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Lattice model of living polymerization. I. Basic thermodynamic properties
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A Flory-Huggins type lattice model of living polymerization is formulated, incorporating chain
stiffness, variable initiator concentration and a polymer-solvent interactign Basic equilibrium
propertiegaverage chain length, average fraction of associated monomérsspecific heaCp,
entropyS, polymerization temperaturg,, and the chain length distributign(N) ] are calculated
within mean-field theory. Our illustrative calculations are restricted to systems that polymerize upon
cooling[e.g., polya-methylstyreng], but the formalism also applies to polymerization upon heating
(e.g., sulfur, actin Emphasis is given to living polymer solutions havindimite r in order to
compare theory with recent experiments by Greer and co-workers, whereas previous studies
primarily focused on the—0" limit where the polymerization transition has been described as a
second order phase transition. We figdalitative changes in the properties of living polymer
solutions for nonzera: (1) L becomes independent of initial monomer compositibﬁh and
temperaturel at low temperaturefL (T<T,)~2/r], instead of growing without bound?) the
exponent describing the dependencé ain ¢, changes by a factor of 2 from the-~0" value at
higher temperaturesT&T,); (3) the order parametertype variasiedevelops a long tail with an
inflection point atT,; (4) the specific heat maximui@} at T, becomes significantly diminished

and the temperature range of the polymer transition becomes broad even for small
r[r~0(10 %)]. Moreover, there are three characteristic temperatures=@r rather than one for
r—0: a “crossover temperatureT, demarking the onset of polymerization, ardependent
polymerization temperaturg, defined by the maximum i€, (or equivalently, the inflection point

of ®), and a “saturation temperatureT at which the entropys of the living polymer solution
saturates to a low temperature value as in glass-forming liquids. A measure of the “strength” of the
polymerization transition is introduced to quantify the “rounding” of the phase transition due to
nonzeror. Many properties of living polymer solutions should be generally representative of
associating polymer systen(hermally reversible gels, colloidal gels, micelleand we compare

our results to other systems that self-assemble at equilibrium19€9 American Institute of
Physics[S0021-960809)50539-4

I. INTRODUCTION science. Many natural materiale/ool, silk, cotton, rubber,
tendons, spider webbing, etcare condensation polymers
The tendency toward particle clustering is a ubiquitousformed by chains growing one monomer unit at a time to
phenomenon in condensed matter physics. The strength @{,iid long molecules whose properties are governed by
the interparticle coupling in liquids typically ranges from g owih conditions. Synthetic polymer science is predicated
weak van der Waals interactions to relatively strong ionic, emulating these natural processes and on manipulating

associations and covglent chemical bonds. The geometry Ye conditions of formation to control the molecular architec-
the molecular or colloidal clusters can be networklike, Smng'ture mass, and molecular weight distribution for materials

like, or compact, globularlike structurés.g., thermorevers- applications: Moreover, stringlike structures also arise in

ible gels, linear “living” polymers, spherical micelles, re- . . o )
9 g- poy b connection with many phase transitions in condensed matter

spectively, depending on the geometrical form of the hvsi hat th dv of li hai | f d
molecules, the symmetry and range of the interparticle interP"YSICS, SO that the study of linear chain polymers formed at

actions, and on the capacity of the clustering species to forrfAuilibrium has broad physical significantsee Sec. IV.
multivalent contacts. Under equilibrium conditions, the ex-  1he present paper develops a fairly complete theoretical
tent of clustering varies with temperature, electrolyte concendescription for one of the simplest examples of clustering at
tration, or other control parameters that alter the strength an@quilibrium, the “equilibrium polymerization” of monomers
the nature of the interactions responsible for particle clusterto form stringlike structures. We specifically consider the
ing. situation in which the monomer is bifunctional and where the

The formation of “stringlike” structures is a common chain growth is initiated by a finite concentration of “initia-
mode of clustering with special significance for materialstor.” This type of system has been called a “living poly-
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mer” system if the polymerization occurs reversibly at polymerize upon cooling, as well as a better understanding
equilibrium? A lattice model approach is taken in which all of how the transient clustering in living polymers influences
monomer and initiator molecules each occupy single latticehe configurational entropy of the fluid as a whole. Lacking a
sites. The theory is formulated in terms of the system’s totatlear exposition for these and other essential equilibrium
free energy, thereby enabling the computation of all thermoproperties of living polymers in the literature, we have un-
dynamic properties of these associating systems. Our modedlertaken the present theoretical treatment, in part, to provide
ing incorporates the monomer-monom@r, equivalently, this information in a readily accessible form.
the monomer-solveptinterparticle interactions governing Consultation with Greéf also indicated the need for
fluid miscibility (the Flory y paramete); so that the interplay incorporating chain stiffness into the modeling of living
between phase separation and particle clustering can also belymerizatiod’ since many natural living polymerg.g.,
investigated. The present paper focuses on providing a gemctin are stiff to varying degree€-* The mathematical ma-
eral understanding of the equilibrium thermodynamic prop-chinery has been designed so that increasing complexity in
erties of “living polymers,” including the average polymer- the molecular modeling can be incorporated as needed using
ization indexL, entropyS, fraction of monomers converted the methods of the lattice cluster theory &hd high tem-
to polymers®, and specific heaEp. Our chain model also  perature expansion$>®! This extended modeling would al-
incorporates chain stiffness and variable initiator concentralow for the inclusion of short-range correlations along the
tion since these variables are crucial to enable comparisor@owing chain arising from monomer shape, nonrandom
of the theory with recent extensive experiments by Greer anfixing, compressibility, and more complicated interactions
co-workers>® This minimal model of living polymerization that must be considered in physically realistic modeling. At
can be generalized using the lattice cluster th&dip in- ~ mMany points in our development, we make contact with par-
clude monomer, initiator, and solvent molecular structuresticular findings obtained previously based on a variety of
specific interactions, fluid compressibility, and the capacityformalisms(spin models of phase transitions, kinetic models
to form multifunctional associations of various kinds. Subse-0f chain clustering, etg. The present free energy formula-
quent papers will emphasize the coupling that occurs betion of living polymerization enables the computation of
tween phase separation and polymerization and the resultirf§ermodynamic quantities that have not been evaluated pre-
large shifts in the critical temperature and in the shape of th&/iously and that provide basic insights into the nature of
phase diagram of these polymerizing systems. particle clustering at equilibrium. A subsequent paper will
Previous studies have emphasized particular aspects @escribe the phase behavior of living polymer systems based
“living polymerization.” ® Early works by Tobolsky and ©n the lattice model presented in the next section.
Eisenberdand Scoft apply mean-field theory models to un-
derstand the tendency of heated sulfur to form a very viscous
fluid at elevated temperatures. This type of modeling hadl- LATTICE MODEL OF LIVING POLYMERIZATION

been extended to me’[a|S, such as Seler?llﬁ'ﬂwaréo sum- Consider a System Composed m)J solvent molecu|esy
marizes early efforts at characterizing living polymers alongn® monomers of specie, andn, molecules of the initiator
with early theoretical models, while Greer provides an up-| which activates the monomers and thereby enables them to
dated review on this tOpI%?’ The recent theoretical treat- propagate into po]ymers_ In order to compare the theory with
ments of living polymerization by Wheelet al:*~*®and by  the recent extensive experiments of Greer and
Milchev et a|.19_23 utilize the maChinery of Spin models for CO-WOfkerSz,'g'Bz’sSWG assume that po]ymerization occurs un-
phase transitions and of Monte Carlo simulation methodsger conditions of chemical equilibrium and that the smallest

