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simple meta-analysis model. By using almost unbiased variance estimators, an

Keywords: ) . ) estimator of the covariance matrix of this procedure is derived. Combination of these
Almost unbiased variance estimator methods is illustrated by two examples and are compared via simulation.
DerSimonian-Laird procedure Published by Elsevier B.V

Estimating equation
Growth curve model
Maximum likelihood
Meta-analysis

Random coefficient model
Variance components

1. Introduction: the model and its matrix formulation

The use and importance of linear mixed models is well documented (McCulloch and Searle, 2001; Jiang, 2007). One of
their important applications is meta-analysis to combine measurements made in several studies which commonly exhibit
not only non-negligible between-study variability, but also have different within-study precisions.

Laird and Ware (1982) discussed several statistical methods of fitting linear mixed models by using classical techniques
of (empirical) Bayes or maximum likelihood estimation. The algorithms for the maximum likelihood and the restricted
maximum likelihood are implemented in R-language (Pinheiro and Bates, 2000).

Consider a mixed effects linear model where several measurements are made in each of p studies with the i-th study
performing measurements n; times, i=1,...,p, so that the data vector from study i has the form

Y; =B;0+Cb;+e;. (1)

Here B; is the i-th study n; x g design matrix, the n; x r matrix G; is discussed later, and the g-dimensional parameter 6 is of
interest. The independent r-dimensional vectors b; represent random between-study effects with zero mean and some
covariance matrix =, while the errors e; are independent and normally distributed. The usual motivation of (1) is provided
by two-stage modeling with the first stage introducing all parameters and variables for fixed b;, and the second stage
specifying the distribution of these effects.
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For a general growth curve model in (1) B; = CiA; with given r x g matrices A;, i=1,...,p, i.e., the column space of the
design matrix of fixed effects is contained in that of random effects matrix. If the rank of B; is ¢ (and we impose this
condition), then q <, or the dimension of random effects must be at least as large as that of the structural parameter. In
many applications the reverse inequality is more natural. Indeed in the simplest case of linear regression (q=2), the
random effects affecting the slope may change the nature of the regression line (i.e., make some regression lines
decreasing and some increasing), so that models involving more than two random effects hardly are promising.

In this paper we assume that C; = B;A; with known g x r matrices A;, i =1, ...,p. The ensuing condition, r < g, may be in
better agreement with the idea that simpler models with fairly small between-study effects are most useful. See also
Section 5. Thus, we study a heterogeneous random coefficient model of the form

Yi =Bi(9+€i)+ei, (2)

with B; and 0 having the same meaning as in (1), and independent normal random vectors ¢; = A;b; have zero mean and the
covariance matrix A;ZA!. It is also assumed that the errors e; are independent and normally distributed with the variance
depending only on the study (but not on the design row), e; ~ Ny, (0,62]). The statistical goal is to estimate the parameter 0
and to provide a standard error of this estimate leading to a confidence region for this parameter or for a function thereof.

This model extends the well-studied balanced scenario (n; =n, o? = ¢2) (Longford, 1994). When g=r, it falls into the
class of classical growth curve models (Demidenko, 2005; Pan and Fang, 2002), with available results on maximum
likelihood and method of moments estimators. In more general balanced growth models, the n x m matrix data Y can be
represented as BOA +e, where 0 is a r x g parametric matrix, B and A are n x r and g x m known matrices, and e is the error
term. The model (2) can be considered as a heterogeneous version of reduced-rank growth curve models.

In matrix notation (1) can be written as a particular case of the mixed linear model,

Y =B0+Cb+e.

