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A set of aluminum-flake pigmented coatings
having different flake orientations was prepared
using various spraying conditions. The flake sur-
face topography and the orientations of individual
flakes were determined from images obtained by
laser scanning confocal microscopy. Reflectance
measurements were carried out to quantify the
optical properties of the coatings. Both a Gaussian
distribution (used to represent the measured flake
orientation distribution) and a topographic map
(including local surface roughness and orienta-
tion) of the flakes were then used as input to a ray
scattering model to calculate the optical reflectance
of each coating. Flake orientation distributions and
examples of measured optical reflectance as a func-
tion of scattering angle are shown, and the latter are
compared to calculated reflectance values.

INTRODUCTION

Metallic coatings are the most popular exterior
finishes in the automotive industry and are widely
used on other products such as electronics and

sporting goods. The changes in lightness with illumina-
tion and viewing angles draw attention to the geometric
features of these finished products.1-3 A metallic finish
consists of metallic flakes, typically aluminum (Al) flakes,
in a polymer binder, which is often pigmented to create the
desired color appearance. Key characteristics that directly
affect the optical properties of the metallic coatings are the
size, shape, surface roughness, spatial orientation, and
concentration of the flakes, and other pigments (additives).
This paper will mainly address the effect of flake orienta-
tion and, to some extent, flake surface roughness on the
distribution of the light scattered by the coating. Flake
orientation is strongly dependent upon the surface treat-
ments of the flakes and the processing conditions of the
coating application.1 It is crucial to be able to measure flake
orientation accurately and to develop a methodology that
can relate flake orientation to the optical properties of the
materials and that will provide support for control and
prediction of appearance for product design, manufacture,
and marketing.

Many efforts have been made to investigate the interre-
lation between formulation, processing, and spatial distri-
bution of Al flakes in surface coatings and their appearance
properties. A few studies4-7 have included quantitative
measurements of the flake orientation in cured coatings.
Usually, flake orientation is determined using microscopy
techniques applied to sectioned, cross-cut samples. This
approach does not address directly the  3D spatial orienta-
tion of the flakes. Recently, Kettler and Richter7 used com-
bined techniques of goniospectropho-tometry, confocal
laser scanning microscopy, and microscopy image analy-
sis of cross-cut samples to obtain 3D orientation informa-
tion. However, it is not obvious how one can deduce optical
properties from their orientation data.

A long-standing issue is how to characterize the flake
orientation accurately and how to relate orientation infor-

mation to optical properties. To tackle these problems
quantitatively, we have implemented a methodology link-
ing the flake orientation data to the optical properties by
integrating measurements and modeling. Our methodol-
ogy can be described as follows: (1) generation of topo-
graphic maps of the flakes in the coating using nondestruc-
tive laser scanning confocal microscopy, (2) determination
of the 3D spatial orientation distribution of the normals to
the flakes from the topographic maps, (3) modeling of the
link between flake orientation distribution and optical
properties of the coating using a ray scattering model to
calculate the optical reflectance, (4) alternatively, modeling
of the direct link between topographic maps and optical
reflectance to take into account the flake surface roughness,
(5) measurement of the angular distribution of the light
scattered by the coating, and (6) comparison of measured
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and calculated angle-resolved reflectance. The inputs to
the ray-scattering models are flake orientation distribu-
tions such as Gaussians of varying widths or topographic
maps obtained with a confocal microscope. A preliminary
report on this work was presented at a meeting.8 Here, we
show results of new measurements, we introduce correc-
tions to some of the formulas, which affect mainly scatter-
ing at large angles, and we include a new model that
produces a scattering distribution from topographic maps.

