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Abstract

In the injection/compression liquid composite molding process (I/C-LCM), a liquid polymer resin is injected into a partially open mold,
which contains a preform of reinforcing fibers. After some or all of the resin has been injected, the mold is closed, compressing the preform
and causing additional resin flow. This paper addresses compression of the preform, with particular emphasis on modeling three-dimensional
mold geometries and multi-layer preforms in which the layers have different mechanical responses. First, a new constitutive relation is
developed to model the mechanical response of fiber mats during compression. We introduce a new form of nonlinear elasticity for
transversely isotropic materials. A special case of this form is chosen that includes the compressive stress generated by changes in mat
thickness, but suppresses all other responses. This avoids the need to model slip of the preform along the mold surface. Second, a finite
element method, based on the principle of virtual displacement, is developed to solve for the deformation of the preform at any stage of mold
closing. The formulation includes both geometric and material nonlinearities, and uses a full Newton—Raphson iteration in the solution. An
open gap above the preform can be incorporated by treating the gap as a distinct material layer with a very small stiffness. Examples show
that this approach successfully predicts compression in dry preforms for three-dimensional I/C-LCM@nalixl Elsevier Science Ltd.

All rights reserved.
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1. Introduction other LCM processes, I/C-LCM offers lower injection pres-
sures and faster mold filling.
Injection/compression liquid composite molding (I/C- Numerical simulation has already proved to be an impor-

LCM) is a process for manufacturing polymer—matrix tant tool for designing molds and selecting processing
composites. As in other liquid composite molding conditions for liquid composite molding. Resin flow
processes, a preform of reinforcing fibers is placed in the through the porous fiber preform is modeled using the
mold, and a liquid resin is injected into the mold to saturate theory of flow through porous media, and there are well-
the preform. Curing the liquid resin provides a stiff, solid established nhumerical methods for tracking the moving flow
part. In I/C-LCM the mold is partially open during the initial ~ front and solving the flow equations in complex geometries
stages of injection; this permits easier resin flow, due to [1-8].
higher porosity and permeability in the preform. After all In addition to the fluid mechanics of resin flow, a model
of the resin has been injected, the mold is closed to its final of I/C-LCM must treat the solid mechanics of fiber mat
position. This completes mold filling by compressing the compression. Several experiments have been done to char-
preform and inducing additional resin flow. Compared to acterize the compressibility of fiber mats, measuring their
normal stress as a function of normal strain for a flat sample
[9-12]. And some simulations of resin flow and preform
deformation have been developed for injection/compression

P thor. Telt 1.917.333.2602: faxs 1.217.244.6534 processes [13,14], again for flat parts with uniform
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compressibilities and permeabilities. Some processes staraccuracy and capabilities of the method. In a subsequent
with an open gap between the preform and the mold, and paper [16] we combine this code with a finite element simu-
this gap gradually closes during the process. The goal of thislation of resin flow to provide a complete treatment of I/C-
work is to develop a simulation of I/C-LCM that cantreatall LCM.

of these factors.

In a previous paper [15] we showed how to generate a 3D
layered finite element mesh for the mold cavity, starting
from the type of shell mesh that is typically used to represent
part geometry in mold filling simulations. We also intro-
duced the concept of separate finite element meshes for
modeling preform deformation and resin flow. Tinechan-
ical mesh used to calculate preform deformation, has one
layer of elements for each reinforcement layer in the
preform. At any stage of deformation this is automatically
subdivided into multiple sub-layers to create floav mesh
which is used to solve for the resin flow. We also developed
the geometry and data structure for compressing the mesh a

the mold closes. Each node in the 3D mesh sits epiag Now we assume that there is a smooth, invertible mapping

wh|fc h 'St a vect?rhponne(;t|ng athnode on thei dlowefr molg between the reference and deformed stdtes; 'x(°x) or
surface 1o a maiching node on th€ upper mold surtace. ASo, _ oy ty) The derivatives of these functions are the defor-

the_mol_d closes,_the internal nodes slide up a_md down on mation gradient tensois andF %, whose components are
their spines to adjust the shape of the mesh. This reduces the

" 2. A constitutive equation for fiber mat compression
2.1. Notation and kinematics

We begin by reviewing some basic aspects of large-strain
kinematics. The preform material begins fromrederence
configuration say at time equal to zero, while at timié has
some other deformed configuration. We will use a left
superscript to indicate the time at which a quantity is eval-
uated. Thus, the Cartesian coordinates of any material point
in the reference configuration afe, while in the deformed
%onfiguration the same material point has coordinates

number of displacement degrees of freedom per node from a'; 1 9%%;
: . . ) P = = and Fj = — D
three, as in a conventional solid mechanics problem, to a" ! %% i '
single parameter that describes the position of the node _ )
along the spine. These tensors describe the shape change and solid-body

Building on that geometric treatment, this paper fotation in the vicinity of any material point.
addresses the solid mechanics of preform deformation. A Using the deformation gradients, one can define finite
major assumption is that the deformation of the preform is deformation tensors that describe the local shape change,
not affected by the resin flow. That is, the drag force on the but are independent of the solid-body rotation. There are
fibers from resin flow is too small to cause substantial defor- four such tensors,
mation of the fiber preform. This assumption decouples the C=FF )
flow and preform deformation calculations, and allows us to
treat the preform deformation as a purely mechanical
problem.

In the first part of the paper we develop a general consti-
tutive equation for modeling preform compression in the
presence of large deformations and large rotations. Based
on the theory of anisotropic finite-strain elasticity, this equa- B =F "-F* )
tion prov.ides_ a rigorous foundation fc_)r treating preform where F7 stands for £°9)". We will call these the
deformation in complex mold geometries. The parameters Cauchy—Green, Piola, Finger and Al-mansi tensors, respec-

for any specific material can be developed from flat-sample 6|, Each of these tensors has three scalar invariants. The
compression data, S0 no new experiments are required tQ oo i e bicltane oo

characterize a preform material.