Here Y is the total data vector of dimension N=n;+ --- +n,; B is a matrix of size N x q formed by stacked in a column
matrices By, ...,Bp; C is the block diagonal matrix of size N x rp with the i-th block of size n; x r consisting of the matrix G
The rp-dimensional random vector b is composed of stacked p components formed by b;, i=1,...,p. Thus 0 is the unknown
parameter (fixed effects) vector, and b is random normal effect vector uncorrelated with the zero mean normal error
vector e whose block-diagonal covariance matrix consists of blocks o1,

When there is just one unknown mean parameter (q=1), DerSimonian and Laird (1986) suggested an estimation
method of 0, which became immensely popular in biostatistics, especially in analysis of multicenter clinical trials. This
popularity is due mainly to the fact that this is a simple non-iterative procedure, which exhibits good properties relative to
the classical maximum likelihood estimator of 0 (e.g., Jackson et al., 2010), and admits generalizations to non-normal
models (Bohning et al., 2002). Our primary goal is to extend this method to a multiparameter situation in the linear model
context (2).

Random coefficient models are widely used in econometrics, biological, social and management studies, etc. (see Bliese
and Ployhart, 2002 for a survey). Our motivation is collaborative studies of meta-analysis, in particular arising in
metrology applications. As a first motivating example, we use a study by Paule and Mandel (1971) in which several
laboratories performed (via different techniques) measurements of silver vapor pressure P as a function of the absolute
temperature T. According to the heat law, the logarithm of pressure, Y =logP, is a linear function of 1/T. After removal of
obvious outliers there are 298 different temperature points provided by p=8 laboratories as given in Table 4, Paule and
Mandel (1971). We assume here that the error variance depends only on the laboratory (and not on the temperature
value). This study then fits the model (2) with g=2, if the matrix B; is formed by ones and the T-reciprocals employed by
i-th laboratory. The slope and intercept estimators derived by different methods are discussed in Section 6.1.

The collaborative studies in the area of acoustics, ultrasound and vibration present many important applications of
heterogeneous mixed effect models. A typical example is the accelerometers key comparisons study SIM-AUV.V-K1, Evans
et al. (2009) in which the sensitivity (electrical output per unit acceleration input) of three accelerometers was measured
as a function of frequency. A quadratic polynomial fit of the combined data of seven National Metrology Institutes for the
charge sensitivity as a function of frequency is discussed in Section 6.2. Another metrology oriented application of
heterogeneous growth curve models is in round-robin studies.

In the next section we reduce the parameter estimation problem to that of a common vector mean estimation and
review the weighted means statistics. Section 3 develops a multivariate version of the meta-analytic method by
DerSimonian and Laird. Estimation of the covariance matrix of this statistic is investigated in Section 4, and a feature of
best linear unbiased predictors of random effects is discussed in Section 5. The concluding Section 7 reports some Monte
Carlo simulation results.

2. Sufficient statistics and matrix weighted means

For fixed ¢;, i=1,...,p, the statistics X; = (B,TB,-)*lBiT Y; (the ordinary least squares estimators) and

51.2 = (Yi—B,‘Xi)T(Y,‘—BiXi)
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are sufficient in the model (2). Indeed

> 07 2(Yi—Bi0—Bity)' (Yi—Bi0—Bit) =Y 07 *(Y;—BX)  (Yi—BX)+> 07 2(Xi—0—Ai;)" B] Bi(X;—0—Aity).
i i i

While X; has the normal distribution Ng(0,07(BTB;)~" +A;ZAT), because of our assumptions, s? has a o7 y?-distribution with
v; =n;—q degrees of freedom. Thus the problem reduces to estimation of the common vector mean 6 on the basis of p
independent normal vectors X; with this mean and covariance matrices o'l.Z(Bl.TB,-)‘1 +AiEAiT,i= 1,...,p. Notice that
o?(BIB;)~! can be estimated via available s?. Indeed one can use the matrix estimator S; of ¢?(B/B;)",

S;'=6;°BIB;

with 67 =s2/v;.
Let W; be non-negative definite symmetric matrix weights such that >-P_, W; is a non-singular matrix. Consider the
class of weighted means X of the form

-1
X= <i W,~> i WiX;. 3

i=1 i=1

These statistics maintain the optimality property of the weighted mean as the best linear unbiased estimator of the
common mean 6 for the matrix-valued loss function corresponding to the covariance matrix (see for example, Hall, 2007).
Indeed, if independent X; have a common mean 6 and known covariance matrices X;, then the best linear estimator of 6 has
form (3) with W; = Z,-‘l. In this situation the covariance matrix, Var(X) has the form