EXPERIMENTAL

Materials
Two gray metallic pigmented coating samples were pre-
pared using a conventional hand-held spray gun. Each
coating sample consisted of two layers of coating films on
a black glass substrate. The first layer, which served as a
basecoat, consisted of Al pigments in an acrylic-melamine
polymer binder. The second layer was a smooth clearcoat
of the same polymer binder as used in the basecoat. The Al
pigment was a special automotive grade that has a smooth
surface finish and a platelet-like shape. The pigment load-
ing level was 5% by mass fraction based on the solid content
of the coating and the average flake size was about 16 µm
diameter and 1 µm thickness. We changed the coating
appearance using the same composition by varying the
amount of fluid allowed to pass through the spray gun. The
samples were designated according to the position of the
fluid control as 1-turn for normal operation and 1.5-turn for

extra fluid output. The final dry film
thickness of samples was 38 µm ± 4
µm, measured by a Positector 6000
series coating thickness gauge.*

Visually, samples appeared
lighter (of greater brightness) near the
specular direction and became darker
as the viewing angle moved away
from this direction. The brightness
difference between the two samples
was small but visually detectable.

Microstructure Characterization
We used a Zeiss model LSM510*

laser scanning confocal microscope
(LSCM) to characterize the microstruc-
ture of the coatings. The LSCM uses
coherent incident light and collects
reflected or scattered light exclusively
from a single plane, rejecting light out
of the focal plane. The wavelength,
numerical aperture (N.A.) of the objec-
tive, and the size of the collecting pin-
hole in front of the detector determine
the resolution in the axial direction
perpendicular to the surface.9 In this
study, an oil immersion objective
(100×/1.3) was used. The scanning
area of each confocal micrograph was
about 92.1 µm × 92.1 µm at 0.18µm/
pixel, with a scanning time of 8 sec/

frame. The calculated transverse and depth resolutions
(point-to-point spread function) for an objective with an
N.A. of 1.3 are 155 nm and 286 nm, respectively, for a
scanning laser wavelength of 543 nm.

Figure 1a gives an example of a LSCM micrograph of an
Al-pigmented coating and the selected image of a single
flake. LSCM micrographs consist of images of overlapping
optical slices (a stack of z-scan images) with a 0.3-µm

*Certain instruments or materials are identified in this paper in order to adequately specify
experimental details.  In no case does it imply endorsement by NIST or imply that it is necessarily
the best product for the experimental procedure.

Figure 1—(a) LSCM image of intensity profile in a 2D projection and
an extraction of an individual flake, (b) definition of the size and
orientation of an individual flake.

Figure 2—Geometry for the incident and scat-
tering angles.
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z-step. The size and orientation of an individual flake were
extracted and calculated from the topographic data as
illustrated in Figure 1b; details can be found in the Appendix.

Optical Reflectance Measurement

The in-plane bidirectional reflectance of two metallic
pigmented samples was measured using the NIST spectral
trifunction automated reference reflectometer (STARR).10

The incident light flux was a collimated, monochromatic,
polarized beam with a diameter of 14 mm, a bandwidth of
15 nm, and a wavelength of 550 nm. Two rotation stages
determine the incident angle of the beam on the sample and
the viewing angle of the detector. Reflectance is the ratio of
the reflected or scattered flux to the incident radiant flux.
The incident flux is measured with the sample out of the
beam path and the receiver positioned
to accept the incident beam. The re-
flected radiant flux is measured with
the sample in the beam path and the
detector positioned at the desired
angle. Figure 2 presents the optical
geometry, where θo and θs are the inci-
dence and scattering angles measured
with respect to the normal of the sample.
The sign convention is such that θs =
– θo, indicating the specular reflection
angle. We measured the reflected ra-
diant flux for incident angles of 0°,
30°, 45°, 60°, and 75°, and scattering
angles from –70° to +70° at 0.5° incre-
ments. The expanded relative uncer-
tainty for the reflectance data was 0.7%
(k = 2), calculated according to the
procedures outlined in reference 9.