respectively, and are representative of current theoretical epropagating species is a bifunctional dinMs!, which con-
forts to describe living polymerization quantitatively. The tains two molecules of the initiatdr

scaling arguments of Catésare also notable for the insights

they provide into the role of excluded volume interactions on 2M+21=Mol o, @
the properties of living pqumers. All these recent. thgoretical Mil,+M=M,,ql,, i=23,...,°. 2
treatments restrict attention to cases where the initiator con- ) ) ) , .
centrationr is either very small or vanishing, but the present>INce the reactiofl) is assumed to be irreversible, the equi-
paper focuses instead on the case’aD since this situation 'Prium system may only contain unreacted monomkrs

arises in many physical applications of living polymeriza- polymers Mil, (i=2,3,...%), and_ solvent n_10|ecu|es. The
tion. Greer and her co-workériave pioneered the investi- total numbers of the former species are designatet,pgnd

gation of basic thermodynamic properties of living polymer{ni}’ respectively. Conservation of mass requires thaand

solutions(specific heat, density, scattering intensity, correla-{ni} are gelated to the initiali.e., before polymerization
numbern,, of monomers by

tion length, eto. for finite r, as in our modeling, and we
compare our theory to these measurements below. *

The present investigation of living polymerization is also nﬂ]= nm+2 in;. (©)
stimulated, in part, by recent observation of a phenomenon =2
resembling living polymerization in molecular dynamics Because all the initiator is contained in the;l, (i
simulations of supercooled liquid3.The analysis of these =2,3,...,%) species, the total numbey of initiator mol-
simulations requires a knowledge of how the average degreecules and the total number of polyméid;l,} are related
of polymerizationL varies with temperature in systems that by
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> ibility of the system. After simple algebra, the equilibrium
n|:2 n;. (4)  condition in Eq.(9) takes the form in which the:, terms
=2 cancel identically,

The system is described using a minimal incompressible &,
Flory-Huggins(FH) lattice modet* with a single site occu- In|——=|=i-2—(i+2)f,+4f,, i=34,.. .
pancy constraint for all monomers, solvent molecules, and 2¢m
initiator molecules.(See Scoft for a similar lattice model (12)
formulation for the polymerization of sulfyrThus, the total The specific free energy; (i=2,3...,) is obtained
numberN; of lattice sites is written in terms of the numbers from the Flory theory for semiflexible linear polymers®s,
for the individual species as

N[ -

fi= ! I 2 + i+l ! In[1+ 2
_— o S ziry | Tive it Em2)
N|=ns+nm+2 ni(i+2)=ng+ng+n, (5)
i=2 i—1
X — + —
while the total Helmholtz free energy for the system is X~ elkeT)] |+2Af’ (12
given by where z is the lattice coordination numbeg, denotes the
= Z b “bending” energy (the energy difference betweagauche
Nk~ dsIn ps+ Py In ¢m+22 mln bit dsdmx andtrans conformationg while Af designates the free en-
I™B =

ergy change due to the polymerization, a feature appended to
* * the Flory specific free energy in order to describing the liv-
+¢5X2 ¢i+2 bifi, (6) ing polymer system. The chain stiffness factbe=1+(z
=2 =2 —2)exp(-elkgT) in Eq. (12) is the sole manifestation of
wherepn=nn/N,, ¢s=ng/N,, and{¢;=n;(i +2)/N,} de- chain semiflexibility in our modeling. In the completely flex-
note the volume fractions for the residuak., unpolymer-  ible chain limit of vanishing bending energy—0, we have
ized monomers, the solvent, and polymers, respectively. J—2Z—1, whereas the opposite limig—o yields J—1,
the monomer-solvent interaction parameferis the dimen- Whereupon the polymers are modeled as stiff rods. Since the
sionless specific free energy of amer, which is composed above free energy expressions are isotropic, we do not con-
of i monomers and two initiator molecules, akg is the  sider situations in which the semiflexible chains exhibit lig-

Boltzmann constant. The specific free enefigyis quoted  Uid crystalline ordering>°

below, while the quantitie$,, andf are taken as vanishing Combining Egs(11) and(12) leads to the compact ex-
identically since both solvent and monomer species ar@ression for thé-mer volume fractiong;
treated as entities o_ccupying single lattice sites. The mass bi=(i+2)CA~2, (13)
conservation constraints from Ed8) and(4) can be conve- _ . .
niently reexpressed in terms of volume fractions as with the quantityA given by
S A= exp—Af/kgT)[1+(z—2)exp —elkgT)]
0 . i
= + —_—
S bmt 2, 1777 ™ = exp( — AflkgT)J, (14
and and with the prefacto€ as
1 o ¢ C=(1/4)¢,. (15)
§¢':i:22 i+2’ ®) Substituting Eq.(13) into Eqgs.(8) and (9) produces, after
o o performing all the summations, the important relation be-
Whereqsm:nm/M and ¢,=p, IN;. - tweenA andC,
The condition of chemical equilibrium imposes the fol-
lowing relation between the chemical potentiéls}, o, C=(1/2¢(1-A), (16)

andun,, where the subscripis 2, andm represent, respec- 4 betweens?,, &, and ¢
tively, thei-mer M;l,, dimerM,l,, and monomer species, me m
¢ (2—A)

wi=pot (i=2)pum, =34, 9 ¢m=¢%—7(1_A). (17)

On the other hand, the chemical potentials, («=2,i,m)
can be calculated directly from the free energy of &j.as,

 A(FlkgT)
kB_T(Iua_CaIuS)_ an

The relation in Eq.(17) resembles the previously derived
mean-field formul&®%’
(10) o X 2= XmKp(T)

Xm=X

« N, M2 1= XK p(T)’ (18)

The exchange chemical potentiaf*= u,—c,us [With us  wherex,, is the mole fraction of unpolymerized monomers,
the solvent chemical potential and with the coefficiept  x3, is the initial mole fraction of monomers before any poly-
=1,4, and (+2) for e=m,2, andi, respectively emerges merization or reaction with initiator, andKy(T)

from Eq.(10) as a consequence of the assumed incompress= exp(—Ag/kgT) is the equilibrium constant for the polymer-
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ization reaction in Eq(2). Equations(17) and (18) become d)?n_ dm T (2—A)
identical upon the identification of the combinatiakf ® &0 =5 (1-A)’
—kgT In(J) with the specific single bond Gibbs free energy m

Ag of polymerization in the earlier models. Because) In wherer=¢, /42, is the dimensionless initiator concentration.
varies almost linearly witii ~! over the temperature ranges Equating® =1— ¢,/ $2, to zero and settings, =0 in Eq.