-1
Var(X) = <zp: Wi> ) “4)

i=1
The “averaging” property of X is expressed by inequalities,

minX;(j) < X; < maxX(j), j=1,....q.
1 1

Here X = (X1,....Xo)", Xi = Xi(1), ... Xi(@)".
Estimators of the form (3) include the traditional estimator of the common vector mean suggested when g=1 by
Graybill and Deal (1959),

-1
Xo= <2p: S,-l) zp:SF‘X,-. (5)
i=1

i=1
as well as the vector sample mean,

p
X:.
i=1

X=

=

Since X; =[07(B!B;)~' +A;ZAT], it makes sense to employ matrix weights of the form
W; = Wy(V) = (Si+AVA) ", (6)

for some non-negative definite r x r matrix V designed to estimate =.
An estimator X of 0 from the class (3) has the following representation:

P
X=> wxX, (7)
i=1
where w; = (Z‘;=1 Wk)‘]W,-, i=1,...,p, Z’;: ; W =1. The matrices w; do not have to be symmetric or to commute, but
their eigenvalues must be positive.

There are general results on maximum likelihood and restricted maximum likelihood estimation in the variance
components setting and algorithms for their calculation (Pinheiro and Bates, 2000). However the following procedure,
which has the form (7) with data dependent weights, is tailored to our specific problem, and is much easier to evaluate. It
also escapes potential (false or singular) convergence problems.

3. DerSimonian-Laird procedure
If for the matrix weights W; the symmetric matrix W = >~;W; is non-singular, then with X defined by (3),

~ ~ p
> W PEX=X0XG—=X)T W2 = 3~ W2 a-w Wy VarXpd-w Wy w2
i i=1



3184 A.L. Rukhin / Journal of Statistical Planning and Inference 141 (2011) 3181-3192

p
+ o wrw <Z W, Var(X) Wy ) W) T(WT)12, ®

i=1 lk#i
In particular, when W; = 6;2B!B;, Var(X;) = 62(BI B;) "' + A;ZAT,
> "o *(B[B)'*(I-a;?W B[ B)A;EA] (I-a;*W~'B] B)" (B B)/?
i

+Y o7 *(B[B)' W' ( > 0k4BZB,<AiEAiTB,ka> w-1(B!IB;)~1/2
i

k:k#i

= o7 2(BIB)'PEX—X)X;—X) (B B)"/>—pI+ > o7 2(BIB)'?W~' (B[ B)/%. 9)
i i

Provided that ¢? are replaced by ¢ 0' , the identity (9) can be used as an estimating equation for the parameters 0 and £
in the following way. Let X, be the Grayblll Deal estimator (5). Put

-1
C= ZG*Z(BTBWZ(X ~Xo)(Xi—Xo)' (B B)"/*— pI+Zaz(BTB)”2<Za BTBk) (BB)'/2,

so that this symmetric matrix estimates the right-hand side of (9). Similarly the matrix-valued weights

1 p -1
;= <Zasz[Bk> G;°BIB; = (Z 5k1> S
k

k=1

can be employed to approximate the left-hand side of (9) leading to the equation

ZJ_Z(BTB)W(I @A VAT (I-@;) (BTB)1/2+ZU‘2(BTB)1/2 (Zw]A VAT & T)(BTB)”2 (10)
JJ#1

This equation allows one to determine a symmetric matrix solution V (an estimator of Z). We put Vp, =V, to be the
positive part of V, i.e, let Vp;, have the same spectral decomposition as V, with eigenvalues being positive parts of V
eigenvalues. The matrix weights of the estimator Xp; then have the form (6),

W; = AVl AT +S)7 1. (11

Eq. (10) extends the procedure suggested by DerSimonian and Laird (1986) when g=1. Similar, moment-type
estimating equations are considered by Rukhin (2007) when B;=B, B'B=1, and by Demidenko (2005, pp. 192, 288)
under condition that all ¢ are known. Notice that the quadratic form in the residuals X;—X used here to obtain (10) is
different from the one employed by Demidenko (2005) whose moment-type estimator does not coincide with the
DerSimonian-Laird solution when q=1.