THEORY—RAY SCATTERING
MODEL

The metallic flakes in our samples are
significantly larger than the wave-
length of light and tend to be oriented
parallel to the coating surface. The

angular distribution of the light scattered by the flakes can
then approximately be determined from ray reflection by
the flake surface. In a first model, we assume that the flakes
are flat, smooth, and perfectly conducting, and that the
orientation of the flakes away from the surface normal is the
only cause of the scattering of light by the sample. A second
model uses topographic maps of the flake surfaces in the
interior of the coating, thus including the flake surface
roughness. The surface of the coating (air-polymer surface)
is still assumed to be flat.

Detailed derivations are given in the Appendix. A ray is
refracted at the coating surface, reflected by the flake sur-
face, and refracted again at the coating surface. We first find
a relation between the incident direction, the normal to the
flake surface, and the scattered direction that applies to
both models. The path followed by a ray is shown in Figure
3. We then define the distribution of the angle between the
flake normal and the normal to the surface of the coating
and derive how an assumed or measured distribution is
used in the first model to compute the reflectance. Finally,
we show how the reflectance is computed using flake
surface topography in the second model.

Figure 4 shows the calculated intensity distribution
(reflectance normalized to 1 in the specular direction) at
two incident angles as a function of scattering angle for two
Gaussian modified angle distribution functions, )n(p~ ,
with half-widths w=4° and w=10° using equation (13)  in
the constant integrand approximation that neglects varia-
tions over the solid angle subtended by the detector. It is
obvious from the geometry in Figure 3 that the intensity
distribution will be wider than the angle distribution, and
that the index of refraction, which for the coatings is
approximately 1.5, will also contribute to this widening.
The graphs in Figure 4, especially those  for w=10°, clearly

Figure 3—Ray trajectory for an oblique flake.

Figure 4—Calculated relative reflectance as a function of scattering
angle. Solid lines: calculated normalized reflectance. Dashed lines:
Gaussian flake orientation angular distribution functions centered at
0° with a half-width w, plotted about the specular direction.
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illustrate the fact that the maximum
reflectivity is not in the specular direc-
tion. The shapes of these graphs are
not the same as those in reference 8
because we have now taken into ac-
count the intensity changes at the in-
terface and changes in the element of
solid angle.

It is clear from the comparison be-
tween measured and computed re-
flectance curves that the distribution
of the normal does not account for the
scattering of light by the flakes. We
thus proceed to account for the scat-
tering due to the surface roughness of
the flakes, as represented by the im-
ages obtained with the confocal mi-
croscope. Since measured z-values can
be due to the noise of the background
between the flakes, we excluded these
values from the calculations. This is
done by using the intensity values at
the same locations to eliminate the
points where the intensity of a pixel is
below a set threshold from the flake
images. We then use the edited topog-
raphy map of the flakes and the ray
model to obtain an angular distribu-
tion for the scattered light.

RESULTS AND DISCUSSION
The LSCM technique provides a pow-
erful nondestructive tool for charac-
terizing the Al flakes in the coatings.
Figure 5 shows the LSCM images of
samples prepared under different
spray conditions. The upper set of
images represents the intensity pro-
file in 2D projection and the lower set
of images represents the topographic
profile of the Al flakes distribution in
a series of z-scan optical slices. The
dark areas indicate the absence of Al
flakes in the probed region. The shapes
of the flakes appear to be platelet-like
and surfaces of individual flakes are
reasonably smooth. Slight variations
in the sizes and shapes of flakes can
result in differences in appearance
due to different spatial distributions
of normals.2

To obtain the spatial orientation
distribution of the flakes, we used up
to 12 micrographs, measuring a total
of 340 flakes for the 1-turn sample and
700 flakes for the 1.5-turn sample. Fig-
ure 6a shows the orientation (or incli-
nation) distribution of the flakes in the
1.5-turn sample in terms of θx andθy,
using the definition described in the
Appendix and illustrated in Figure 1.

Figure 5—LSCM images for two metallic pigmented samples: (a) 1-
turn and (b) 1.5-turn, in 2D intensity projection (top) and topographic
(bottom) presentations. The black bar-code-like lines in the topo-
graphic map show the height (z) information of the profile.