Cl=F*'FT 3

=F-F' %

In the second part of the paper, a finite element solution, |, = tr(C™h (6)
based on the theory of virtual displacement, is developed to
solve preform deformation problems. The formulation |, = %[(trcfl)z —tr(C H? (7
includes both geometric and material nonlinearity, and the
nonlinear equations are solved using a full Newton—Raph- Iy = det(C %) @)

son scheme. The use of spines in this formulation, and the o . .
attendant reduction in nodal degrees of freedom, provides The corresponding invariants Gfwill be denoted by,
considerable savings in computation. Open gaps are incor-J2 andJs. We will also use the Green—Lagrange strain tensor
porated naturally, by treating the gap as a separate layer ofe, which is defined as
preform “material” which is much softer than the other _ _ 1, ~

. . . . € = g(C 8) (9)
layers, but stiffens rapidly as its thickness approaches
zero. We present several examples to demonstrate thewhered is the unit tensor.
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If an infinitesimal material vector connects two and thickness direction. Since our problem is dominated by
neighboring material points, then that vectpr in the thickness-direction compression, we choose to develop a
deformed state in related to the same vector in the referencemodel that is transversely isotropic, with the plane of the
state’p by sheet being the plane of material symmetry. This avoids a
great deal of mathematical complexity by ignoring the in-

p= F'Op 10 plane anisotropy of woven fabrics.

Similarly, an infinitesimal material volumeschanges size The classical theory of large-strain elasticity is well docu-

according to mented in many books [18—-20]. However, the treatment of
" o anisotropic, compressible materials is less well known. Here

d'V = detF)d’v (1)

we repeat a few of the key steps of the classical theory as

An infinitesimal material area is described by two quanti- Presented by Lurie [20], to lay the groundwork for our own
ties, a magnitude $and a unit normal vecton. These development. Some formulae used in this development are

transform according to given in Appendix A.
A material is elastic (or hyperelastic) if it stores, as inter-
d'S=detF)v°n-C 1o d’s (12 nal energy, all the work done on it. Such a the material must
possess a scalatrain energy function \(¥), giving the
t F 7% 13 energy per unit unstrained volume stored at the deformation
n= on-C 190 13 stateF. Following Lurie (Chapter 4, Section 1), the change
in stored energy for a chan@é in deformation is
The Cauchy stress, or true stress, will be denoted .bye 9y o
will also make use of the firs_t and se_cond Piola—Kirchoff gyw =p: sF (16)
stress tensor$ andS, respectively, which are related 1o
by Comparing Eq. (16) to the definition of a derivative of a
1 scalar with respect to a tensor, Eq. (Al), we find that the
T= detF) F-P (14 stress in an elastic body is given by
oW
1 T P=— 17
T=——FSF 1 T
detF) (15 oF

. _ o For the constitutive equation to be objectiv®¥,must be
2.2. Classical nonlinear elasticity independent of the solid-body rotation containedrirand
hence must depend on quantities like the deformation

Returning to fiber preforms, we are interested in the tensors in Eqgs. (2)—(5). Any one of these four tensors

deformation when woven fabrics or random-fiber mats are might be chosen, but the classical choice is to tikeo

compressed in their thickness direction. These materials e a function ofC. We can use Egs. (2) and (A2) to replace
have a reasonably well-defined thickness in the unstresse WIGF by aW/aC' Then, using Eq. (14), we find that the
state, and we take this as the reference configuration. SomeCauchy stress in. an ela,stic materi.al is g;iven by

typical stress—strain curves, when these materials are

compressed between two flat plates, appear in Fig. 3. The 2 oW o

thickness changes are comparable to the initial thickness, sol = deth) T oc (18)
this is clearly a large-strain problem. Also, there is no

noticeable expansion in the lateral directions, so the fiber  The scalar functiohWis said to be aisotropic functiorof
mats are being compressed volumetrically. Finally the the tensoc if the form of its functional dependence @nis
stress—strain curves are highly nonlinear, so a nonlinearynaltered by any orthogonal transformation®f(i.e. any
type of constitutive equation is required. rotation of the coordinate axes). Typically this property
Here we choose to develop a constitutive framework holds for some subgroup of all orthogonal transforms, and
USing the theory of nonlinear eIaStiCity. We note that the this Subgroup determines the Symmetry group (|e the type
compressive response of fiber mats may not be purely elas-of anisotropy) of the material. NV is an isotropic function
tic. In particular, a mat that is compressed and then releasedkor all orthogonal transforms, then it corresponds to the
may exhibit some hysteresis. However, with few exceptions properties of an isotropic material, anf must depend
[17], there is little data that explores this inelastic response. only on the invariants o, namelyJ;, J, and Js. If W is
More importantly, for I/C-LCM the compressive loading is an isotropic function for all orthogonal transforms that
always monotonic, so we do not need to describe the load-preserve the direction of a single symmetry a%s then
ing/unloading behavior, and a nonlinear elastic model is the material istransversely isotropicand the functional

adequate. form must be
Fiber preforms are also highly anisotropic, with very

different structure and mechanical response in the in-planeW(C) = W(J,, Jy, J3, &L, .4) (19
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The additional scalars that characterize the strain state aregreform layer and the mold surface. However, it is more

% ="C% (20)

M ="p-C*°p (21)

We now expand the derivative in Eq. (18) using the chain
rule:

W Wy aW ady W ady W 07

aC  3J; C 98, 9C 933 C 9<% oC
oW o4
— 22
al aC (22

This expression is substituted into Eq. (18), and simplified
by introducing formulae for the derivatives of the invariants,
Eqg. (A4), and of¥ and.#, Egs. (A5) and (A6). We also use
Eq. (10) to transfornip in the reference state to the vecipr
in the deformed state. That is, the material symmetry axis is
assumed to deform like a material line. After some simpli-
fication, this gives the Cauchy stress as

)

i o+ (o)

7= Ge®
t .t (:)W t..t t .t
+< )pp+(aﬂ)[pp-B+B-pp]} (23)