To solve (10), denote by Vec(F) the g> x 1 vector formed by stacking the columns of the g x ¢ matrix F under each other,
and by F ® G the tensor (Kronecker) product of matrices F and G.

Then, according to Lemma 16.1.2 and Theorem 16.2.1 of Harville (1997),

Vec(S; ' A(—apA VAl 1-)'S; ) =572 (1-@pA; @ S (I-@pAiVec(V)

and
Vec| S5 12 Y wAvAlof | ST ) =30 (S oA @ S A Vec(V).
i J#i i j#i
Thus, with
R= 25‘1/2(1 DA ® S, U-mpAi+ > S P oiA @ SR djA;, (12)
i#j

the “vectorized” version of (10) can be written as
RVec(V) = Vec(C).
Assuming that the matrix R is invertible, one obtains
Vec(V) =R~"Vec(C). 13)

Eq. (10) can be solved by using matrices of smaller size. Denote by Vech(F) the q(q+1)/2 x 1 vector formed by stacking
the subdiagonal elements of a g x ¢ symmetric matrix F under each other, Vech(F) = (fi1.f21, . .. g1, f22, - - - .f2gs - - - Jag)T. Then
for every symmetric matrix F, Vec(F) = GqVech(F), with the duplicating matrix G, of size g> x q(q+1)/2 (see Harville, 1997,
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Section 16.4). If H, is a left inverse of G4, (10) means that
HyRGyVech(V) = Vech(C),

and Vech(V) can be obtained from this equation.
For example, when g=2, the elements r; of the 4 x4 matrix R are such that ry; =13, 21 =131, 24 =T34, T42 =T43,
T2y =T33, I3 =T3;. Indeed R is a sum of tensor squares, so that
r1 o 2r2 Trig
HoRGy = | 121 Ta2+T23 T24 |,
T41 2Ty Taa

and (13) reduces to three simultaneous linear equations.
IfAi=Aand Bl =B, ... ,B)T with the same m x q design matrix B of rank q repeated r; times (n;=r;y,), the formulas above
simplify dramatically. Indeed put Y; = (Y{",...,Y\)!, Y;= S _, Y{’/r;. Then B/B; =1;B'B, X; = (B"B) 'B"Y}, and
52 Ti L(YO_BBTB)'BTY ) (Y ~B(B"B)"'B'Y))
ni—q '

1

The Graybill-Deal weights are

-1
r oo
w; = <ZA"2> —, i=1,...,p,

k Ok 0

so that
)A(IO = ZW,’XI‘ = (BTB)_‘1 BTZWI‘V,'.
i i
Put Yo = S w;Y; to get

C=(B"B)2B"S " 2L (V- Yo)(Yi~Yo) BB'B) /2 —(p—1)L.

1

The solution V=Vp; in (10),

) . -1 2 -1 ; - -
A%MT:(Z%—{Z%} Z%) x {Z%<Xi—xo)(xi—xo)T—(p—1)BTB}

i i i i i i i +

ri 2 Al Tty T Ti pTp-1
=252 2z1) x| K XKX) -1 S ETR (14)
+

i Oj i O i<j®i9j i O

is the direct extension of DerSimonian and Laird (1986, p 183) formula. Notice that

TiTj T TiTj T 0 Tpy—1 T ? r? T i oTp—1
> T EXi—X)(Xi—X))' = . 2AYAT + p BB = Z? ——L|AYA +(pfl)zg(8 B,
1

i<j0iaj i<joi’j i j i i O-i i
so that
1 1
ol =
AEV-VAT __ > ’(ff% 6?) 5B
p—i = 5 . (B'B)”".
r; I?
[Zu—lz} =i
0 0
When p=2,
~2 ~2
AV AT = L (BTBY 12| (BTB)2(X, —Xo)0% —Xo) (BTB) 2~ ( T1 4 92 1| (BTB) 172,
2 5] )]
+
which shows that Vp; =0, if
~2 ~2

