined since
the displacement field is continuous and differentiable. The definition of strain in
the discrete lattice theory is somewhat arbitrary.

Although not considered in this paper, the model should be applicable for calcula-
tion of thermodynamic properties. An expression for the phonon frequency distri-
bution function has been given that can be used for thermodynamic calculations.

The main uncertainty in the proposed model is in the values of the REAM param-
eters arising from the interpolation scheme used in estimating the parameters. The
only test of reliability of the parameters is that they predict the correct values of
elastic constants for SiGe (x=0.5) and the curvature of the composite film. This
is an important test but still a rather limited test. If measured values of the strain
and the displacement fields at the free surface, and more refined measurements
of elastic constants and cohesive energy for different values of x were available,
they could provide more reliable values of the REAM parameters. Measurement
of thermodynamic quantities such as specific heat and thermal conductivity would
also help in getting better estimates of the parameters.

Appendix 1: Parameters of REAM

The electronic part of the REAM potential (Tewary 2011) in Eq. (2) is given by

ψ(Lκ) = E(ρ(Lκ))−E0(Lκ), (28)
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where

E(ρ(Lκ)) = AEρ(Lκ)lnρ(Lκ), (29)

ρ(Lκ) = (2ρ
(0)(Lκ)/Z)[1+ exp(−Γ)]−1, (30)

Γ(Lκ) = (1/ρ
(0)(Lκ))2[Σs=1,2t(s)(ρ(s)(Lκ))2], (31)

ρ
(0)(Lκ) = ΣL’κ’ρ

a(0)(R(L′κ ′−Lκ)), (32)

[ρ(1)(Lκ)]2 = Σi[ΣL’κ’Xi(L′κ ′−Lκ)ρa(1)(R(L′κ ′−Lκ))]2, (33)

[ρ(2)(Lκ)]2 = Σi j[ΣL’κ’Xi(L′κ ′−Lκ)X j(L′κ ′−Lκ)ρa(2)(R(L′κ ′−Lκ))]2

−(1/3)[ΣL’κ’ρ
a(2)(R(L′κ ′−Lκ))]2, (34)

ρ
a(s)(r) = exp[−−β

(s)(r/R0−1)](s = 0,1, or 2), (35)

Xi(L′κ ′−Lκ) = Ri(L′κ ′−Lκ)/|R(L′κ ′−Lκ)|, (36)

E0 = (1/Z)ΣL’κ’E[ρa(0)(|R(L′κ ′−Lκ)|], (37)

The constants A and B in Eq. (3) are related to α , β , and the cohesive energy EC

of the solid as follows:

A = ECP22/Dt , (38)

B =−ECP21/Dt , (39)

P11 = 4[1+3exp(−αq)], (40)

P12 = 4[1+3exp(−βq)], (41)

P21 = 4α[1+3(1+q)exp(−αq)], (42)

P22 = 4β [1+3(1+q)exp(−βq)], (43)

Dt = P11P22−P12P21, (44)

where q = 2
√

(2/3). Equations (38) and (39) have been derived by using the condi-
tion that W is minimum at the equilibrium value of the lattice constant and equal to
EC.
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Appendix 2: Green’s function for the Mindlin problem

In this appendix we give the expression for Uc in Eq. (24), which is the GF for the
Mindlin problem. It satisfies the boundary condition given by Eq. (22). Only the
results are given here. For derivation, see (Tewary 2004).

We define a 2D vector χ in the (X,Y) subspace of r such that χ1 = x1 and χ2 =
x2. We can thus write the general 3D vector r as (χ ,x3). In an analogous manner,
we also define the corresponding 2D vectors q and ρ in the subspaces of K and R,
respectively, such that K = (q, K3) and R = (ρ , R3), where κ1 = K1, κ2 = K2, r1 =
R1, and r2 = R2. Further we specify q to be a unit vector defined as follows:

K1 = q1 = cos(θ); K2 = q2 = sin(θ); −∞≤ K3 ≤ ∞ and 0≤ θ ≤ 2π. (45)

The two terms in Eq. (24) are given below:

U0(χ−R) = Re(1/4π
2)∫ dθ ∑

m
M(q, Q̄m)W̄mM0(q,Qm,R), (46)

Us(χ,R) =−Re(1/4π
2)∫ dθ ∑

m,n
V(q,Qm,Qn)Ms(q,Qm,Qn,R), (47)

M0(q,Qm,R) = [q.(χ−ρ)+ Q̄m(x3−R3)+ ιε]−1, (48)

Ms(q,Qm,Qn,R) = [q.(χ−ρ)+Qmx3− Q̄nR3 + ιε]−1, (49)

V(q,Qm,Qn) = M(q,Qm)A(q)S(q, Q̄n)M(q, Q̄n)WmW̄n, (50)

A(q) = [∑
m

S(q,Qm)M(q,Qm)Wm]−1, (51)

Si j(q,K3) = ci3 jkKk, (52)

Wm = 1/[2c11c2
44Qm ∏

n6=m
(Q2

m−Q2
n)], (53)

where the overhead bar denotes complex conjugate, Qm and Qn (m,n = 1,3) are
three roots of the polynomial equation in K3,

P(q,K3) = 0, (54)

and P(K) is the determinant of the Christoffel matrix Λ(K) defined by Eq. (15).

Equation (I-20) has 6 roots that are functions of θ . We choose three roots with
positive imaginary parts. The integral over θ in Eqs. (46) and (47) is carried out
in the interval 0 to 2π which can be reduced by using symmetry. Equation (24)
gives the continuum GF for a semi-infinite solid that satisfies the Mindlin boundary
condition. It requires only a one-dimensional numerical integration over θ , which
is rapidly convergent.
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