This is the classical constitutive equation for a hyperelas-
tic material that is both compressible and transversely
isotropic, and is the form given by Lurie [20] and by
Green and Adkins [18]. The corresponding equation for
an isotropic material can be recovered by omitting the last
two terms. In this form the Cauchy stress is a function of the
Finger strain tensoB and the instantaneous material
symmetry axisp, and the material properties are contained
in the various derivatives ofV. This treatment is highly
appropriate when the anisotropy is induced by aligned fibers
that are initially oriented parallel ttp. Since these fibers are
embedded in the material, in the deformed state they will be
oriented in the'p direction. In particular, we can interpret
the term containingW/0.¥ as a normal stress parallel to the
fiber axis. Note that? measures the amount of stretching
along the fiber axis.

aW
303,

W aW
— ) —
0 aJ,

AW

33,

oW
&

2.3. A new constitutive equation

When modeling fiber mat compression during I/C-LCM,
we take the plane of the mat as the plane of isotropy, and the
vector normal to that plane as the material symmetry axis. If
the mold compressed the mat only along that axis, then Eqg.
(23) might be quite suitable as a constitutive equation.
However, for realistic part geometries there are often
regions of the mold where the mold surfaces are not normal
to the mold closing axis. In these regions, closing the mold
not only compresses the preform, it also causes the moving
surface to translate parallel to the plane of the sheet. This
motion is probably taken up by slip between the outer

convenient to build finite element meshes whose nodes are
fixed on the mold surfaces than it is to model this slip expli-
citly, and these meshes experience some shear as the mold is
closed. We would like to have a constitutive equation that is
insensitive to this shear, but still models the thickness-direc-
tion compressive behavior of the mat. Eq. (23) is not suitable
for this purpose, since the shearing motions k&efrom
being normal to the material symmetry plane.

A more appropriate constitutive equation can be developed
by reformulating the transversely isotropic hyperelastic mate-
rial, takingWto be a function of the Piola deformation tensor
C. We will see later that this leads to a physically mean-
ingful way to characterize the thickness-direction compres-
sion in the preform, but for now we simply note that this is an
alternate formulation that is consistent with all the assump-
tions of the classical theory of nonlinear elasticity.

Using the derivative relation Eqg. (A3), we find that the
derivatives ofW with respect taC andC * are related by

W W
aC ac™t
(Note thatC ! is symmetric.) This result can be combined
with Egs. (18) and (3) to given the Cauchy stress as

det(F) aC™1

-ct c! (24)

= E1

(25

Since the material is transversely isotropic, the strain energy
function must depend on the invariants®f* and on two
new scalarsl. and M:

W(C™Y) =Wy, 15, 13,L, M) (26)
L=".Cc1% 27)
M = °n(C 1% (28)

Here °n is a unit vector parallel to the material symmetry
axis in the undeformed state. As before, we expawdf
aC ! using the chain rule, substitute for the derivatives of
the invariants with respect ® * and return the result to the
stress Eq. (25). However, this time the natural simplification
is thatn transforms between the reference and deformed
states like the normal to a material surface. Thatrisind

%n are related by Eq. (13). In fact, the denominator on the
right-hand side of Eq. (13) is the square rootlofso the
relationship is quite simple. After a good deal of simplifica-
tion, we obtain the Cauchy stress as

2 oW oW WY\ _,

=——— — 8+ —+1,—
de’(F){(lsms)S (a|1 '1a|2)'3
AW

n'n +

al,

_ -1,2 IW
() ()

+ Bl-tntn]}

OW Y ¢ ¢ o1
L— B
( aM)[nn

(29)
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Fig. 1. Three different types of deformation of a cubic element. ABCD a8 @D’ are the upper edges of the undeformed and deformed element,
respectively: (a) the element is compressed in the thickness direction only; (b) the element is compressed in the thickness direction anmtbe ¢tietmed i
and (c) the element is compressed and sheared parallel to the plane.

This is, as far as we know, a new form for the stress in a This reduces the constitutive equation to
transversely isotropic, hyperelastic material. Comparing it oL W

to Eq. (23), we see that here the stress is a function of T = — —'n'n

the Almansi deformation tensoB™ and the vector'n, de(F) oL
which we interpret as the instantaneous normal to the  For a physical interpretation of this model, consider an
plane of material symmetry. Note thdp and °n are  jncremental material volume®d that, in the reference
coaxial; that is, the material symmetry axis is normal configuration, is a rectangular parallelepiped, with two
to the material symmetry plane in the reference state. gyrfaces that are parallel to the material symmetry plane.
However, for the deformed statp and 'n arenot neces- | et the area of one of these surfaces B®.@he heighh of
sarily coaxial. A finite deformation can result in a mate- thjs incremental volume, measured in the direction normal
rial symmetry axis that is no longer normal to the to (S is equal to

material symmetry plane. Eqg. (29) is most suitable for

a material whose transverse isotropy is associated with a’h = d°v/d°S (32
plane of material symmetry, in our case the plane of the
fiber mat.

Since Eq. (29) was derived from the same assump-
tions as the classical Eq. (23), the two forms are, in
principal, equivalent. That is, for any set of material
properties used in Eq. (29), there should exist some
set of material properties that could be used in Eq. th dv/d's
(23) to produce identical behavior. The utility of Eq. = o, = ov/q0s
(29) is that useful, simple forms can be found by omit-
ting selected terms. We note that the term containing We can generalize this idea using Egs. (11) and (12),
dW/IL is a normal stress acting on the material symme- definingx for any deformation as:

(3D

If the material is deformed, then a similar equation relates
the height'h to the volume & and area &in that config-
uration. A convenient measure of thickness change in the
direction normal to the material symmetry plane is the ratio
of these two heights,

(33

try plane. This is the major effect we wish to capture, 1
so we specialize Eq. (29) by choosiny = W(L), so KS e (3%
that VoL n

k functions like a stretch ratio, but it measures the change in
0 (30) separation of two parallel material planes, rather than the
change in length of a line element. Note thameasures

W W aW W
aly — al, Al oM
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deformation relative to a specific material plane, the plane experiment, a material element undergoes a deformation

normal to°n. like Fig. 1(a), for which the coordinate transformation is
Comparing Eq. (34) to Eq. (27), we see that
%=%  %="%  ‘x3=a’% (37)
L= 1 (35
K2 Using Egs. (1) and (3), the kinematic quantities are
soL andk are equivalent measures of deformation. Sikce 10 0 10 0
admits a simple physical interpretation, we can maka .
function of k, and write our constitutive equation as F=|0 1 O]F"=]0 1 O
k OW 0 0 « 0 0 Yo
n' (36) (38)
del(F) Ok 10 o0

This i_s_ the fina! form of our proposed constitutive equation. ~-1_ |5 1 ¢ detF) =
Specific material models are created by choodi{g).