of interest,Af is just obtained fromAg by removing the (19 for ¢, recovers the usual Dainton and Ivin equatfbn
contributions to the enthalpy and entropy associated withor the “polymerization temperatureTg’),
chain semiflexibility since these contributions are treated
separately in the free energy. More general descriptions, such 10— Ah 03
as those provided by the lattice cluster theory, explicitly de- P _m' (23)
scribe further aspects of the chain conformation statistics and
thereby would provide somewhat different renormalizationsappropriate ta =0 or r—0, with Ah andAs denoting, re-
of the free energy of polymerization. It will be interesting to spectively, the enthalpy and the entropy of the polymeriza-
determine whether these more molecular renormalizationon reaction in Eq(2). We terng’) the “ideal polymeriza-
affect the molecular weight distribution or other properties oftion temperature” since this transition corresponds to the
the living polymer system. Within the present mean-fieldidealized limit ofr —0. When the initiator concentratianis
model, semiflexibility simply modifies the magnitudes of the nonzero, wedefine T, more generally as the temperature at
enthalpy and entropy of polymerization, but does not chang#hich the specific hea®p has a maximum or, equivalently,
the values for the effective equilibrium const&qy(T). This  at which there is an inflection point in the curdg(T) de-
observation justifies the use of the flexible chain theory toscribing the extent of polymerizatich as a function of tem-
describe semiflexible living polymefé whereupon the phe- peratureT (see next sectionThe average chain lengthis
nomenological free energif contains contributions from determined from an average ovali monomer containing
conformational, packing, etc., influences. species in the system,

Equation(17) can be solved analytically fog,,,

(22)

B BT 4(¢% 4))G L_‘f’m”izd’im_ SO (1-A) N
= 2G : (19 - 6 A-(2e 2
¢m+2i=2m

with the parameterB and G defined by
Alternatively, we may introduce a definitidn for the aver-
age chain length which excludes the unreacted monomers

After inserting Eq.(13) and performing the summations in from the averaging process,
Eq. (6), the Helmholtz free energly for the system reduces

B=1+[¢2—(1/2)$,1G, G=exp —Af/kgT)J. (20)

to the form, © b —
: *2%57 2-A 2 25
F B é  1-A 1
—(1_ 40 _ _ 40 _ w
Nt~ (1~ &= #)IN(1=¢0= 6) + dmIn s
¢ Both of these definitions are considered below
- -2 - - :
$m(1=dm= )X+ 574 The probability distribution functiop(i) (i=1.2...)
1-A) for the chain molecular weight is represented as the fraction
X (1_A)|nL+A|nA_(2_A)|nJ of polymers having monomers of speciebl and can be
z simply evaluated to obtain
Af . .
0 _ 2 i3 : n; o(i,1) g+ [1-46(i,1)|D
i=1'

which uniquely specifie§ for a given set of parametefs

%, &, x, & andAf=Ag+kgTIn(J). The concentration

¢m(T,¢%,¢|) of unreacted monomers and the quantity

A(T, 9%, ) are given by Eqs(19) and (14), respectively.

The basic thermodynamic properties, such as internal energy D, ,=Dpexp(—i/\), Da=(¢/2)(1—-A)/A?,

E, specific healCy (=~Cp within the FH model, and en- (27)

tropy S of the system follow from Eq(21) as standard de- A=-—1/InA,

rivatives of the free energly. . . . . .
Other basic properties of living polymer solutions are theWhIIe the norming constarlt of p(i) is a simple function of

extent of polymerization®, the average chain length $mand e,

=(N), and the molecular weight distributiop(N). & is N= g+ (1/2) &, . (28)

defined as the fraction of monomers converted into poly-

mers, The chain lengthL can be alternatively calculated as

wheren;=n,, and (k,l) is a Kronecker delta function such
that 5(k,1)=1 if k=1 and equals zero otherwise. The poly-
meric contributionD , to thep(i) distribution is given by
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2000 T T

- | 4000 prrrrprrrr e

L=2 ip(i), (29 [ r=0.0011 - AR AN ]
- L 3000 - -
leading to the equivalence between E@2l) and(29). Note - r .
that the decay length of the exponential part of the length 1500 — 4 2000 - =
distribution corresponds toeither L nor L. I - ]
The properties of living polymer solutions defined by L. _r=0.0017 1000 [~ —
Egs.(22)—(29) do not depend on the Flory-Huggins interac- r C ]
= 1000 — 0 |||||||||||||I|||_

tion parametey~ 1/T in Eq. (7), but the phase behavior is
strongly influenced by. (We expect that this situation may
change within the lattice cluster theory singecan acquire

an entropic contribution, i.e,y has an additional constant
contribution beyond the T/ dependence in simple Flory-
Huggins theory. See Ref.)8Because our model assumes
that all monomers in the fluidi.e., free monomers, poly-
meric segments and solvent molecullbave the same size
and that the fluid is incompressible, this idealization does not
permit predicting the variation of the density with tempera- T [K]

ture nearT, without introducing unrealistic assumptions. A

better theory, which distinguishes between different monoFI!G. 1. Average chain length of living polymers as a function of tem-

: ratureT and initiator concentration. We utilize the same valud¢&reer
mer structures and descrlpes t'he presence of free volume,zsall (Refs. 3 and 38 of Ah=—35 kJfmol andAs= 105 J(mol K) in
necessary for such an estimation.

Figs. 1-13, unless otherwise specified. The initial monomer concentration
¢?n is fixed at 0.15. The inset shows that the low temperature “plateau
value,” L, of the chain length_, is inversely proportional to the initiator

IIl. RESULTS concentrationl,~2/r. Squares, diamonds, and pluses refegfp=0.15,

. . . . . 0.05, and 0.5, respectively. The chain length does not grow monotonically
While the thermodynamic relations derived in Sec. Il aréwith temperature in living polymer solutions that polymerize upon heating

rather general, the illustrative computations in this sectioriRef. 8.
are for cases in which both the enthalpy and the entropy of
polymerization are negative. Under these conditions, chain ) " » _ )
growth occurs at temperatures below a “ceiling tempera2ikoxides:** The additional factor of two in E¢(30) arises
ture” (also called the “polymerization temperatur&;) and from thg presence of two initiator molecules and, hence, the
for initial monomer concentrationg®, greater than a tem- WO active chain ends in the model. It may be Sha?"m?t
perature dependent “critical polymerization concentration” this prefactor reduces to unity, as in Flory's treatnérit,
% . Because we find almost complete insensitivity of all®Nly one chain end is active in the chain growth. Figure 1
basic thermodynamic quantities considered in the present p&!S0 exhibits the conflicting influences of the initiator upon
per to polymer chain semiflexibility, the factor af is the polymerlzatlon process. The |n|t!at_C)r is required to ini-
dropped(i.e., set’=1 in the above formulasand the values Uate chaln growth, but its presence limits the average extent
Ah=—35kJ/mol andAs=—105J(molK) are chosen as of chain grovvth because the initiator controls the maximum
determined from extensive experimental investigation offumber of chains that may form. o
poly(a-methylstyreng living polymerization by Greer _Flgure 2 deplcts thg _tgmperature variation of t.heoaverage
et al>332%%jn methylcyclohexane, where sodium naphtha-Cha'_n Iengt_H_ W|th the |n|t_|a_l_monomer conce_ntratlcxyﬁmoat
lide is the initiator species. The lattice coordination nuner & given dimensionless Initiatorconcentratior: b1/ bm-
in all these illustrative calculations is taken s 6, appro- 1€ main effect of changing, is to shift the polymeriza-
priate to a cubic lattice in three dimensions. tion transition temperatur(esge below. A higher ¢, leads to
The average chain length is perhaps the most basic p&" increased,,, and the shift ofl, to elevated temperatures
rameter describing a living polymer solution. Figure 1 de-Saturates to a “Om't'ng constant yalue@%al. The depen-
picts L as a function of temperature for several differentdence ofl on ¢y, at a constant is found to be remarkably
initiator concentrations, =r ¢, and for an initial fixed linear,
monomer compositiorqbom. We observe that saturates at L(T)~1+a(T)¢?n, (31)
low temperatures to a constant plateau that depends strongly
on the dimensionless initiator concentration ¢,/ $°,. Un-  over a large temperature rangee., T between 250 and 400
limited chain growth at low temperatures occurs in the abXK; see Fig. 3. (The analytic origin of this approximation is
sence of initiator. The inset to Fig. 1 shows that the lowdiscussed belowAt very low temperaturesT<Tp), L ap-
temperature value of the chain lendtp scales linearly with ~ proaches a constant which is independent of Ho#nd 2
r~!as, (see Fig. 1 The lines in Fig. 3 extrapolate to—1 at the
. concentrationg’, , which we term the “critical polymeriza-
LT<Tp)=Lp, Lp~2r. (30 tion concentrat?on”(cpc). This term is motivated by the ob-
Flory previously introduced the approximatian~1/r for  servation that a minimal concentratietf;, is required for the
the living polymerization of ethylene oxide initiated with polymers to begin growing. Analysis of Fig. 3 indicates that