Figure 6—Histograms for the 1.5-turn sample: (a) angular distribution
of the flake orientation in the x- and y-directions, θx, θy, (b) distribution
of the flake orientation,θn, with respect to the normal to the surface.
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We used equation  (6) to calculate the
angle between the normal to the sur-
face and the normal to the flake, θn,
and the resulting distribution func-
tion, p(θn), is shown in Figure 6b. As
mentioned previously, the intensity
of the light scattered in a given direc-
tion is proportional to the total sur-
face at a given angle. Thus, the deter-
mination of the distribution of the
normals needs to take into account
the size of the flakes. The histograms
in Figure 6 were obtained for the
1.5-turn sample and the data are
sorted by 1o per bin.

We then calculated the modified
orientation distribution of flakes,

)n(p~ , using equation (4) . Figure 7
shows )~

n(p  for both 1-turn and
1.5-turn samples. The distributions
appear to have well defined shapes,
but they are rather noisy, especially
for the 1.5-turn sample. The process of
obtaining these data is very laborious
and it is unlikely that the statistics can be improved enough
to obtain smooth histograms unless this process can be
automated. The half-width of these histograms is about 3°.

We verified the isotropy of the samples by measuring
the goniodistribution of the reflectance for several posi-
tions of the sample as it was rotated about the normal of the
surface. The measurements indicated that the samples
were isotropic at the scale of the 14 mm diameter illumi-
nated region.

Figure 8 shows the reflectance data of the 1-turn and the
1.5-turn samples and data from reference 11 for a smooth
epoxy coating on a same type of black glass substrate  for
an angle of incidence of 60°.  Comparisons with the angular
distributions of the light scattered by smooth epoxy coat-
ings suggests that the intensity in the specular peaks is
caused by the reflection at the top surface of the coating and
not by scattering due to the flakes. Here the half-width of the
specular peak about 1.5° corresponds to the aperture of the
detector. In addition, we were able to confirm this hypoth-
esis by a polarization scattering technique that distin-
guishes between different scattering sources and mecha-
nisms.12 The underlying off-specular (a few degrees away
from the specular peak) reflectance is due to scattering from
the subsurface microstructure—mostly from the reflections
from the flakes. Therefore, we can compare the
goniodistribution of reflectance data of the two samples in
the following three regions:

(1) The specular region where the scattering is domi-
nated by the clearcoat thus is approximately the same for
both samples.

(2) The near specular region (5° to 40° away from the
specular peak), where it is dominated by the orientation
and roughness of the individual flakes. In this region, the
1.5-turn sample was lighter, that is, greater in brightness
(relatively higher reflectance), and this could be due to a
different width or shape of the orientation distribution in
these two samples, which will be examined in the next
paragraph.

Figure 7—Histograms of the modified flake orientation distribution
functions, )~

n(p θ , for the 1-turn and 1.5-turn samples.

Figure 8—Comparison between the reflec-
tance data of 1-turn (•) and 1.5-turn (∆) samples
and data from a smooth epoxy coating on a
same type of black glass substrate (dotted line)
for angle of incidence of 60°.

(3) At larger or grazing angles (angles greater than 40°
away from the specular), the two goniodistributions are
similar, which indicate that the edge effect on the flake
might be predominantly multiple scattering.

Overall, the lightness difference between the two samples
near the specular region was small but detectable, and was
in the range of the rejection criteria for metallic coatings in
an automotive processing line.

Figure 9 shows the comparison between the measured
reflectance data taken from the 1-turn and 1.5-turn samples,
and the reflectance calculated using a Gaussian modified
angle distributions of flakes, p~ (θn), with half-widths w=3°
and w=6°. The narrower Gaussian corresponds to the
width of the histograms in Figure 7 and this width is clearly
too small to explain the scattering distribution. The wider
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one provides a reasonable fit to the data about the specular
region (excluding the specular peak), with a discrepancy
that becomes larger as the scattering angle moves away
from the specular angle. This implies that flake orientation

is not the only cause of the light scattering distribution.
Some factors that would contribute to this discrepancy
were ignored in the model based on a flake orientation
distribution. They include (1) additional scattering from

the roughness of the flake surface, (2)
incorrect shape and half-width of dis-
tribution function, (3) scattering due
to multiple reflections from flakes,
and (4) errors due to scattering from
the edges of the flakes, especially from
those that overlap.