To explore the behavior of this equation, consider the 0 0 Yo
three deformation states shown in Fig. 1. In all cases | ) . 0 ‘
ABCD is a material symmetry plane in the reference config- W'th this value ofC " and with"n = 'n = <(_)’ 0.1),Eq. (34)
uration, and botffn and'n are parallel to the axis. Thus,  Yi€lds x =a. Then from Eg. (36) we find thal; =0,
in all cases the only stress preseniEjs The simple uniaxial ~ €Xcept for
compression in Fig. 1(a) and the combined compression and oW
shear in Fig. 1(c) give the same valueskofind the same Tz = — (39
deformed volume, so both deformations produce the same
Tas. This insensitivity to shearing parallel to the material In an experiment one measurds; as a function of
symmetry plane is the quality that we sought in the consti- (= 'h/°h), and a typical plot looks like Fig. 3.
tutive equation. Fig. 1(b) shows a compression along the Fitting experimental data simply requires choosing an
material symmetry axis, combined with spreading in the appropriate form foPW/dx and adjusting the parameters
1-2 plane. This also has the same valuecdds parts (a)  of this form to fit the data. Several different functions have
and (c), but has a different value of det( Hence,Ts; for been used to fit compression data for fiber mats [10-12,21].
this case will be lower than the other two cases. In fact, caseOur calculations use a form suggested by Trevino et al. [9],
(b) has the same total force in tlgdirection as cases (a) which yields
and (b), but this force is spread over a larger area. Our
rigorous constitutive derivation has provided a treatment W —1000gVio/)+CID) | 1 f(109(Vio)+C)/D) (40)
of volume change that is consistent with our other assump- 3
tions of elastic behavior.

Some care must be taken when using Eq. (36) to solve

boundary-value problems, for instance by the finite element adjusted to fit the data. The second term on the right-hand

method. Several mgdes of deformation, such as Shearlngside of Eg. (40) is added to the original form of Trevino et al.
parallel to the material symmetry plane, produce no changet0 give T,, = 0 atx = 1. The finite element equation also
in internal energy for this model. In effect, the material has need thennsecond derivative @ which is

no stiffness to resist these deformation modes. Thus, if some
external factor is not present to constrain these modes, the 52,y
finite element equations will be singular and the problem P
will not have a unigue solution. One could remove this
singularity by adding small amounts of the isotropic terms In some parts there is a gap between the top of the preform
(the first three terms) from Eqg. (29) back into the constitu- and the upper mold surface in the initial configuration.
tive equation. However, in our case the requisite constraints These gaps are modeled as a layer of a special material,
are provided by using the spines to limit the motion of the which develop very little stress at finite thickness, but
nodes in the finite element mesh, so we can use Eq. (36)which stiffens dramatically as it is approaches zero thick-
without any modification. ness. After some trial and error, the following expression
was found to exhibit the desired behavior:

Vi is the fiber volume fraction of the mat at its initial
uncompressed statg = 1), while C and D are constants

1 10((|Og(VfO/K)+C)/D) (41)
kD

2.4. Fitting experimental data

(42)

3/2
1
oW a (1_ )
K

To obtain a specific form for Eq. (36) we need to choose a 3, — 1_7\/5 e
functional form fol(k), or alternately fooW/o k. Uniaxial
compression experiments are typically used to characterizeHerea is constant that must fall between 0 and 1. We typi-
the compressibility of fiber mats [10—12]. During such an cally usea= 1.0x 10™*.
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S, Top Plate position of the upper mold surface at each time step is
f known. As a result, both of the spine vectdss and °s¢

are known. The initial spine paramet®* is also known,
being calculated as part of the initial construction of the
mechanical mesh [15]. Therefore, the current spine para-
meter 'A¥ is the only unknown in this expression for the
displacement. The unknown spine parameters for all the
nodes are the primary variables in our formulation.

Bottom Plate

Fig. 2. Boundary conditions: there is no tractiéri = 0) on surfaces, and 3.3. Principle of virtual work

zero virtual displacemeridu = 0) on surfaces,. . . . -
Our starting point for deriving the finite element equa-

3. Finite element procedures tions is the principle of virtual work. This principle states
that a body is in equilibrium at time+ At if, for a small,
3.1. Notation imaginary “virtual” displacement fieldu;(x;), the internal

work on the body equals the external work (e.g. Ref. [22]):

Discussion of the finite element solution requires a great
many superscripts and subscripts, for which we follow the J AT B argy ATV
conventions of Bathe [22]. As in the previous section, a left 7 """V
superscript indicates the time at which a quantity is evalu-
ated. For quantities that depend both on the current config-
uration and a reference configuration, the time of the 45)
reference configuration indicated by a left subscript. Thus,
the displacement gradient at timavith respect to a refer-  The virtual displacement field must be zero at all points
ence state at time 0, which wksin the previous section, is  where the displacement of the body is prescribed, but is
now written as'F, while ' "*'F represents the displacement otherwise arbitrary. In this equation
gradient at timeg + At with respect to a reference state at
time t. S e }( ody 93y )

i i i indi i t+at6 t+At t+At (46)

Right subscripts will indicate the Cartesian components 2\ 9" otraty,
of vectors and tensors, and a repeated index will imply
summation over the appropriate range.