0 500 1000 1500
1/r

500
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FIG. 2. Temperature dependence of average living polymer léngtt a  F|G. 4. The concentration/l) dependence df is governed by the param-
range of initial monomer concentratiorig, and for a fixed initiator concen-  eter « which denotes the slope of the curves in Fig. 3. The inset indicates

trationr :00044 Note that the main effect ¢Q1 is to alter the location of that ¢:1 obey an Arrhenius temperature dependence to a good approxima_
the transition temperature. tion.

while Fig. 4 demonstrates that the slop€l) decreases ex-

¢n and the slopex(T) governing the temperature depen- ponentially with temperature. The nearly Arrhenius tempera-
dence of the chain growth in E¢31) vary in near inverse tyre dependence af¥,,

roportionality,
Prov g or~expAh/kgT), (33

r(T)~1la(T), (32)  is apparent in the inset to Fig. 4 whereln ¢, is plotted
versus IT. The logarithm of the slope (or —In ¢%) vs 1T
yields the valueAh= —34.9 kJ/mol which nearly coincides
with the enthalpy of polymerizationAh= —35.0kJ/mol)
10 RV VAR R assumed in our calculations. The temperature dependence of
T=250 K /T=265 K /T=273 K A ¢r, in Eq. (33) is strikingly similar to that found in recent
simulations of the critical micelle concentration by Floriano
et al*° We mention this point because many aspects of as-
sociating polymers seem to be insensitive to the particular
mode of associatioft This view underlies the commonali-
ties between living polymerization, thermoreversible gela-
tion, and micelle formatiorisee Sec. IV.

The linear dependence &f in Fig. 3 conflicts with the
commonly reported scaling?* L~ (¢%)Y? for the chain
length from the mean-field theory of living polymers. Since
these prior treatments take the initiator concentration to be
extremely small or vanishing, we have performed
T=315 K calculationd® for the living polymerization model without
/ initiator (r=0) to analyze this discrepancy. The scaling

T=400 K ~(¢%)Y? is indeed recovered in the absence of initiator
T T T I when the temperature is lowl &Tp). However, this com-
0.0 0.2 0.4 0.6 0.8 1.0 putation indicates that the slo@an a plot of In(L—1) versus
¢.° In gb?n approaches 1/2 very slowlie.g., §=0.4736, 0.4897,
and 0.4986 fofT =220, 200, and 170 K, respectivelyThe
FIG. 3. Dependence of the average living polymer lergtin initial mono- often C|ted|_~(¢)0m) 1/2 Sca"ng is thus restricted to a model
mer conceptratiorb% for a range Qf t.empe.ratgré'sa'nd for a fixed initia'tor for polymerization in the absence of initiator and in the limit
concentratiorr =0.0044. The variation withp,, at fixed temperatur@ is . A o
nearly linear above a critical value @;f?n at whichL—1 extrapolates to of Iong chains. Thus, the prgsence of Imtla_q"a“tatlvely .
zero. We term this characteristic concentration the “critical polymerizationChanges the character of living polymerization at both high
concentration”(cpg ¢%, (see Fig. 4. and low temperatures. Recent measurements of nonionic mi-

T=305 K
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FIG. 5. Temperature dependence of the specific Bgator a living poly-
mer solution over a range of initiator concentratiorend for a fixed initial
monomer concentratiop%,=0.15. The magnitude of the maximu@f;, of
Cp in ther—0* limit is independent ofAh. Observe the decrease of the
ratio SCp=C}(r)/C{(r—0%) with increasingr.

FIG. 6. Temperature dependence of the specific Bgdor living polymer
solution over a range of initial monomer concentratigifsand for a fixed
initiator concentratiorr =0.0044. The temperaturealled the polymeriza-

tion temperaturel ;) corresponding to the maximum @fp shifts to lower
temperatures with decreasingf,, and the magnitude of the specific heat
maximum is also affected. The inset compares the mean-field lattice model
computationgRef. 48 with experimental data of Greet al. (Ref. 32 for

celle forming liquids (for which living polymerization is . living polymer system witi,=0.118 anc =0.0032.

thought to be an appropriate mogeidicate a nearly linear
dependence df on the associating speciésurfactant con-
centrationgy, .42~
The specific heat is another essential property of living ~ The maximumC§ of eachCp(T) curve in Fig. 5 defines
polymer solutions which is useful for fixing the parametersa polymerization temperaturd, and a measure of the
of the living polymer model. Figure 5 presents calculations'strength” of the polymerization transitioff. In particular,
for the constant pressure heat capa€iiy as a function of consider the ratioSCp=Cp(r)/C5(r—0), which ranges
temperature for a series of values for First, observe that between 0 and 1 as exhibited in the inset to Fig. 5. Kennedy
Cp(T) is greatly rounded for #0. A jump appears for and Wheelé? have previously noted th&§ (r—0) equals
— 07, which is typical for a second order phase transition in * _ 0)72
mean-field theory® (Note that the limitr—0* in Fig. 5 p(r—0)=ke[AN/KsTT?, (34
does not correspond to the solution of the living polymeriza-which is independenof Ah since the polymerization tem-
tion model without initiator, but to the limit of a “very peratureT(pO) is proportional toAh [see Eq.(23)]. The spe-
small” initiator concentratiorfe.g.,r ~0O(10 8)].) cific heat maximum becomes very “diffuse” for high initia-
The polymerization “transition” is no longer a second tor concentration, and the rat@Cp provides a useful means
order phase transition whenis finite, although this transi- of estimating how much the polymerization transition is like
tion appears to bear some resemblance to omeisf suffi-  a second order phase transition. The r&di@s also provides
ciently small. Several work& 8 emphasize this relation of potentially important means of estimating the amount of ini-
living polymerization to a second order phase transition, andiator that is “active.” The initiator can react with impurities
it has been noted that in the spin-model descriptidhof  in solution to modify the effective value of
living polymers plays the role of a magnetic field that inhib- Figure 6 displays the initial monomer dependence of the
its the second order phase transition. The present paper erspecific heat on compositio@%. The initiator concentration
phasizes the commonly occurring experimental situation in=0.0044 is the same as in the measurements of Greer
which r is not “very small.” Since critical fluctuations as- et al>*3® Both the polymerization temperature and the
sociated with equilibrium polymerization should be greatlysharpness of the polymerization transition strongly depend
suppressed for finite, the mean-field theory should be an on ¢°m. When ¢°m grows, T, is shifted to higher tempera-
increasingly good approximation. The present work thertures, while the sharpness of the polymerization transition
complements previous studiés'® emphasizing the critical (specified by the half width of th€p peak diminishes.T,,
phenomena aspect of living polymerization. Our mean-fieldalso coincides with the infection point in th&(T) curve
treatment appears to be adequate even for modest values (ste below. The inset to Fig. 6 exhibits reasonable agree-
r, r=0(10 3) where there is no evidence for any kind of ment of our calculatiof§ with the experimental data of
“critical phenomena” (i.e., measurable critical exponents, Greer et al®? for the system with $2=0.118 andr
critical amplitudes, etg. =0.0032.
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Wheelet® have shown that the specific he@p is approxi-
mately proportional to the derivative of the fraction of mono-
mers converted into polymers,

