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The conventional isotropic Debye temperature fails to account for the trend of melting temperatures
for the high Tc superconductors, RBa2Cu3O7−� �R-123�, as a function of the ionic radius of R3+. We
overcame this problem by calculating Debye temperatures using mean sound velocity along the c
axis that features an anisotropic layered structure. Using the “improved” Debye temperature, the
trend of derived melting temperatures based on the “Lindemann law” matches well with
experimental data. This trend is also confirmed by comparing theoretical and experimental Raman
active modes corresponding to the Cu–O �plane copper and apical oxygen� and Ba–O �in-plane�
bonds in R-123 series. © 2007 American Institute of Physics. �DOI: 10.1063/1.2799242�

In recent years, there has been a growing interest in both
bulk and multilayer RBa2Cu3O7−� �R-123, R=yttrium and
lanthanides� cuprate superconductors,1,2 particularly in
coated-conductor applications.3–6 To improve the properties
and application range of R-123, prior knowledge of the phase
stability of these compounds based on phase diagrams, in-
cluding melting temperatures, is required. Understanding
melting is important for both materials processing and for
thermodynamic modeling. Osamura and Zhang7 have sys-
tematically studied the change in melting temperature of
R-123 superconductors �processed using “artificial air”� as a
function of the size r of R ions. Although a monotonic trend
of melting temperature with r for the R-123 family has been
experimentally observed, a detailed understanding of this
trend at the atomic scale is not available due to the complex-
ity of the structure of R-123. Poirier8 found a correlation
between the melting temperature and the Debye temperature
for 15 compounds with the simple ABO3 perovskite-type
structure. This correlation stimulated us to carry out a sys-
tematic study of the dependence of melting temperature of
R-123 on the ionic radius of R3+ or r�R3+� based on the
“Lindemann law.9”

To confirm the melting trend with ionic size, as well as
the variation of melting temperature of selected R-123
samples of interest under different atmospheric conditions,
we prepared five R-123 samples �R=Nd, Sm, Gd, Y, and Er�
using the solid-state technique. Stoichiometric amounts of
BaCO3, R2O3, and CuO were well mixed, and heat treated at
850 °C overnight. Subsequent heat treatments were con-
ducted in air at 950 °C for 5 days with intermittent grind-
ings. For the melting studies, two series of experiments were
carried out using differential thermal/thermogravimetric
analysis �DTA/TGA�. Calibration of the system was com-

pleted using the � /� quartz transition �571 °C� and the melt-
ing points of NaCl and Au �801 and 1064 °C, respectively�.
In the first series, samples were annealed in oxygen to con-
stant mass at 500 °C followed by slow cooling in oxygen to
room temperature in order to ensure the maximum oxygen
content of 7 in RBa2Cu3O7−�.10 Then DTA/TGA experiments
were conducted in oxygen at 10 °C/min up to 1300 °C. In
the second series of experiments, samples were also annealed
in oxygen to constant mass at 500 °C followed by slow cool-
ing, however the DTA/TGA experiments were conducted in
purified air. We found that while the absolute values of the
melting temperatures of these series of samples differ from
each other, the general trends agreed well with each other,
namely, the larger the size of R3+, the higher the melting
temperature. The difference in melting temperature for a
given member of the series is due to the fact that melting
temperature is higher under a higher oxygen partial pressure.
These two sets of melting data are tabulated in Table I.

From thermodynamic considerations, the melting condi-
tions of a compound can be obtained by equating tempera-
tures, pressures, and Gibbs free energies of both solid and
liquid phases. The traditional difficulty of such a thermody-
namic melting theory arises from the complex relationship
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TABLE I. Experimental melting temperatures of Ba2RCu3O7−x measured
under 0.1 MPa O2 �or 100% O2� and purified air. r�R�3+ is the ionic radius
�Å� of R3+ taken from Shannon by assuming a VIII-coordination environ-
ment �Refs. 13 and 14�.