— J’t . I+AtfiB 8U| dt+AtV + J’ H—Atfis SU,S dI+AtV
+aty

t+ At

represents the infintesimal strain tensor corresponding to
A lower-case right superscript will indicate the node Virtual displacements,”*V is the volume of the body at

H _ t+At ; ’
number of a nodal quantity; summation over these indices fimeé t = At, "7 is the part of the body’s sqrfacieﬁwgere
will always be written out explicitly. Right superscripts B surf?fg tgactlon boundary conditions are applied, and
and S indicate body and surface quantities, respectively.@nd  ~f;i” are the prescribed body force and surface trac-
When discussing iterative solutions, right superscripts in ONS, respectively.

parentheses will indicate the iteration number. For our problem the body for-cé;B-is negligible. The
boundary conditions, as shown in Fig. 2, involve either a

3.2. Nodal degrees of freedom prescribed displacement (on the mold surfaces) or zero
surface tractionf® (along the edges of the preform).
The first paper in the series [15] introduced the use of Hence, the right-hand side of Eq. (45) is zero, and we
spines to control the deformation of the 3D finite elements neglect it from this point onward.
mesh. Each nodé& is associated with a spine vectsf, The left-hand side of Eq. (45) must be treated carefully,
which has unit length. The base of the spine vector residessince in a large-deformation problem we do not know the
at a fixed positionX¥, which corresponds to a node on the deformed configuratiol 'V. We choose to use the updated
(fixed) lower surface of the mold. The position of the node Lagrangian formulation. Suppose for the moment that we
along the spine is controlled by a scalar spine paraméter  know the displacements and stresses at tinaed we wish
such that at any timethe position of the node is given by  to solve for the displacements at tihe- At. The left-hand
Lk — k4 ki side of Eq. (45) can be transformed into an integral over the
xt=X"+A (43 shape at tim¢, using Eqgs. (15) and (9) to replace the Cauchy
Using Eq. (43), the displacement of a node can be expressedtress with the second Piola—Kirchoff stress, and the infini-
as: tesimal strain with the Green—Lagrange strain. After some
cancellation (see Ref. [22]), we find the principle of virtual
Ul = O O (44 work to be

where the left superscript O indicates the initial state. Inan I/

t+At t,
C-LCM process the closing of the mold is prescribed, so the Jtvt S AV =0 (47
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Table 1 in a Taylor series about timie
Parameters for the strain energy density function, Eq. (40), to give stress in
N/m* t+At o, e R
Fiber mat Vio C D m=1 IA
Random mat 0.15 0.0916 0.2832 We equate this expression to zero, and find the increment by
Unidirectional mat 0.25 1.057 0.1031 solving
Bidirectional mat 0.30 1.177 0.0954
MNnodes atRl
> mdA"=-'R (52
atAm
Here (¢;; is the increment in the Green—Lagrange strain m=1
tensor betweehandt + At, We then update the solution 5$'A™ =A™ + d'A™
1/ ou au au AU The resiualR is e\_/aluated by letting + At — t in Eq.
€& =50t = = (48) (50). Note that this gives
2\ 9% R 9% 9%

t+At t
=T 53
with u,, denoting the displacement increment, S I ©3

Using this in Eq. (50), the tangent stiffness matrix is calcu-

U = t+Atui _ tui (49) |atedgas g. (50) g

We generate an equilibrium equation for each ofrthg.s teml ¢ 9
nodes in the mesh by creatingedifferent virtual displa- 9K _ (9T %€ g, o [ o € g, (54

. . . gtAm ty 9TAM gt)! t ] atAl gtAm

cement fields, each one corresponding to the perturbation of v

. . |
a different spine parametélﬂ - IThen we can make relplgce- Owing to the nonlinearity of the problem, a single update
ments like die; = (9;€;/9A)8\". The perturbationdA’ is  pased on Egs. (52) and (54) does not produce an adequate
independent of position and can be brought outside the inte-gq|ytion, and multiple iterations are required. The first itera-
gral. Then, since thef equation must hold for arbitrary V|_rtual tion uses the equations developed so far, while all subse-
dispacements, th& “s can be canceled from the equation. guent iterations linearize about the most recent trial

We are now left with a set of equilibrium equations, configuration, say at timé+ At and iteration ), to find

trAtg = t+ate Ot6i 4V =0 50 iteration(p + 1). Thus, our final algorithm is to solve for an
= |t SiZor - 0 increment in the spine parameters using
% ‘A
A | H H 'nodes
where'" R is the residual for node ”Z" A M) G AL M) _ _ tHALRL®) (55)
3.4. Newton—Raphson iteration m=1

. . . . and then update the solution using
To find an increment in the spine parametetsdthat

will make eacH™ 'R equal to zero, we expand the residual FAHZ™E+D — LHALMP) 4 Gt+ALm(p) (56)
1000 S e
Random mat—
800 | Unidirectional mat---- | |
Bidirectional mat- - |
600 ]
T,, 400t ]
(N/m)
200 r 4
0 -
-200 | . \ 1 . \ ) A N

01 02 03 04 05 06 07 08 09 1

K

Fig. 3. Plot of compressive stredsg, against compressive strain= (deformed thickness/initial thickness) for random, unidirectional and bidirectional fiber
mats. The curves are based on Eq. (40) and Table 1.
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Table 2
Comparison of the final thickness (in cm) predicted by the analytical and numerical solutions for a three-layer preform

Fiber mat Analytical prediction Numerical prediction % Error
Bidirectional (B) 0.07833 0.07837 +0.05
Unidirectional (U) 0.04335 0.04323 -0.28
Bidirectional (B) 0.07833 0.07837 + 0.05

Here the tangent stiffness matrix and the residual vector atprocess that is straight-forward but tedious. Detailed formu-

iteration {) are given by lae for these derivatives are given in Appendices B and C.
PLagis P A€
tr At Im®) [ mev (atTt)\'lL ﬁ 4. Results and discussion

2 ) The focus of the present work is to predict the deforma-

tHAtE 0"t ati gtat tion of a dry preform in a multi-step compression process. In

+ J at+Atym At+At )| v (57) . . .