Cp=Ah(dd/dT), (39

and we have verified that this approximation holds accu-
rately (eight significant digit agreemenin our calculations.
Equation(39) implies that the temperature at which the spe-
cific heat has a maximuiti.e., the “polymerization tempera-
ture” T,) coincides with theT at which the®(T) curve
exhibits an inflection point.

Figure 8a) illustrates dependence df on the monomer
concentration. The main part of the figure presehtdor
representativeﬁﬂ] values and compares our calculations to
the measurements of Greertal®® for poly(a-
methylstyreng in methylcyclohexane. The measured values
of ® are denoted by squares, ardz(ﬂ1 in the experimental
sample equals 0.15. Increasityb@1 produces an increase i
at a fixedT, as is found for the average polymer lendth
(see Fig. 2 The extent of polymerization is further consid-

FIG. 7. Fraction® of monomers converted to polymers as a function of ered in a different way in the inset to Fig(&8 where® is

temperaturd for the fixed initial monomer concentratiapf,=0.15 and for
a range of initiator concentratioms Note the increasingly large tail which
forms asr is increased. The dotted line for=0.1 showsD,; as calculated

from the high temperature expansion in E85). The inset consider® in

the limit of an infinitesimal initiator concentratiom{-0") where a nonana-

lytic temperature dependence is approached.

where the high temperature expansion variabie defined

as

x=exd —Ah/kgT],

and the coefficien,, is the high temperature limit of the

The extent of polymerizatiod, defined as the fraction
of monomers converted into polymers, represents an ord
parameter type variable for living polymerization. As men-
tioned above, this language is loose since there is no true
phase transition associated with the polymerization rfor
#0. Figure 7 displaysb as a function of temperature for
several different values af and for a fixed initial monomer
concentrations’,. The curves demonstrate thhidevelops a
“tail” which becomes larger as is increased. Starting from
Eq. (22), the high temperature expansiondfis obtained as,

r
D= P(T>T) =D+ E[wa+Aix2+ .1, (35

(36)

parameter in Eq. (14),

At very high temperaturesh simply reduces to the initiator

AL =A(T—0)=d(T—x)exf As/Kg]

= (- ¢y exp As/kg]. (37)

concentratiorr,

PO, =P(T—xo)=r.

(39)

The high temperature expansion in Eg5) (dotted ling and
the exactd are compared in Fig. 7 far=0.1.

The inflection point of® versusT also can be used to
define the polymerization temperatuil,. Kennedy and

plotted as a function o&’;ﬂ1 for a range of fixed temperatures.
A critical polymerization concentratiog}, is estimated by
extrapolating the linear portions of th@(¢ﬂq) curves to
zero, analogous to the extrapolationlofto unity in Fig. 3.
(Kumar and Panagiotopoultsuse the same method to de-
termine the critical gelation concentration or gelation line in
simulations of associating polymers with “sticker” groups.
The intercepts from thé-extrapolations are denoted by

Eiz? Fig. 9, and these estimates for the onset of polymerization
nearly coincide with those obtained from the extrapolation of
L to unity in Fig. 3(the ™ symbols in Fig. 9. Notably, the
extrapolated critical polymer concentrations from m(aﬁom)

and L(¢ﬂq) curves lie very close to the ideal polymerization
line in Fig. 9. The cpc curve and the ideal polymerization
line Tg’) seem to be identical. This finding is restricted to
relatively smallr, however, and for larger, it becomes
more difficult to extrapolat@(¢>?n) to zero to determine;,

due to the nonlinearity of thé)(¢?n) function.

Kumar and Panagiotopoulos also suggest that the gela-
tion transition in thermally reversible gels can be estimated
effectively from a plot of the volume fraction of unassociated
polymer versus the initial polymer concentratfSrirhis cri-
terion is based on a suggested analogy between thermally
reversible gelation and micelle formation. Figurén)8con-
siders the corresponding properties for a living polymer so-
lution by plotting the monomer concentrati@f, versus the
initial monomer concentratiod;?n. The figure shows,, in-
creasing linearly withp?, if ¢0 lies below the critical poly-
mer concentrationpy,, and ¢,, becoming nearly indepen-
dent of ¢31 for ¢°m> ¢r, . This phenomenon is strikingly
similar to simulations of thermally reversible gels and obser-
vation and simulations of micelle formatiqeee Ref. 48

It is apparent from the discussion above that distinct
transition points emerge from the specific heat maxinfam
equivalently the inflection point in the temperature depen-
dence of®) and from extrapolatind. to unity or ® to zero.
The specific heat maximum is identified as the true polymer-
ization temperaturd,, since the maximum is a real rather
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FIG. 9. Transition temperatures of living polymer solutions as a function of
0.4 L} L T T 11 LI I | T T T " . 0 “« "o
L [ | i initial monomer concentratiot,,, . The upper “crossover temperature” line
i i denotes the loci where the fractidnof monomers converted into polymers
| i is 5% greater than its high temperature limiting vafbéT —«)=r. Solid
T=305 K R line is the “ideal polymerization transition” line in the—0™ limit, and the
3 — squares and crosses represent estimates of the transition line from the “criti-
03— ] cal polymerization concentration” in Figs. 3 and 9, respectively. The ideal
r U 7 polymerization line thus coincides with the curve defining the critical poly-
r 7 merization concentration. The dot-dash and long-dash lines denote the po-
B 7 lymerization transition temperatures at which specific heat has a maximum
B _ 7 for r=0.0044 and 0.1, respectively. The “saturation Iiné*’;(¢%) corre-
.é 0.2 — T=295 K — sponds to temperatures where the entropy of the living polymer solution

B A b approaches to within 5% of its limiting low temperature valigs We

- 1 observe that the ratios of the crossover and saturation temperatures to the
- b polymerization temperatures are nearly constant and equi f6,=1.21

- T=284 K - +0.04 andT,/T4=1.22-0.02, respectivelyr is varied in the range

0.1 — — (0.0011, 0.017Bwhich is a factor of four larger and smaller than the refer-