R r�R�3+

Melting temperature

0.1 MPa O2 �or 100% O2�
°C �K�

purified air
°C �K�

Sm 1.079 1097.0�1370.16� 1075.5�1348.66�
Eu 1.066 1089.6�1362.76� 1067.3�1340.46�
Gd 1.053 1069.7�1342.86� 1049.1�1322.26�
Y 1.019 1039.8�1312.96� 1021.0�1294.16�
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between the free energy of the liquid phase and the inter-
atomic forces. It is often necessary, especially for complex
compounds, to resort to simple and conceptual methods,
such as the Lindemann law.9,11 The Lindemann theory as-
sumes that at certain temperature the amplitude of vibration
of solids is so large that the energy of the solid phase rises
significantly. This temperature is the melting temperature of
the solid. In 1950s, Gilvarry gave a firmer microscopic basis
to the Lindemann law.9 Instead of assuming that melting oc-
curs when neighboring spheres collide, he stated that the root
mean square amplitude of atomic vibrations at fusion rm is a
critical fraction of the distance of separation of nearest
neighbor atoms. By substituting the root mean square ampli-
tude of atomic vibration into Debye’s approximation, we ob-
tained the formula of melting temperature as

Tm = 0.0032f2MV2/3�2, �1�

where M is the mean atomic mass of a solid, V is the mean
atomic volume, f is the Gilvarry critical ratio, which is about
0.11 for perovskite oxides,8 and �D is the Debye tempera-
ture. If we simply proceed in this fashion using the �D com-
puted by an isotropic approximation, the calculated trend of
melting temperature disagrees with the trend of measured
data �Fig. 1�. In order to explain the experimental results, it
is necessary to examine carefully the structure of R-123 �see
Fig. 1 in Ref. 20� and the elastic constants associated with
the structure. There exists a notable anisotropic feature in
this structure, namely, the elastic constants �C33, �C44,C55��
are 50% smaller than ��C11,C22� ,C66�.

12 In fact, this layered
structure can be approximated better by an anisotropic hex-
agonal model rather than the isotropic one. Note that the
sound velocities are much smaller if the sound wave propa-
gates along the c axis of the structure. If we calculate the
Debye temperature by the mean sound velocity along the c
axis, we can obtain better insight about melting since the
vibrations along the c axis have larger amplitudes than those
along the a and b axes. Hence, we first approximated the
R-123 structure by a hexagonal one, then we computed the

sound velocities using a longitudinal/transverse wave along
the c axis by

vp =�C33

�
,

vs =�C44 + C55

2�
, �2�

where � is the density. The mean sound velocity vm can be
computed by 31/3��1/vp

3�+ �2/vs
3��−1/3. The Debye tempera-

ture is then given by

�D =
h

kB
� 3NA

4�V
�1/3

vm, �3�

where h is Planck’s constant, kB is the Boltzmann constant,
NA is Avogadro’s number, and V is the molar volume. By
using the melting temperature of Y-123 as a reference
�scaling factor�, the melting temperatures of the remaining
R-123 were computed. Since the key feature, when compar-
ing theoretical and experimental data, is strikingly similar for
experimental data under both 100% O2 and purified air, we
plotted only the computed data in Fig. 2 along with the cur-
rent experimental melting data under 100% O2. The trend of
the calculated melting temperatures agreed well with that of
the experimental ones, although our calculated data were
somewhat overestimated when compared with the experi-
mental ones.

The trend of melting temperature dependence on r�R3+�
was corroborated by the calculations of selected Raman-
active modes in RBa2Cu3O7. We assessed the accuracy of
our calculations by comparing the calculated and experimen-
tal Ag and B2g Raman-active modes. The detailed calculation
procedure of Raman modes was elaborated in Ref. 12. The
Ag mode was assigned as the apical stretching mode due to
the Cu–O bond �d1� �planar copper and apical oxygen along
the c axis�. The B2g mode is a result of an in-plane
Ba–O stretching vibration. The frequency of the Ag mode
�584calc �503expt� cm−1 for Y-123� and the B2g mode �335calc

�388expt� cm−1 for Y-123� were plotted, respectively, against
r�R+3� in R-123 �Refs. 13 and 14� in Fig. 2. The experimental
data were taken from the work by Rosen et al.15 The fre-
quency of the Ag mode increases linearly with increasing
r�R+3� by approximately 2.28%calc �1.60%calc� from Y-123 to

FIG. 1. �Color online� Calculated and experimental melting temperatures of
RBa2Cu3O7 as a function of r�R3+� �Ref. 13 and 14�. Solid circular symbols,
linked by a solid read line, stand for experimental melting data under
0.1 MPa pO2 �100% O2�. The data represented by down triangles, linked by
a dot blue line, are calculated using the Debye temperatures by isotropic
approximation. The data represented by up triangles, linked by a dash black
line, are computed by selecting sound waves propagate along c axis.