%2

(X1 —X2) BTB(X; —X2) < 21 +
r )
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Otherwise tge ranlg of Vp, is one. More generally, if Q is the Moore-Penrose generalized inverse of the matrix
> rﬁ[z(Xi—Xo)(X,-—Xo)T, then the matrix in the right-hand side of (14) is

Z%(BTB>1/2<xi—>”<o)[(p—1>I—Q]+(xi—>?0>T(BTB)1/2.

1

It follows that the rank of Vp; cannot exceed min(q,p—1). When p > g, there are solutions Vp; of full rank q.

Proposition 3.1. In the notation of Section2, the DerSimonian-Laird estimator Xp, of the parameter 0 is the weighted means
statistic (3) whose matrix weights are

W, =IAVo Al +37 B[B) T, i=1,....p,

with the non-negative matrix Vp; satisfying Eq. (10). If the matrix (12) is non-singular, Vp; can be found from (13). In the
balanced case (A;=A, Bl = (B, ...,B)",n; =r;m), the matrix AVp, AT is determined by (14).

In the next section we discuss a method to estimate the variance of a matrix weighted estimators.

4. Estimation of the covariance matrix: almost unbiased statistic

Here we suggest an estimator of the covariance matrix Var(X) similar to the one advocated in a more general setting of
linear models (such as (1)) by Horn et al. (1975).

Let w; be fixed normalized matrix weights, > ~;®; =I. To estimate the matrix Var(X) = S iwiVar(Xyw!, for the (unbiased)
weighted means statistic X, one can use the almost unbiased estimate of Var(X;). For a fixedi=1,...,p,

Var(X;—X) = (I—w;)VarX;)(I—w;)" + > ovarXoy = > o VarX) oy + VarX) —oVarX)—VarX)o] .
k#i k

When w; =Y, Var(X,)"'1"'Var(X;)~!, the first term in the right-hand side simplifies to

-1
> wVarXowy = {ZVar(Xk)l} = %co,»Var(X,H— %Var(xi)a}f,
k k
which holds for all i=1,...,p. By substituting this expression in the previous formula, one obtains
Var(X;—X) = Var(X;)—[w;Var(X;)+ Var(X)w!].

Horn et al. (1975, p. 382) (see also Mandel, 1964) argue that by continuity if the weights are only approximately correct,
this is an approximate identity. Thus, an almost unbiased estimator V; of Var(X;) is derived by solving the following
equation:

K—X)X—X)" = Vi—HoVi+Vio)).
To find this solution, let
Vech(Var (X;)) = [Hg{(I—} @) ® (I-} 0p)—4o; ® 03} Gg] ™" x Vech((Xi—X)(X;i—X)"). (15)

As in Section 3, taking the positive part of a non-positively defined symmetric matrix, makes sense here too. Actually, as in
our situation, Var(X;) > aiz(B,.TBi)’l, and an unbiased estimate 61-2 of 67 is available, it seems reasonable to use as the final
estimate of Var(X;),

Var(X;) = max{V;,67(B'B)'1=G.(BIB) ' +[Vi—G+(B'B) '],

with V; determined from (15) (cf. Rukhin, 2007).
An alternative form of the estimator in (15) comes from the formula

Vi = (-1 o) ' Xi=X)Xi—X) (1 o) T+ 1L op oViol (-3oh) 1,
leading to the iteration scheme
VD — (-3 ) X =X)Xi=X) (=3 o)1+ 1 (-1 o) Tomax(V®,67 (B! B) o (—3o)) 7,

n=0,1,... ,Vi(o) =0, which typically converges very fast.
The resulting formula for the Var(X) estimator has the form

Var(X)= > wVarXpwl, (16)

which can be recovered from its vectorized version via (15),

-1
Vech(Var(X)) = ZHq(cu,- ® 0;)Gq x [Hq{ (1— %) ® (1— %) _ Qi i’ w'}cq} Vech((X;—X)X;—X)T). 17)
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The statistic (16) gives an estimate of the covariance matrix of any weighted means statistic for fixed weights ;. This
estimate is uniquely defined when I-2"'w; ® [-27'I ® w; is invertible (which holds provided that I—w; is non-singular.)