= e ence valug =0.0044.

| 1 1 | Ll 1 1 l | I S | | | I I |
0.0 1 1 1 1 1 | L i .
0.0 0.2 04 0.6 0.8 1.0 thus difficult to resolve experimentally. However, more sig-

.0 nificant deviations can be expected for larger valueg\df
= andr, leading to a greater separation between the critical
FIG. 8. (a) Fraction of monomers converted to polymers as a function ofpolymerization concentration lin&(¢}%) [or equivalently
temperaturel for a fixed initiator concentration=0.0044 and a range of TE)O)((ﬁ?n)] and the true polymerization Iinﬁp(¢%). It will

initial monomer concentration$?n. Squares denote the experimental data . - . . L ~
of Greeret al. (Ref. 33. Inset showsD versus¢?, for fixed temperatures. be interesting to examine this gap between the critical poly

The X in Fig. 9 denote the extrapolated valuesqliﬁ defining the onset of merization line TE)O)(QbOm) and the polymerization line
polymerization.(b) Volume fraction of unassociated monomefs, versus Tp(d)?n) for other types of associating polymers.
the initial volume fraction of monomers?,. Arrows in figure indicate The growth of initiated polymer chains aboVg should
critical p_olyr_nerization concentration from Fig. 3. Parameter values of living ha reflected in changes of transport properties, such as vis-
galymer'zapo” model correspond to- palymethylstyreng (r =0.0044). o collective diffusion coefficient, etc., since these prop-
e flattening of theg,(¢,,) curve is characteristic of other associating ) . . . .
systems(see Ref. 49 erties are generally sensitive to fluid heterogeneity. Previous
measurements for sulfur and paymethylstyrengsolutions
identifiy the polymer transition temperature by a sharp in-
than an extrapolated feature characteristic of the onset ajrease in the viscosity as measured by a falling ball
polymerization. The polymerization lin€B,(¢%) in Fig. 9  viscometer®®! The initiation probability(the analog of ini-
depend on the initiator concentration and the departures tiator concentrationin sulfur solutions is extremely smafl
between Tp(¢21) and the “ideal polymerization line” (yielding one of the few cases where the living polymeriza-
T(”(¢p) of Dainton and Ivin increase with For the initia-  tion transition has the appearance of a real second order
tor concentrations considered by Gresfral. for poly(a- phase transition While the viscometric method provides a
methylstyreng the deviations betweenTp(d)?n) and reasonable estimate for the polymerization temperature of
TE,O)(QS%) should only be on the order of a few degrees andsulfur solutions, we expect the polymerization to initiate at a
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higher “crossover” temperaturd, when the initiator con- 0.00010 ——r——————1—
centration is larger. The viscometric determination of the po- I
lymerization line must be performed very carefully.

The “crossover temperatureT, is defined as the tem- 0.00008
perature at which the polymerization process first becomes
detectable, and this definition, of course, depends somewhat
on the method of measurement. Nevertheless, a good esti-  0.00006
mate forT, may be obtained by considering the magnitude =
of uncertainty in the measurement process and by specifying &
the temperature where deviations emerge beyond this uncer- ~ 0.00004
tainty. We therefore consider a criterion in which the fraction
of polymerized monome® is taken as 5% greater than its
high temperature limitb(r, T—»)=r as a reasonable order 0.00002
of magnitude detection limit for polymeric clusterin@.his
criterion is in the spirit of the Ginzburg criterion for the 0000006 L > e N e
breaKdown of homogeneity in QCFIFIC3| fIU|d.m|x'Fur%.The : 0 100 200 300 400 500
resulting “crossover curve'T, is displayed in Fig. 9 as a N
function of d)om and surprisingly is nearlindependenbf the
initiator concentration for r in the range r FIG. 10. Chain lengtiN distributionp(N) for living polymer solutions over
€(0.0011,0.0176). Moreover, the concentratiay‘;\?n][ de- a range of tempe_ratureTs and for fixed initial mpnomer¢?n=0.15_and _

. . (0) . initiator concentrations =0.0044. The curves exhibit the increase in chain
pendence off, is S'mllag to that fOI’Tp (?I‘ Tp - The ratio length upon cooling. The inset depicts the variatiop@¥) with r for fixed
Ty/Tp=1.21+0.04 for ¢, € (0.01,0.99) implies that @ good temperatureT=270K and initial monomer concentratiof®,=0.15. The
estimate ofT, can be obtained from a knowledge f. values ofp(N=1) are not indicated in both figures since they lie off scale
Thus, the crossover temperatdrgcan occur well abové'p unlessr is unreasonably_large. The int(_eraction parametés te_lken asy
(see the example in Fig)gand therefore great caution must =121/T, so the polymerization occurs in the one-phase region.
be exercised in deduciﬁJng from viscometric or other
transport measurements.

Living polymer solutions with initiator exhibit another of chain lengthN, as illustrated in Fig. 10 for a few tempera-
characteristic temperature that does not exist for polymeriztyres but for constarrb?n=0.15 andr =0.0044. The inset to
ing systems without initiator. As discussed above, chairFig. 10 shows howp(N) changes with initiator content when
growth becomes limited at low temperatures, and the averag@‘r)nzo_ls andT=270K. The probabilityp(N=1) for the
chain lengthL “saturates” toL,=2/r for T<T,. The en-  monomers is not presented in both figures since it is off scale
tropy S of the living polymer solution also drops precipi- unlessr is unreasonably large. For instancg(N=1,T
tously upon cooling and likewise “saturates” at a tempera-=270K)=0.9935, 0.9870, and 0.9635 for=0.0044,
ture comparable to that wheteceases to vary witfi. (The  0.0088, and 0.025, respectively. When the temperature is in-
temperature dependence $fand its relation toL are de- creased, the distribution becomes more steep, and theNarge
scribed below. Figure 9 presents the locus of saturation tem-tail of p(N) diminishes. A simple example illustrates this
peraturesTg at which S becomes 5% greater than its low variation. The average chain lendth as estimated from Eq.
temperature limitS,. The saturation temperatuig is al- (29 by taking a finite length* as the upper limit in the sum
most independent of the initiator concentration fom the  overi, converges slowly to the of Eq. (24), especially at
ranger € (0.0011,0.0176), and its definition is similar in low temperatures. ForT=250K, ¢21=0.15, and r
spirit to the definition of the Kauzmann temperaftirin =0.0044, we obtairL =7.46, 9.74, 10.10, and 10.14 when
glass-forming liquids where the excess entropy is formallyi* = 1000, 2000, 3000, and 4000, respectively. This example
extrapolated to zero. Thus, living polymers systems with ini-demonstrates that chains composed of a few thousand mono-
tiator have an onset temperatdrg(which can be well above mers are still statistically relevant even whenis fairly
T,) where the polymers begin to grow, a “transition” tem- small. As already noted, the presence of initiator limits poly-
peratureT, where they grow rapidly and the system exhibits mer growth, so the variation gf(N) with initiator concen-

a specific heat maximum, and a “saturation” temperaflye tration is similar to that produced by a change in tempera-
where they cease to grow and the entropy saturates, respdore. The examples ob(N) are restricted to temperatures
tively. These three characteristic temperatures are essential goeater than the critical temperature for phase separafion (
understanding the properties of living polymer systems.  >T.). Two molecular weight distributions exist far<T,,