AT TR the following examples we use three different types of fiber

mat: random, bidirectional and unidirectional. The strain

. energy function used to represent these mats is given in
tHAtRL(P) _U t+At ! att:iﬁ dt+AtV] P (58) Eq. (40), and the specific parameters for ea<_:h mat appear
taty 9 A in Table 1. These parameters are representative of the prop-

) ) ) ) erties reported in the literature for each type of mat. Fig. 3
The converged solution at the previous tinpeovides the  ghows the stress—strain curves corresponding to these prop-

initial guess, and iterations proceed until the norms of both grties. The bidirectional mat is the stiffest, and the random

the residual vectdi*'R and the solution increment vector mat is the most compliant. Some examples also have an
t+At, | L ) . .
A" are smaller than pre-set tolerances. open gap, which is treated as a separate “material” using

Gaussian quadrature. In our implementation the elements

are eight-node bricks, and we usex2x2 quadrature. 4.1 |nhomogeneous layers

We also use a six-node wedge element where we employ

7% 2 quadrature. The reason for using these integration First we compare our finite element results with a
schemes is to keep the degree of precision at least 3 [22].problem that can be solved analytically. Consider a three-
The derivatives of the Cauchy strés$$'T; and the strain layer preform in a flat, rectangular mold. The layers consist
increment;, oc€5 With respect to the spine parameters must of unidirectional (U) and bidirectional (B) fiber mats,
be computed at each integration point for each iteration, a stacked in the sequence B—U-B. When the upper plate of

Fig. 4. Compression of a two-layer preform in a flat rectangular I/C-LCM mold. The upper layer of the preform consists of random mat and the lower layer
consists of unidirectional mat; the top-most layet &t O is the gap. The mold has different thickness in the two halves, which is meshed by the brick and
wedge elementg is the clamping direction.
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t=2At

L.

Fig. 5. Compression of a two-layer preform in a 3D mold. The upper layer of the preform consists of random mat and the lower layer consists ohahidirectio
mat; the top-most layer at= 0 is the gapc is the clamping direction.

the mold moves downwards, the preform compresses like equal initial thickness. The preform has a total initial thick-
three springs in series. The compressive stress is the same iness of 10 cm in the thinner region of the mold and 12 cm in
all the three layers, and each layer deforms according to itsthe thicker regiof Initially there is an open gap between
own stress-strain curve. In this example the preform is the top preform layer and the upper mold surface, and the
compressed from an initial thickness of 0.3 cm (each layer thickness of the gap are 2 and 2.5 cm in the thinner and
is 0.1 cm thick) to a final thickness of 0.2 cm, and the final thicker regions, respectively.

thickness of the three layers are to be determined. Using The mechanical mesh for this problem is shown in Fig. 4.
Egs. (39) and (40), the compressive stress in any of the Two regions of the mold are represented by brick and wedge
three layers is given by elements, respectivelyThe shell mesh used to generate this
mechanical mesh appears in Fig. 7 of Ref. [15]. The mesh
generation algorithm enforces a continuous thickness, so the
Material constant¥/y, C andD for the layers are listed in ~ Mold thickness change occurs gradually over two rows of
Table 1, anc’h is the given initial thickness of the layer. ~€léments, rather than as a sharp step. Our finite element
Note that the compressive stress for a layer is a function of formulation also enforces continuity of displacement in
the final thickness of the layer only, i.€3 = Ts3(‘h). The the interior of the mesh.

analytical solution is obtained by solving three simultaneous W& now close the mold such that the top mold plate
equations for the final thickness of the three layers: two from {raverses 6 cm along theaxis. In principle it should be

the equality of stresses in the layers and a third setting the POSSible to compress the mold in one large step, but because
sum of final layer thickness to 0.2 cm. Table 2 lists the final Of the limited radius of convergence of the Newton—Raph-
thickness of each layer as given by the analytical and son scheme the process is accomplished in three equal time
numerical solutions. As expected, the uniaxial layer StEPS Of sizelt. As the speed of the top plate is taken as a
compresses more than the biaxial layers. There is a goodconstant, !t travels 2 cm in each time step. The mecham_cal
match between the analytical and numerical results, the COMpPression process is unaffected by the mold closing
maximum error being less than 0.3%.

Tas = —10009Vio WhI+CY/D) | 1 (f(logVio+C)/D) (59)

4.2. Planar mold with varying thickness and open gap

The second example is a flat, rectangulas . mold
divided into two regions with different thickness. The
perform itself consists of a lower layer of unidirectional
mat and an upper layer of random mat, the layers having
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speed and the actual size of the time step is unimportant.At the second step there is significant compression of the
Only the position of the upper mold enters the finite element upper layer of random mat. In the third step the lower layer
calculation at each step. of bidirectional mat hardly compresses at all, while the
Examining the results in Fig. 4, we see that the gap aboverandom mat is highly compressed near the center of the
the preform disappears in the first time step. The elementsmold, but still has significant thickness near the top and
that represent the gap are still present, and have a small bubottom edges. This is a consequence of the way that local
finite thickness from this point onward. This allows our cavity thickness changes with time in a 3D compression
simulation to handle gap compression without implement- mold. This example demonstrates the ability of our simula-
ing a separate contact algorithm, and without removing or tion to capture the complex interactions between mold clos-
deactivating elements during the simulation. In the seconding, mold geometry, open gaps and nonlinear material
and third steps, the upper, more compliant random mat is properties that are inherent in I/C-LCM.
compressed significantly more than the stiffer unidirectional
layer on the bottom. This matches our expectation that more
compliant fiber mats will take up most of the deformation °- Summary

when stacked with stiffer mats. . . .
To predict preform deformation during I/C-LCM a model

Performing a variety of simulations like this example, we ! _ . -
found some cases that produced physical unrealistic resultsMuSt 2ddress several issues: the three-dimensional geometry