Proposition 4.1. The almost unbiased estimator (16) of Var(X) satisfies (15), and its vectorized version is given by (17).

If w; =w;l with positive scalar weights w;, >_w; =1, then the formula for \7a\r()~( ) simplifies

1

T KX X) 5 BBy |

Var(X) = Zwizmax[
i

For example if w;=p-!, i.e. X=X is the sample mean, Var(X)=[p(p—1)]"'>;Xi—X)(X;—X) is the classical sample
covariance matrix.

An alternative estimator (4) of Var(X) for a weighted means statistic (3) is commonly used, in particular when X is the
maximum likelihood estimator or X = X,. Simulations reported in Section 7 indicate that (16) is a better estimate of the
covariance matrix than (4) in terms of the coverage probability of resulting confidence regions.

An approximate (1—«) confidence ellipsoid for 6 has the form

X—=0)"VarX)] ' (X—0) < qF, (@),

where F;,_q(2) denotes the critical point of F-distribution with indicated degrees of freedom. This suggestion also parallels
the case g=1 (Follmann and Proshan, 1999).

A confidence interval for a linear function of 0, say, a’0, follows as \7(1\r(aT)~()=aT\7a\r()~()a. An approximate (1—o)
confidence interval has the form

a'X + t,2(p—q)\/a"Var(X)a. (18)

Simultaneous confidence intervals for several linear functions can be derived similarly. For example, when a = XTh, these
simultaneous intervals are

a'X+ \/qu,p,q(oc)aT\ZJ\r(X)a.

5. Estimation of random effects

There are situations when the random effects b; are of interest (see Robinson, 1991; Beran, 1995). In animal breeding
they are used to estimate generic merits. In metrology applications the random effects can be interpreted as the deviations
of individual lab measurements from the consensus mean 6, which are to be estimated according to the protocol in many
collaborative studies. N

The formulas for the best linear unbiased predictors (BLUP) b; are well known. In the model (1) they are found as
minimizers in

()_El,_i_l_:lbp |:Zo-i2(Yi_Bie_Cibi)T(Yi_Bie_cibi) + ZbITE_] b,:|

= (-),bl;l:,l,i,,rtl)p,c |:zl:blTEI bi + zi:()'iZ(Y,‘—BiH—BiC—Cib,‘)T(Yi—BiH—BiC—Cibi)]

0.by...bp,
CBic = i = 1,..p

= min [Zb,TE1 bi+> 07 2(Yi—Bi0—Ci(b;+d)" (Y;—B;0—Ci(b; + dy))
i i

: -2 T : Te—1/1. .
:9,1521,{11:1, {ZO} (Y;—B;0—-Ciby) (Yi_BiH_Cibi)‘Fdi:qdi min__ pZ(bH‘di) E7(bi+dy)

If b; = B,-, the last minimum is attained when d;=0. If for i=1,...,p, Gd; = B;c, then one must have
S dl=""b;=0.
i

Therefore BLUP of some linear combinations of random effects are identically equal to zero. This phenomenon is discussed
by Searle (1997) who uses the explicit formula for the BLUP. If B; = C;A;, then one can put d; = A;c, so that in the traditional
growth curve models there are always non-trivial linear combinations of random effects whose best linear predictor is
zero. Our model, in which C; = B;A;, leads to a smaller dimension of the subspace formed by such combinations.