In addition to the average chain lendthand the order one for each coexisting phade.
parameterd, the molecular weight distributiop(N) is im- In order to ascertain the sensitivity of the molecular
portant for characterizing living polymers. Unfortunately, weight distributionp(N) to the polymerization mechanism,
there have been few measuremehesg p(N). (There happen additional calculation§ have been performed for the model
to be measurements of the molecular weight distribution foiin which the propagating specid; |, has onlyoneinitiator
actin living polymers where the individual molecules can bemolecule. The resulting distributioqg N) for chains having
directly observed by microscopy) The Flory-Huggins one and two initiator molecules are found to be nearly iden-
model produces purely exponential tails for this distributiontical numerically provided that the number of growing chains

0.0002|||||||||I|
r=0.25

0.0001

T=250 K
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is the same. The latter constraint implies that the initiator 500

concentratiorr in the single initiator molecule per polymer r RO gy T T
system must be half of that for solutions with two initiator C 15 b _
molecules per polymer. 400 — ]
The relation between the decay lengtbf the molecular - 10 —
weight distributionp(N), i 5 =
p(N)~e N, N—e, (40 300 [~ N A
in Eq. (26) and the equilibrium chain lengthsandL is not '< i 300 320 340
obvious at first glance from E@26). Intuitively, \ should be <~ - 1
more closely related ta since the tail of thed(N) distribu- 2001 .
tion refers exclusively to the distribution of the polymeric i ]
species. Inspection of Eq&6)—(28) implies that\ equals - .
neitherL nor L. However,A may be expressed in termslof 100 ]
through Eq.(24), i ]
roL P SR R N i
A=l=51=1 (42) 200 250 300 350

T [K]
so that subsequent expansion ofAlas '
L L FIG. 11. Relation between the decay lengthof the molecular weight
r

~ _ (42) distribution p(N) and the average polymer Iengfh of a living polymer
solution. The initial monomer concentrationd§,=0.15, while the initiator
concentration is =0.0044. The monomers are not included in the averaging

to calculate the chain length, and thus this average tends to be larger than
-1 L—1 L. L approaches in the low temperature limit, however. The main figure
A=—1/InA~ PR LpT, (43 shows thah is very well approximated bz, providedT<T,= 287.2K. On
the other hand, the inset demonstrates that the deviation betwéeash
wherelL, is the saturation value df at low temperatures, curve andL (solid curve can be appreciable for>T, .
Lp~2/r. Note that the approximation~L (L —1)/L holds
only for smallr. To our surprisel. is also found to be well

approximated by the approximatiorL =X holds very well providedr <T{ .
L~L (L—1)/L (44) Equations(43)—(47) provide a method for estimatinlg (or
P ' @) from data for the molecular weight distribution of living
thereby indeed yielding the approximatior=\. Moreover, ~ Polymers.

INnA=In

leads to a representation of the decay lengih the form,

Egs. (25) and (44) may be combined to produce the non- Excluded volume interactions within and between the
trivial relations, polymers lead to deviations from the mean-field result in Eq.
(26) for dilute polymer solutions. Scaling argumefit® in
q)%i or L%L (45) this case predict that the exponential tail of the molecular
L 1-¢’ weight distribution is multiplied by a factdd”~ !, wherey

is the “susceptibility” exponent of self-avoiding wal¥s>’

between the average chain lendgithand the extent of poly-
" ¢ el y(d=3)=1.16. Simulation® =2 for living polymerization

merizationd. The exact relation betwednand® is readily

shown to be (with r=0) confirm these scaling arguments. Thus, an im-
proved estimate op(N) can be obtained by incorporating
B 1 these corrections to mean-field theory when excluded vol-
L= 1—-d+r/2’ (46) ume corrections are required.

, . ) One question posed by recent simulations of cooled lig-
which demonstrates that the applicability of E45) is re- uids is how the existence of transient particle clustering af-

stricted to smalt. At high temperaturest(>Ty), the extent o s the entropy of a liquiéf In particular, an inverse rela-

of polymerization is small, and inserting the high temperayjo, has heen suggested between the dynamic cluster mass
ture expansion from E(35) into Eq. (46) gives, (which corresponds th for living polymers and the entropy
r of glasses® Thus, we analyze the existence of a possible
L~1+3[1+As exp( — Ah/kgT)]+0O(r?), (47)  relation betweerl and the entropys of a living polymer
fluid. The entropy of the living polymer solution decreases
whereA..~ ¢, ex Aslkg]+O(r?). Equation(47) is also re-  sharply to a saturation valu&, at low temperatures, and the
stricted to relatively high temperatures since E8f) is @  entropy also approaches a const&(T—) at high tem-
high temperature expansion. A similar scaling with temperaperatures. This saturation val® is found to be propor-
ture appears also in E¢31), which describes for a broad  tional to the initial monomer concentratiop, and to the
range of temperatures in the vicinity ©f and higher. Figure absolute value of the polymerization entropys| for
11 compared. and A for r=0.0044 and demonstrates that poly(a-methylstyrengandr =0.0044. We then define an ex-
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FIG. 12. Temperature dependence of the excess entbSyAS/AS(T FIG. 13. Relation between the excess entr@$/and the average chain
—o0) of the living polymer solution for a range of initial monomer concen- lengthL of a living polymer solution for a range of initiator concentrations
trationsd;?n at a fixed initiator concentration=0.0044. The primary influ- r and a fixed initial monomer concentrati@iﬂzo.ls The excess entropy
ence of varyinqu?n is to shift the transition temperature. The excess entropydS is defined as in Fig. 14 is nearly proportional to 1S over almost the

SS is defined relative to the residual entropys of the polymer solution at  entire range of definition of and §S. The inset shows that the inverse
low temperatures, and the excess entropy is normalized by its high tempergfoportionality holds particularly well at more elevated temperatures closer
ture limit, so thatdS=AS/AS(T—) is a dimensionless number ranging to T,.

between 0 and 1.

cess entropy AS relative to the low temperature “residual the slopew of this linear variation follows an Arrhenius re-
entropy” S,, so thatA S=S(T)—S, becomes very small at lation over a wide temperature range. The intercept in plots
' 0 - i R
low temperatures, and we further normalize the entropy byf L—1 Vfrsﬂsd’m defines a “critical polymerization con-
dividing AS by its high temperature value to obtain a “nor- centration” ¢y~1/a at which polymerization initiates. In
malized excess entropydS=AS/AS(T— ) which varies contrast, when initiator is absent and when the temperature is
between 0 and 1. Figure 12 shows t&tdecreases sharply Well below the polymerization temperatufg, we find that
with T where the transition temperature dependsﬁﬂp Fig- L dependshonanalyticallyon initial monomer concentration
ure 13 exhibits the cluster mask)(as varying in inverse asL~Vén. The nonanalytic concentration dependence is
proportion to8S, and this relation is nearly independent of commonly cited as a general property of living polymer so-
the initiator concentration. This scaling arises because par- lutions in mean-field theory, but this scaling is demonstrated
ticle clustering has the general effect of reducing the entropyliere as actually having a restricted applicability. Thus, the
an effect that has potential importance for understanding therésence of initiator inducesualitative changen the prop-
significance of the general sharp drop in the entropy near thrties of living polymer solutionsiRecent experimerit