To include the flake surface
roughness contribution, we have
computed the scattered light distri-
bution using a model similar to that
used in reference 11. We assumed
that rays are scattered specularly by a
local tangent plane to the surface, as
determined from topographic maps
obtained using the confocal micro-
scope. In Figure 10 we compare the
scattering intensity distributions ob-
tained from the topographic maps
using the ray approximation with the
intensities measured by STARR. We
show the scattering intensities for
both samples and for incident angles
of 30° and 60°. We have adjusted the
vertical position of the calculated
distributions to match the measured
ones near the specular direction. The
curves overlap quite well near the
specular direction, and the discrep-
ancies at angles farthest away from
this direction can be due to the ap-
proximations involved in the model
and to noise in the data. The loga-
rithmic scale of the intensity axes
exaggerates these differences. The
calculated scattering distributions
show a large peak in the specular
direction that does not correspond
to scattering by the top of the
clearcoat, which was not included
in the calculation. Instead, it is due
to the large number of patches that
have a normal in precisely the verti-
cal direction, apparently an effect of
the interpolation algorithm used by
the software of the confocal micro-
scope.

CONCLUSION
In this paper, we have shown how
data obtained from microscopic im-
ages of a coating containing Al flakes
can be used to compute angle-re-
solved reflectance. These computed
reflectance data are compared with
measured ones to validate the models
we have used.

Figure 9—Comparison between measured (dots) and calculated
reflectance using a Gaussian flake orientation angular distribution of
half-width angle w (solid lines: w = 3o and dashed lines: w = 6o) for the
1-turn and 1.5-turn samples for angles of incidence of 30° and 60°.

Figure 10—Comparison between measured (dots) and calculated
(solid lines) reflectance of 1-turn and 1.5° turn samples for angles of
incidence of 30° and 60°. The calculation uses the topographic and
intensity maps measured with the confocal microscope.
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The first model singles out the effect of the flake orienta-
tion that the normal to the flake surface forms with the
normal to the surface. The distributions of flake normals
with respect to the surface normal can be based on the
actual distributions of flakes obtained from 3D images in
confocal microscopy measurements. An automated analy-
sis to determine the orientation of individual flakes in an
image requires a robust edge-finding algorithm, but is
essential to obtaining good statistics for this process. The
relationship between flake orientation distribution and
reflectance can be used to evaluate the effects of a change in
the flake distribution on scattering or, conversely, to esti-
mate the distribution that can give rise to a measured
reflectance curve. This approach assumes that the Al flakes
are well approximated by smooth flat perfectly conducting
surfaces. If the size and location distributions are included
in the model, it may be possible to study the effects of
multiple scattering by the flakes. The fact that the reflec-
tance distribution obtained from a Gaussian distribution
with w = 6° used to represent the flake orientation distribu-
tion fits the data better than the one with w = 3° indicates that
factors other than the flake orientation, such as the rough-
ness of the flake surface, contribute significantly to the light
scattering and that the flakes in these coating samples
cannot be considered flat perfectly conducting scatterers.

The second model involves the computation of the reflec-
tance distribution using the topographic map directly.
Some of the noise introduced by the measurement method
of the confocal microscope was reduced by using the map
of intensities provided by the instrument. This model is
based on the reflection of the light ray by the local tangent
plane to a small portion of the surface of the flake, and thus
takes into account the flake surface roughness. The compu-
tations described here show that the inclusion of the sur-
face roughness of the flakes significantly improves the
agreement between the computed and measured reflec-
tance distributions. Computed reflectance values could be
improved further by having better z-resolution than that
provided by the confocal microscope. Our computations
ignored the scattering by the edges of the flakes, multiple
scattering, and the effects of the overlap of the flakes in the
images.