FIG. 2. �Color online� Raman Spectrum of RBa2Cu3O7 as a function of
radius of R3+. Solid points stand for the calculated data; open ones for
experimental data.15 Squares are for Ag mode and triangles for B2g mode.
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Sm-123. At a first glance, this result appears to be inconsis-
tent with the assignment of this mode to the apical oxygen
bridging stretch vibration since the dimension of the unit cell
in the c direction increases with increasing ionic radii. This
expansion might be expected to lead to increasing bond
lengths and decreasing force constants and therefore vibra-
tional frequencies. However, neutron diffraction data show
that despite the c axis increases, the Cu–O �d2� �chain-copper
and apical-oxygen� distances remain approximately
constant16 while the d1 bond length decreases as the r�R3+�
increases.13,14,16 Therefore the d1 bond presumably controls
the apical oxygen stretch frequency. The nice agreement be-
tween calculated and experimental d1 bond lengths versus
the r�R3+� is shown in Ref. 12. On the other hand, the B2g

stretching mode �335calc �388expt� cm−1 for Y-123� decreases
in frequency with increasing ionic radius. This change is
substantial and corresponds to an approximately 4.64%calc

�−5.07%expt� shift in the vibrational frequency. This shift is
consistent with the identification of this mode as an in-plane
Ba–O stretching vibration, since structural data indicate that
the in-plane Ba–O bond lengths increase with the ionic ra-
dius of the rare earth.12

The sources of strain can be either host-lattice-
nonconserved or host-lattice-conserved defects. One typical
example for the former type is the strain field generated at
R-123 grain boundaries, which strongly determines the seg-
regation of calcium, consequently, affects passivating of dis-
order at the boundary.17 Our work clearly demonstrates that
the latter case, internal lattice strain, which occurs to accom-
modate the different ionic radii, has significant anisotropic
effects on the trend of melting temperatures. As the ionic size
of R increases, the distance of the Ba–O block between the
barium layers becomes shorter along the c axis due to the
shortening of the d1 bond length. Due to the complexity of
R-123 structure, one surprising consequence is that the cor-
responding increase of the separation between adjacent
CuO2 layers results in the remarkable reduction in the coher-
ent interlayer single-particle hopping strength.18 These re-
sults reveal the importance of the electronic origin of the
rare-earth ionic anisotropic effect on Tc in this family.19 In
this study, this shortening in d1 distance will increase the
elastic constants �C33, �C44,C55�� such that the melting tem-
perature rises up with increasing ionic size of R. From pre-
vious studies,20,21 it was found that while the formation en-
ergy of Schottky defects, which provides an unambiguous
measure of the average cohesive strength �volumetric strain�,
is proportional to B� �where B is the bulk modulus and � is
the mean volume per atom� for elemental and binary crys-
tals; this relationship is violated in the R-123 series. In other
words, the smaller the Schottky defect formation energy is,
the lower is the melting temperature of simple elemental and
binary crystals. Despite the fact that the Schottky defect for-
mation energy of Sm-123 is smaller than that of Y-123, Sm-
123 has the higher melting temperature, indicating that it is
the internal strain due to the inhomogeneous changes of the
bond distances within the unit cell for R-123 rather than the

volumetric strain that controls the melting temperature of
R-123. This intriguing finding is consistent with the melting
systematics viewed from dislocation-mediated melting
model, where the melting temperature is proportional to B�
directly. The internal strains arising from the complex R-123
structure have significant anisotropic effects on the melting
of these compounds. The dependence of melting tempera-
tures on r�R3+� that we report herein also provides a useful
guide to estimate as well as to manipulate melting tempera-
tures of RBa2Cu3O7−� and of mixed lanthanide systems,
�R ,R��Ba2Cu3O7−�.
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