glass transition of cooled liquich:7:5%:58 for micellar “living polymers” produce a near linear depen-
dence onqsom, suggesting that initiation or some effect like
IV. DISCUSSION initiation is important for these systems as wellhe pres-

ence of initiator also enhances the chain growth at elevated

Our lattice model, mean-field theory calculations for liv- T, but limits the growth at lowl whereL becomesndepen-
ing polymer solutions indicate many important properties ofdentof both ¢>?n andT, L(T<Ty)=~2/r. The transient clus-
these associating systems. Chain stiffness is found to havetaring of monomers into polymers upon cooling causes a
marginal effect on these properties within the present mearprecipitous drop in the entrogdy of the living polymer solu-
field theoretical framework. It is then quite justified to em- tion, as found in glass-forming liquids. In particular, the ex-
ploy flexible chain models to semiflexible associatingcess entropyAS relative to its residual valu&, at low T
polymers?’ In order to compare with recent experiments of varies inversely with the chain length~ AS(T—)/AS to
Greer and co-workers>*233emphasis is placed here on liv- a very good approximation. The magnitude of the maximum
ing polymer solutions with dinite initiator concentratiorr. 5 in Cp and the temperaturel() at which this maximum
This contrasts with previous studtés*®that primarily focus  occurs are both dependent on the transition becoming
on ther—0" limit where the polymerization transition has more rounded with increasing This rounding is also ap-
previously been interpreted as a second order phase trangarent in the order parameterlike variadle (Strictly speak-
tion. When initiator is presentr&0), L is found to vary ing, no second order polymerization phase transition exists
linearly with the initial monomer volume fractiorb%, and  forr>0.) While a unique transition temperatuT’{;") may be
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defined for living polymers without initiator, the presence of ¢%, and other features in common with living polymers
initiator leads to threeharacteristic temperatures “cross-  (e.g., an upward shift of upper critical solution temperature
over temperatureT, where polymers first begin to form, a associated with the sticking interactionft would be inter-
“polymerization temperature”T, where the specific heat esting to determine the extent to which these phenomena
has a maximum, and a “saturation temperatuiig’'whereS  quantitativelycompare. The formation of spherical micelles
nearly saturates t&, and the polymers cease to grow. The from small amphiphile molecules also has features in com-
analogy of this behavior of the entropy with that of super-mon with living polymerizatiorf* The “critical micelle con-
cooled liquids has important ramifications for understandingentration” exhibits an Arrhenius temperature dependéhce,
the transport properties of both living polymers and superand “polymerization” (micelle formation can occur either
cooled liquids?>47:53:58 upon lowering or raising temperature, just as in ordinary liv-
The molecular weight distributiop(N) of living poly- ing polymers. It is not clear yet whether the micelle mass
mers also exhibits notable features. The distribution functionncreases linearly with the concentration of surfactant
in Eq. (26) consists of two parts—the monomer contribution (monomey, but simulations do indicate a gradual mass in-
plus an exponentially decaying contribution governing thecrease with the surfactant concentratfBrAqueous living
polymerized species. The decay lengtlof the exponential polymers commonly associate upon heating.g., actin or
tail of p(N) has no obvious mathematical relation to thefor concentrations above a critical micelle concentraffbf?,
average chain length, but we have obtained the useful amnd this situation also appears to occur in micelle forming
proximation A\ ~L(L—=1)/L~L,P, whereL,~2/ is the system$? suggesting a common tendency toward associa-
low temperature plateau value &f This relation should tion with a positive entropy of association arising from “hy-
allow the experimental determination lofor & from data for ~ drophobic” polymer interactions in watér°’
p(N) of living polymers. We also find a near equivalence The phenomenon of “living polymerization” has a sig-
betweerp(N) for chains with one or two growing ends if the nificance in condensed matter physics that transcends the
distributions are compared for conditions with the samesynthesis of polymers with a broad molecular weight distri-
number of growing chains. bution. Stringlike structures occur at equilibrium in associa-
The rich behavior of living polymer solutions arises tion with many condensed matter phase transifioiis and
from a competition between the free energy of association oin the stationary states of important nonequilibrium
monomers and the entropy loss due to the formation of polysystems*~°’ The study of living polymers also provides in-
mers. As the temperature is lowered, the energetic gain ovesights into these transitions. For example, the Feynman
comes the entropic loss, thereby providing the physical orimodef®-8%8 of the \-transition in“He is a model with a
gin of polymerization upon cooling. At very low living polymerization transition involving the proliferation of
temperatures, the association energy completely dominatgmrticle exchange loops in low temperatures in boson
the behavior of the system, and, consequently, the averagiids -8’ The isotropic-nematic transition in certain liquid
polymer molecular weight depends only on the amount ofrystalline fluid$€®~"" and the superconducting transition in
initiator present. However, for high temperatures the entropitype 1l superconductofs’2also involve polymerlike excita-
contribution exerts a larger effect, and a balance between th#ns, and indeed these transitions are largely driven by these
entropy loss and the energetic gain determines the exact nédefect” structures’* Current cosmological modéfsand
ture of the molecular weight distribution. The competition models of particle generati6tr’® in high energy physics
between energetic gain upon “clustering” and the entropicboth reduce to living polymerization models in a mean-field
loss upon reducing the number of particles in the system iapproximation, and much of the existing theoretical literature
common to many equilibrium aggregating systems, includingof living polymerization belongs to this context.
amphiphilic micelle formation and the clustering observed in  Recent molecular dynamics simulatiéhgrovide the

supercooled liquids. first unambiguous evidence for the “cooperative rearranging
The ubiquitous nature of equilibrium associatibnisn-  regions,” hypothesized by Adam—GibBgo exist in super-
plies that many of our findings for end-associatif\tjv- cooled liquids. These stringlike clusters of enhanced particle

ing”) polymers apply more generally to associating poly-mobility (compare to Feynman's model of the
mers and self-assembling particle clusters of other kinds. Fax-transition®3-8 are observed to have a mass distribution
example, the temperature dependence of the “gelation” linavith an exponential taff® a characteristic feature of living
for thermoreversible gels formed by associating polymergolymerization. The present paper demonstrates that the av-
appears to be very similar to the temperature dependence efage lengtimass of living polymers scales inversely with
the polymerization line for living polymer® and this corre- the excess entropy S of the living polymer solution. This
spondence is also apparent in the calculations of Coniglidinding accords with the formal arguments presented by
et al®*%2 based on a mean-field model of polyfunctional Adam and Gibb¥ for glass-forming liquids. Donatt al2®
chain association combined with solvent mediated polymerargue that the barrier height for collective particle motion in
polymer interactions. Recent lattice model simulations byglasses is proportional to the average string length of the
Kumar and Pangiotopoufi$of polymer chains with associ- mobile particle, which is consistent with the prior argument
ating “sticker” groups dispersed along the chain yield a ge-by Adam and Gibb¥ that the barrier height for collective
lation line that increases sharply with associating group conmotion is governed by the mass of the “cooperatively rear-
centrationd;?n, a mass distributiop(N) of clusters having ranging regions.” The growth of polymer chains shown in
an exponential taff® a linear increase of cluster mass with Fig. 1 provides a natural mechanism for the large increases
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