Eventually, improved modeling methods should lead to
tools that can be used in the design and evaluation of
metallic coatings. These methods can also be extended to
other types of media such as pigmented and pearlescent
paints.
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APPENDIX
In this Appendix we first show how the ray is refracted at
the air-coating surface and reflected by the flake surface,
relating the incident direction, the normal to the flake
surface, and the scattered direction, in a way that applies
to both models. We then show how the assumed or mea-
sured distribution of the flake normal is defined and how
it is used in the first model to compute the reflectance.
Finally, we show how the reflectance is computed using
flake surface topography in the second model.

Determination of the Path Followed by a Ray
We chose a coordinate system with the z-axis perpen-

dicular to the average plane of the surface, so that the
normal to the surface is êz, and with the x-axis in the plane
of incidence. We designate by n̂  the unit normal to a flake,
which has Cartesian components nx, ny, and nz, or spherical
coordinates θn and ϕn.

The path followed by the incident ray as it is refracted at
the surface of the coating, then reflected by a metallic flake,
and then refracted again as it exits the coating is shown in
Figure 3. If the instrument is restricted to take measurements
in the plane of incidence and if we neglect the size of the
aperture, we do not need to determine the dependence of the
scattering on the azimuthal angle ϕ.

The incident beam comes in along the xz-plane in the
direction defined by the angle θo. This beam is refracted into
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the coating where it propagates in the direction k′̂  at an
angle θo’. The angle θo’ is determined by Snell’s law, that is,
n sinθo’ = sinθo, where n is the real index of refraction of the
coating. The intensity of the refracted beam is determined
by the Fresnel coefficients, which depend on the polariza-
tion of the incident field. If θo is fixed and only the intensity
of the outgoing beam relative to that in the specular direc-
tion is used in the analysis, such constants can be ignored.

The ray is then specularly reflected by the flake in the
direction  k ′′ˆ , assuming that Al flakes are perfect conduc-
tors, and refracted again at the boundary of the coating into
the direction k ′′′ˆ . If we restrict ourselves to the plane of
incidence, the corresponding angles of the propagation
vectors are related again by Snell’s law, which in this case
implies that θ′′=θ′′′   n sinsin . The polar angle θ ′′′  is the scatter-
ing angle θs. The refracted ray is not necessarily in the plane
of incidence and the azimuthal angles satisfy ϕ=ϕ′′=ϕ ′′′ .
The normal to the flake is determined by

,kk)/kk(nnnkkk ′−′′′−′′=⇒⋅′−′=′′ ˆˆˆˆˆˆˆˆ2ˆˆ (1)

and either can be used to determine θn andϕn.
The factor γ that determines the projection of the area

perpendicular to the beam incident to the flake is the cosine
of the angle between the normal to the flake and the direc-
tion of the incident beam in the substrate, that is,

[ ] 2
1

2
1

2/ˆˆ1ˆˆ2ˆˆ1ˆˆ
 

onn )kk()kk)(kk(kn),,( ′′⋅′−=′⋅′′−′⋅′′−=′⋅−=ϕ − (2)

We can thus follow a ray from the incident direction to
the outgoing direction when the normal to the flake surface
is known. Alternatively, we can determine the direction of
the normal to the flake that sends the ray into a particular
outgoing direction.