6. Examples

In a typical application of heterogeneous growth curve models in meta-analysis there are p studies (laboratories,
medical centers, etc.). The j-th study makes its measurements at n; settings (frequencies, temperatures, dose or treatment
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levels, etc.). With the matrix B; formed by q columns, each representing the values of the corresponding regression
function at given settings, one can employ model (2) for the n;-dimensional vector Y; which is formed by the j-th study
data and whose independent components are assumed to have the same variance. With the grouped data set, data.dat,
formed by the columns: lab, setting, response, the following R-program evaluates the maximum likelihood estimates and
their uncertainties for a linear regression model (g=2).

require(nlme)

data=read.table(“data.dat”, header=TRUE)

GD < — groupedData(response setting|lab, data)

mlest < — Ime(response setting, GD, random=(1+setting)|lab,

weights =varldent(form = 1|lab), control= ImeControl(returnObject=TRUE))
summary(mlest)

There are situations when lab j makes r; runs of measurements, with k-th run made at m}j’ settings. Then the total
number of observations for j-th study is n; = m%’)+ e +mg.), and the grouped data set is formed by four columns: lab,
setting, run, response.

This generic setup is illustrated by the following real life examples.

6.1. Silver vapor pressure study

In the silver vapor pressure study (Paule and Mandel, 1971) several laboratories performed via different technique
measurements of silver vapor pressure as a function of the absolute temperature T in the (individual for each laboratory)
range from 800 to 1600 K. After removal of dubious results of one laboratory, there are a total of 298 different temperature
points Ty, i=1,...,8,j=1,...,n;,n1 + - - - +ng =298 given in Table 4 in Paule and Mandel (1971) which employs 1/T10%* in
K~ units.

As the logarithm of pressure is supposed to be a linear function of 1/T, the design matrix B; is formed by pairs (1,1/Tj),
j=1,...,n;. A natural assumption is that the error variance depends only on the individual laboratory (and not on the
temperature value). This study then fits the model (2) with p=8 and g=2. Fig. 1 displays the data set.
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Fig. 1. Silver vapor pressure data.
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Fig. 2. Confidence ellipsoid for the slope and the intercept in the silver vapor pressure study.

Here are the estimates of the intercept 0, and the slope 0; with the (restricted) maximum likelihood estimator X found
from the R-language function Ime,
X Xo X X
0y 13.46 15.68 15.02 14.07.
0, —-321 -342 -343 -3.28

Numerical evaluation of X would not be possible without the removal of the mentioned outliers, as with the full data, an
error message in Ime function indicated false convergence.
The estimated between lab variance = is

200 -026
(—0.26 0.03 )
the Ime estimator is
0.79 -0.07
(—0.07 0.01 )
Quantification of heterogeneity effect in interlaboratory studies is quite important. Paule and Mandel (1971) (who were
unaware of the size of =) write “..a typical laboratory’s ability to reproduce its own vapor pressure measurements exceeds

its ability to reproduce other laboratories’ measurements”.
The almost unbiased estimator (16) of Var(X) of X (1/T10 in K~ ! units) is

143 -0.19
(—0.19 0.02 )
The covariance matrix of X of the restricted maximum likelihood estimator reported by the Ime procedure is much smaller,
0.11 -0.01
(—0.01 0.00 )
The formula (18) leads to an approximate confidence ellipsoid for 6 based on a F-distribution with =2 and p—q=6

degrees of freedom. It is portrayed in Fig. 2. This ellipsoid provides useful information about the joint nature of the slope
and the intercept which was not available in the original study.

6.2. SIM-AUV.V-K1 key comparison study

The goal of the accelerometers study SIM.AUV.V-K1, Evans et al. (2009) was to compare the results of measurements of
sensitivity of uniaxial linear accelerometers over a range of frequencies using sinusoidal input signals. The sensitivity of
each accelerometer was determined in terms of electrical charge output as a function of acceleration input at each
frequency.

We consider determining the growth curve model for charge sensitivity as a function of the frequency for single-ended
accelerometers. Only the results for the frequencies 40, 50, 63, 80, 100, 125, 160, 200, 250, 315, 400, 500, 630 and 800 Hz
and single-ended accelerometers are considered here. In this example we took g=3 with 0 corresponding to the
coefficients of a quadratic function based on data from p=7 National Metrology Institutes (PTB, BNM-CESTA, CSIRO-NML,
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Fig. 3. The SIM.AUV.V-K1 data set and the estimated common curve along with 95% confidence band.