When the initial thickness of a layer was very different Of the mold, nonlinear properties of the preform, large
between the two regions of the mold, our code predicted deformation behavior and open gaps between the preform

wiggles in the interfaces between layers. The constitutive 2nd the mold. We have developed techniques for treating all
relation, Eq. (36), mandates that the principal axis of the Of these issues. The mold geometry is represented by a 3D
stress tensor be aligned with the material normal of the finite element mesh. A special data structure attaches each
preform. At the mold surface the material normal is identi- N°de to aspine, and uses a single degree of freedom to move
cal to the surface normal, so the traction applied by the mold te node along the spine. We have developed a special
plate on the preform is always normal to the mold surface at COnstitutive equation to represent the mechanical response
the point of contact. In a mesh like Fig. 4, the traction from ©f the preform. This equation accommodates a wide variety
the upper mold plate has an in-plane component in the of empirical equations for the stress—strain behavior in a
region where mold thickness is changing, while the lower Simple compression test, and allows those expressions to
mold surface applies traction in tizelirection only. The in- P& used in problems with large deformations and large rota-
plane force from the upper mold is not balanced by an tions. The stress calculated by this equation is unaffected by

other external force, and must be absorbed as a reactiorsh€ring parallel to the plane of material symmetry, a
force by the constraints on nodal displacement. The material€ature that avoids spurious results when modeling 1/C-
itself has no stiffness to resist the corresponding shear stres-CM preforms. We have also developed finite element

ses, so as this force is transmitted through the mesh somé?duations and solution methods for this highly nonlinear
irregularity in the deformation occurs. This is not a particu- Problem. The finite element formulation incorporates both

larly serious problem, since the initial thickness of the material and geometric nonlipeariti(_es. Open gaps are trea_ted
preform layers is likely to be uniform across the mold, as a separate layer of material, which has much lower stiff-

and a step change in thickness is not attractive from a struc-"€SS than the preform layers, but which stiffens dramatically
tural viewpoint. as its thickness approaches zero. Example calculations show

that this approach can model nonuniform material proper-
ties, open gaps and molds with complex shapes.
This paper has focused on modeling the deformation of
dry preforms. The next step is to combine this model with
pcalculations of resin flow during injection/compression
molding, to have a complete simulation of the process.
We will report on this in a future publication [16].

4.3. Arbitrary 3D mold

Finally, we consider a mold that is curved in three dimen-
sions. The particular mesh was created from the shell mes
of an arbitrary surface patch (Fig. 11 of Ref. [15]). Once
again, we consider a two-layer preform with a random mat
at the top and a unidirectional mat at the bottom. Now
there is only one material region in the mold, and the Acknowledgements
initial layer thickness is 3 cm everywhere. There is also an
open gap at the top of the mold. The mold closes along the ;- aiq) support for this work was provided by the

<t—ep1, —1, —1) direction, and we show results for three time National Institute of Standards and Technology.
steps.

The initial mesh and the results are shown in Fig. 5, where
c indicates the clamping axis. In the initial mesh the layers Appendix A. Scalar functions of a tensor argument
have uniform thickness. In the first step the open gap
compresses to near-zero thickness over most of the mold. To support the development of the constitutive equation,
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we gquote some basic mathematical results for a function constitutive Eq. (36) for stress is written as
¢(Q), where ¢ is scalar andQ is an arbitrary tensor. t+AL (D) ®
These results are discussed in more detail in Appendix 2t+At-|-<p> 0 [M] At (P) t+AL(P) (B3)
of Ref. [20]. defp' " AFP) ' J
The derivativedp/0Q is defined such that the change

: . The measure of compressive strain is
produced by a change in argumeq is P

1
ad) t+AéK(p) — (B4)
dp = 20 :3Q" (AD \/on.[t+A0t|:<p)]71.[t+A6|:<p>]fT.0n
Note thatd¢/0Q is a tensor of the same order @s In the finite element formulation, the independent vari-
If one changes the argument ¢fto (Q-Q") or to Q %, ables are the nodal degrees of freeddm'A*®. Stress
then the derivatives are related by ultimately depends on these variables, but for purposes of
9 9 differentiation it is convenient to regard stress as a function
a0 =2WQ (A2) of the following intermediate variables, which in turn
depend ot AARP
QT_% _ ad) _Q_T (A3) t+AtT(p) t+AtT(p)[t+At (p) de(tJrAtF(p)) t+At (p) t+Atn(p)]
9Q Q™Y (B5)

Tht? threﬁi invariants, as defined in Eqgs. (6)—(8), have deri- g gifferentiate this expression using the chain rule:
vatives 0o

t+Atr(p) t+AtT(P) L t+At t+At(P)  Jt+At - (p)
aly al, ol . 0T T gtk 9T gt AP
0" =9 0 - =39l —Q 0 =1,Q7" (A4) GFAK®E) T UAL®) gtFARKE T atraty®) gt A K®)

|
whered is the unit tensor. grrAtTP at+Ath.(P)
If a andb are arbitrary vectors, the bilinear forra€Q-b + JUHAP) G ALKD)
)|

anda-Q?b have derivatives
t+AtT(P) 9 del(tJrAéF(p))