Distribution of the Normals to the Flakes
We assume that the distribution of the orientation of the

flakes is independent of the azimuthal angle, ϕn, and of the
size of the flake. Since the intensity of the light scattered in
a given direction is proportional to the total surface ex-
posed at a given angle, the determination of the distribution
of the normal has to take into account the size of the flakes
instead of just the number of flakes. We call p2(θn,ϕn)dΩ the
probability that the normal direction lies within a solid
angle dΩ  about θn and ϕn. Then, if  p(θn )dθ is the probability
that the polar angle lies within an angle dθ aboutθn, we have

θθθπ=θϕθϕθ=θθ ∫
π

dsin)0,(2ddsin),(d)( nn2nn2

2

0
n ppp (3)

We do not expect the function p2(θn,ϕn)  to diverge on the
polar axis and we assume that p(0) vanishes. We work with
a modified distribution function

,sin/)()(~
nnn θθ=θ pp (4)

assuming that the limit of the fraction is finite as θn→0.
We determine p(θn) from confocal microscopy measure-

ments, as sketched in Figure 1. The confocal microscope can
determine the z-coordinate of the surface of a flake as a
function of position, that is, z(x,y) can be measured. If the
surface is a plane, its equation has the form

c.byaxh/n)y/n(n)x/n(nzhxn zzyzx ++=+−−=⇒=⋅
&ˆ (5)

The microscope gives coordinates along the lines of con-
stant x or constant y; in particular, we obtain the coordi-

nates at the beginning and at the end of such a line. If they
are  (x1,z1) and (x2,z2)  for a line of constant y, and ),( 11 zy ′′  and

),( 22 zy ′′ for a line of constant x, as shown in Figure 1b, the
angles θx, θy, and θn are given by
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An estimate of the area of the flake can be obtained from
).  )/(yy)(x(xS yx1212 coscos′−′−∝ (7)

We thus find the distribution of the flake orientation by
computing θn from equation (6) and adding a contribution
equal to the area in equation (7) to the corresponding bin.

Barrick13 has addressed a related problem— the connec-
tion between the angular distribution of scattered light and
the slope and curvature distributions of a rough surface. He
defines a probability density that we designate by P2(ζx,ζy),
ignoring the dependence on higher-order derivatives.

If the surface is isotropic, P2 depends only on
2

12
y

2
xn )(tan ζ+ζ=θ=ζ . To compare results, we relate the

distribution P(ζ)=2πζP2(ζx,ζy) to ours and find

).cos/(sin)(tan)(~
nnnn θθθ=θ Pp (8)

This equation differs from equation (9) in reference 8
because we have found that the distribution used by Barrick
gives the slopes for a point selected at random in the xy-
plane instead of being selected on the surface.

Light Scattering Distribution from Probability
Densities for the Normal to the Flakes

To connect a distribution of the normals to the flakes to
measurements made with an instrument we integrate over
the angular aperture of a detector, given by the half-angle
α. We assume that the jth detector, or the jth position of a
single detector, is located in a direction given by the spheri-
cal coordinates N,,j,  jj �1and =ϕϑ . If all the light reflected
by the metallic flakes in a particular direction is collected
by the detector in that direction, the intensity of the light
scattered is proportional to the probability that the normal
to the flake be oriented so that the light is reflected into the
detector from the incident beam. The part of the incident
beam that is reflected by a flake is then proportional to total
flake area projected onto a plane perpendicular to the beam.
To obtain the intensity, up to a factor, of the light scattered
into the jth detector we have to integrate the probability
distribution over the detector aperture ∆Ω,

∫ ϕ ′′′′′′′′′′′′′′θ ′′′′′′′′= ϕϑ ),;,(p),()T/(d)(I oav)j,j(oj coscos (9)

where p ′′′  is the probability density of getting an outgoing
ray in the k ′′′ˆ  direction and Tav is the average transmittance
obtained from those of a given polarization,14
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This transmittance takes into account the flow of energy
perpendicular to the surface; to consider the flow in the
direction of the rays we have multiplied Tav by the ratio of
the cosines of the angles in the integrand in equation (9).