CMI, CENAM, KRISS, NMI-VSL) which used different methods. The quadratic fit is commonly used in piezoelectric
accelerometer studies (Serridge and Licht, 1987).

The model (2) was used with the matrices B; = (B, ...,B)T, where the same 14 x 2 design B formed by the coefficients of
functions 1.,f,f2 at the common frequencies f above is repeated r; times, BB; =1,B'B (r; =9,r;=5,i=2,...,7.)

Here are the estimates of the parameters in /pC/(m/s?) units,

X Xo X
0p 0.128778128169481 0.128980657524115 0.128951225634616
6; 0.000000550710309 0.000000229182584 0.000000157035304

0, 0.000000000719480 0.000000000080217 0.000000000310173

The almost unbiased estimator (16) of Var(X) of X is

0.559466287614520 —0.001042337415196 —0.000001435646429
—0.001042337415196  0.000002112899641 0.000000002533601 |,
—0.000001435646429  0.000000002533601 0.000000000003997

while the estimated within lab variance = is

0.356768587940128 —0.000737691375583 0.000000759918668
—0.000737691375583  0.000004532689216 —0.000000004683996
0.000000759918668 —0.000000004683996 0.000000000005507

The units for these matrices are 1077 /pC/(m/s?); Var(X) mentioned in the end of Section 4 is of an order smaller.
Determination of the (restricted) maximum likelihood estimators is prohibited by iteration limit reached without
convergence. The simultaneous confidence bands are portrayed in Fig. 3. It is believed that this study provided “robust
reference values” for charge sensitivity. Moreover, behavior of accelerometer deviations as modeled in (2) for high
frequencies has assisted the laboratories in investigating and improving their calibration facilities.

7. Simulation results

The results of a Monte Carlo simulation study for p=7, 0 =(0,1)" are reported here for a linear regression model with
the same 5 x 2 design matrix B whose first column is formed by ones and the second is (2, 2.5, 3, 5, 7.5). The number of
repeats r; is a random permutation of integers from 1 to 7, so that the sample sizes are n;=7r;. The covariance matrix of the
between studies effect was chosen to be = =[0.5,0.05;0.05,0.015]. The error variances ¢? were taken to be different
multiples p of y2-distribution with 2 degrees of freedom. The sample variances s? were realizations of multiples of
x%-random variables, s? ~ 2 %(n;—2)/(n;—2).

The studied estimators are X, X, and X. Inclusion of X turned out to be prohibitively difficult in view of frequent false
or singular convergence problem. These problems are due to possible multimodality of the (restricted) likelihood function
or to ill-conditioned covariance matrices. Out of considered procedures, X or X did not experience serious computational
difficulties although occasionally the matrix R in (12) happened to be almost singular in which case its Moore-Penrose
pseudoinverse was used in (13). There was numerical instability in calculation of X, for very small 61-2, and this is one of the
reasons why the Graybill-Deal estimator X, is not recommended.

Fig. 4 portrays the coverage probability of the confidence ellipsoids with a nominal confidence coefficient of 95% based
on X, Xg, and X. For the estimator X we used two different confidence regions, one based on (16), another on (4). The
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Fig. 4. Plot of actual coverage probabilities for confidence ellipsoids with the nominal 95%-level based on X with (16) (continuous line), X with (4) (line
marked by #), X (dash-dotted line), and X, (line marked by squares).
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Fig. 5. Plot of mean squared errors of X (continuous line), X (dash-dotted line), and X, (line marked by squares).

confidence region based on X exhibits the best performance. The sample mean provides a good alternative, but X based on
(4), and X, are unsatisfactory.

Fig. 5 displays the mean squared errors of these estimators (i.e., the sum of squares of coordinatewise errors). This
characteristic is quite close for X and X, but the Graybill-Deal estimator X, performs very poorly. A similar pattern was
observed in other simulations for different error variance distributions and design matrices.
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