—(@Qb)y=ab A5
Q( Qb)= (AS) t de(t+At|:(p)) g AL K(P) (B6)
Using Eg. (B3), the derivatives of stress in Eqg. (B6) can
aQT (aQ*b) = baQ + Q-ba (A6) be computed as
at+At-|—i§p) ( aW . 92W )(p) t+Atn§p) t+Atnj(p) &7
—_— = —_— K
i . . t+At ,.(p) 9 IK2 t+AtE(p)
Appendix B. Derivatives of the stress fo K “ “ del™6F™)
B.1. Interpolation of displacement FTETP o aw\@ AP BS
SrAP (Kﬁ) de( T FE®) (B8)
Using Eq. (43), displacement at any arbitrary point inside !
an element is interpolated as a”AtT(p) AW\ ® HHA® At
Nie Mhie T(p) _(Ki) W (B9)
t+AtXi(p) _ z thik + z K tHAL ) k() t+At§< (B1) d det('"THFP) oK [det(*TH5FP)H]

k=t k=1 The remaining terms in Eq. (B6) are calculated in the

wherehis the interpolating function anal;. is the number following sections.
of nodes in an element. On differentiating this expression

with respect to the reference material coordinfte we B.3. Computingd "¢k P)/(at AR
obtain the following expression for the displacement gradi- . ) o
ent tensor as a function of spine parameters, Using Eg. (B4), we can write the derivative efas
n K n t+At (p)
nie ah hie ah 8 OK 1 aF
tHAt=(p) _ k4 t+At y k(p) t+At = — B10
oFj kzi Fi —5 X kgl 2% A ) (B2) PIEINAE) DFFZ G At k(D) (B10
where
B.2. Differentiating the constitute equation F = [HA(;K(P)]—Z = On.[t+A5|:<P>]—1.[t+A5|:<p)]—T.0n (B12)

Using the notation of the finite element equations, the  Since’n is independent of deformation, the derivative of
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Fis Now using Egs. (B15)—(B18J9'"'n)/(5" "A'AkP) can
_ be computed. Some simplification in Eq. (B17) results for
oF [t+AtF(p)] 1 !
e = On. Hgt ’ [HREP]T.0n the wedge elements, because the upper and lower triangular
AP 9T AAKEP) faces of the element are planar.
t+At=(p)
+ O GFPT A t+AtFk(33) °n (B12
oA B.5. Computingd det( ! AIF®))/(at Ak ®)
The derivatives on the right-hand side of this equation are
computed as: Using the laws of tensor algebra, one can write
R tHAL ()1 — aTRFP P1-1 A A
at+AtAk,(p) - _[ OF ] aH—At/\k(p) [ OF ] d de(H— éF(p)) _ de(t+AtF(p))[t+AtF(p)]_T . at+ (SF(p)
A K(P) 0 0 " trAL k()
(B13)
(B19
where, from Eg. (B2), we get
SUHALE®D Rk The right-hand side of this equation can be computed using
0 tHAk (B14) Egs. (B2) and (B14).

oAt kP - aox

Once the derivative of the inverse gt “'F® is known,
the derivative of its transpose is simply the transpose of the Appendix C. Derivatives of the incremental strain
derivative.
The incremental straip, e is defined in Eq. (48). On

Pt AL (D) e At ALy K(P)
B.4. Computingo™ /("= A™) differentiating this with respect to the spine parameter, we

The upper and lower surfaces of each 3D element form 9€t:
part of the fiber mat interfaces in the preform stack [15], and
these interfaces are material surfaces. We find the unit ey (p) 1 9oau® By aU®
_ i, t+AtY
(atJrAtAl,(p) gt+At)L(p)

normal vector'**'n® by computing a material normal

vector AP at the desired point and then normalizing
it to unit Iength At any point inside the element this vector
[ At K, (p) .

is interpolated from nodal valué§*'N“® as follows: ® 3t+AtUkpf at+Atu(kp|) ( )

+ ratl uP
Mhie t+Atp k(D) HAtYK AL L(p) t+At y1,(p) tHALYK
N; 0 A J A
t+At W(p) Zh
[

I+At/\l (p) )

t+AtNk(p)|| (B15 (C)H

The upper and lower faces of each brick element can be
treated as isoparametric quadrilateral elements, fromWhere a comma in a right subscript denotes partial differ-

which the material normals corresponding to the top and entiation with respect to the coordinates indicated by the left
bottom surfaces are computed using subscript, i.e.

CANKP = Z x E (B16)

auP
where eeald = atTI‘x‘-(p) (C2
99 t+at P 2 90 t+ At L(p)
- Z Z (T X (B17) From Egs. (48), (49) and (B1), one obtains the following
expression,

In these expressiong represents the two-dimensional
shape functions corresponding to ndd#r the upper or e ppk
i P _ t+At K t+Aty K ( tk tyk
Iower_quadnlateral element, argland np are the element e = Z m( g; 2@ _ S1k PR (C3)
coordinates. =1 X

Differentiating ""*'n{ with respect to the spine para-
meter 40P involves computing the derivative o, On differentiating this with respect {6'A*®, we get:
which is obtained from
9z 99| etk ERNE on'
= - B18 tHAtM ] t+At
PUANKPY 9 [k B19 QAP T oS s (€4

with k being the node where the derivative is being evalu-
ated.9E/(0"" 'A% Py is derived similarly. Then, substituting Egs. (C2) and (C3) into Eq. (C1) and
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simplifying, we get

s (P)
denel 1
AL ~ 2

ohl ah

|
oh 7t+At# o
6t+AtXi(P) at+Ath(p>

at+Ath(p)

t+At

nie Kk
X nz oh (t+Atsk_t+At§ t+AtAk,(p) _ tsk.HAtg t/\k)
& PtHAty P
= i

aht :
t+Aty(P)
A

+ til:l ® ( nZ trAtk bratd tHALKP) _ tgk tratd tAk))]
I\ S
(C5)

On differentiating Eqg. (C3) further With respect to
ANt s easy to  show  that (0%(uau))
/(6(”“)\' ®)2) and all other similar double derivatives
appearing due to further differentiation of Eq. (C1), are
identically zero. As a result, differentiation of Eqg. (C1)
yields:

2 (p)
e ae)

(P)
at+Atu(k'?i) ‘9t+Atuk?j
G AM(®) GiFAT LD

Gt AM(P) Ht+AL L)
(P)
31+Atuf<ﬁ) at+AtUk?j
GIFALP) gtHAnmp)

l
— —

We substitute Eq. (C3) in the above equation and simplify
to obtain the following

2 P)
0 t+AtEijp

StrALM(p) Ht+AT)L(p)

ohl ah°
(P) (p)
atJrAtXip at+Atxjp

1 e on

) at+AtXi(p) at+Ath(p) +

tratd t+Ato

(C7)
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