Different probability densities are connected by conser-
vation of probability, which involves changes in the ele-
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ment of solid angle expressed in terms of the Jacobian. To
take into account the refraction of the outgoing ray at the
dielectric boundary, we relate p ′′′  to the corresponding
probability density p ′′  in the coating by

). / )(;,(p);,(p 2
oo ′′′′′ϕ′′′′′′=ϕ ′′′′′′′′′ cosncos (11)

We now relate this probability density to that of the normal
to the flake. We find that

), sin )/(2)p(,;,()J,,();,(p nnnono θ′′πθϕ′′θ′′ϕϕγ=ϕ′′′′′′ nn (12)
where the partial derivatives in the Jacobian Jn can be
obtained from the first relation in equation (1)when spheri-
cal coordinates are used to express the unit vectors.

The integral in equation (9) then changes to
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where the normal to the flake has to be found as a function
of the new coordinates θ  and ϕ  about a polar axis that
corresponds to the center of the detector. We note that the
Jacobian has factors that cancel the ratio of sine functions
in the fraction, that is, the solid angle elements are not
deformed by this transformation.

If the integrand varies significantly over the region of
integration, the integral in equation (13) is best evaluated
numerically. A spherical cap of angle θc is defined around
the axis of the detector and its contribution should be
computed separately. If the integrand changes little across
the solid angle, we can assume that it is a constant.

Light Scattering Distribution Obtained from
Topographic Maps

We modify the method that we used to find the scattering
distribution from topographic maps of dielectric coatings11

to apply to the scattering of light by flakes in coatings. We
use the ray approximation in which we assume that a ray
is incident in the given direction on each point of the map
of the surface and is specularly reflected by a local tangent
surface. We then count the number of reflected rays that end
up inside a detector represented by a conical solid angle of
given aperture about the scattering direction, weighted by
the appropriate factors, that is,

�avcos )T/cos(II jjjj ϑϑ′+⇒ (14)

The map we use does not represent a continuous surface
but the surfaces of a number of flakes, possibly overlapping

and separated by dark spaces. We have used two kinds of
maps provided by the confocal microscope. The actual
topographic map provides the values of the height where
the intensity of the measured returned light is a maximum
for a given location, which sometimes corresponds to weak
stray light. The other map gives the maximum intensity as
a function of location. To avoid the noise introduced by
stray light measurements, we have masked the topographic
map with the intensity map, that is, where the intensity is
below a numerical threshold or cutoff value we have as-
signed a z-value of 0 to the corresponding location in the
topographic map. The resulting intensity distributions are
not very sensitive to the choice of this cutoff value in the
vicinity of the minimum intensity in the map obtained by
the microscope.

Since we do not have a continuous surface, we do not use
a spline interpolation on the topographic map to obtain the
local normal to the surface. We have used instead the
method of the least-squares fit,11 in which an approxima-
tion of the local tangent plane is determined by minimizing
the sum of the squares of the distances of 24 neighboring
points arranged in a 5 × 5 square, to the plane. We avoid
some problems with the edges of the flakes or with bad data
by dropping any rays that go to a point  that includes values
of z = 0 in the 5 × 5 square. We have not taken into account
the special scattering by edges of conductors, which scatter
light over greater angles. Furthermore, we have not at-
tempted to identify the edges of overlapping flakes, which
give rise to fictitious ridges that send rays into incorrect
directions.

Here we take into account the refraction at the interface
between the polymer coating and air, which changes the
direction of the ray and changes the intensity by the average
transmittance, as explained previously. We also take into
account the varying area presented by the flake surface to
the refracted incoming beam due to the inclination of the
local normal.

Once we determine the local normal n̂ , we can follow the
ray trajectory and obtain k̂ ′′′ . If jr̂  is the jth position of the
detector, the angle between the ray and the axis of the
detector is given by

.coscoscosˆˆcos jjjj   )(  sin sinrk ϑ′′′+ϕ−ϕ ′′′ϑ′′′=⋅′′′= (15)

If ∆<α, the ray enters the detector and we increase the
corresponding intensity according to equation (14), where
γ is the obliquity factor given by equation (2) and Tav is the
average transmittance given by equation (10) .


