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Abstract
This paper studies three-dimensional (3D) static responses of a multilayered
anisotropic piezoelectric structure due to a point force and point charge. The
materials in each layer are homogeneous, generally anisotropic, and linearly
piezoelectric, and in general different from one another. The interfaces
between adjacent layers are perfectly bonded. The generalized Stroh
formalism and two-dimensional (2D) Fourier transforms are employed to
find the responses in terms of a 2D integral. For a layered structure made of
ten alternating layers of piezoelectric AlN and InN on an InN substrate, we
show that the responses due to the point force and point charge are greatly
influenced by the material layering, showing complicated patterns through
the layer thickness. Furthermore, the responses exhibit the asymptotic
behavior in the case of homogeneous infinite space/half-space in a very
short distance to the point source, about one tenth of the layer thickness.
The complicated responses due to the layered heterogeneity dictate the need
for a general 3D analysis in the design of such smart structures.

1. Introduction

Owing to their special feature of transforming energy between
electric and mechanical types, piezoelectric materials are ideal
for use in transducers, sensors, and actuators (see, e.g., Tzou
1993, Yang and Tiersten 1997). To assist in the design
of these components, various numerical methods have been
applied to the modeling of piezoelectric structures, including
the finite-difference method, the finite-element method, and
the boundary-element (BE) method. While the first two
methods require discretization of the problem domain, the BE
method needs discretization of the problem boundary only.
However, the most efficient use of the BE formulation requires
the fundamental solutions of the associated system (Denda and
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Lua 1999, Liu and Fan 2001, Davi and Milazzo 2002). The
associated fundamental solution can also be directly used to
analytically solve the special case of inclusions. Identifying
such fundamental solutions could be difficult if the problem
domain is complex.

Under the assumption of two-dimensional (2D) deforma-
tion, the line-source fundamental solutions (i.e., elastic dis-
placement and electric potential) and various inclusion prob-
lems of anisotropic piezoelectricity have been solved. These
include problems in an infinite plane, half-plane, and bimate-
rial plane (Barnett and Lothe 1975, Chung and Ting 1996, Pan
1999, Ru 2000, 2001). Fundamental solutions for anisotropic
piezoelectricity under three-dimensional (3D) deformation are
much more complicated than those under 2D deformation. By
assuming transverse isotropy of piezoelectricity, the point-
force and point-charge solutions in an infinite space, half-
space, and bimaterial space have been derived by using the
potential-function method (see, e.g., Dunn and Wienecke 1996,
1999, Ding et al 1997, 1999).
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Finding the 3D responses in a generally anisotropic
piezoelectric infinite space has been a great challenge.
Previously, the solutions were expressed in terms of a
numerical integral (see, e.g., Deeg 1980, Chen 1993).
Recently, however, Akamatsu and Tanuma (1997) derived
an explicit expression without a numerical integral using the
extended Stroh formalism. Pan and Tonon (2000) derived
another explicit expression without a numerical integral using
the Radon transform and the residue theorem. They also
presented the derivatives of the elastic displacement and
electric potential with respect to coordinates of the field
point. These derivatives lead to the elastic strain and
hence stress and electric field, which are required in the
BE method. An even more complicated problem is to
derive fundamental solutions in anisotropic piezoelectric half-
spaces and bimaterials. Using the Fourier-transform method,
extended Stroh formalism (Barnett and Lothe 1975, Ting
1996), and Mindlin’s superposition method, Pan and Yuan
(2000) and Pan (2001, 2002) have recently developed these
fundamental solutions, which involve only a line integral in a
finite interval.

In this paper, we apply the extended Stroh formalism
and 2D Fourier transforms to derive the 3D fundamental
response in a multilayered anisotropic piezoelectric structure.
The boundary-value problem of the multilayered piezoelectric
structure subjected to a point force and a point charge is
transformed in the Fourier domain, and solved analytically.
The materials in each layer are homogeneous, generally
anisotropic, linearly piezoelectric, and in general different
from one another. The interfaces are perfectly bonded.
General boundary conditions that ensure unique solutions
are applied to the top and bottom surfaces of the structure.
We examine a structure made of ten alternating layers of
piezoelectric AlN/InN over an InN substrate. Our numerical
results show that, in a structure with surfaces and interfaces,
the Green responses exhibit asymptotic behavior in the case of
homogeneous infinite space/half-space in a very short distance
from the point source, about one tenth of the layer thickness.
A general 3D analysis is, in general, required in the design of
such smart structures.

2. Formulation

We consider a layered plate that consists of n layers of
different homogeneous and linearly anisotropic piezoelectric
materials, as shown in figure 1. A Cartesian coordinate system
(x1, x2, x3) is attached to the plate in such a way that the
x1–x2 plane lies on the top surface and the plate occupies
x3 � 0. Each layer occupies the region h j−1 � x3 �
h j ( j = 1, 2, . . . , n), with 0 = h0 < h1 < · · · < hn .
If hn = ∞ the layered plate becomes a layered half-space.
The boundary conditions at x3 = h0 and hn and interfacial
continuity conditions at x3 = h j ( j = 1, 2, . . . , n −1) that are
needed to ensure unique solutions will be described later.

The equations of the mechanical and electric equilibriums
for each layer of the plate are given by (Barnett and Lothe 1975,
Pan 1999)

σ j i, j + fi = 0, Di,i − q = 0, (1)

f

…
..

.
…

...
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(m)
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h0

hm

hn
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Figure 1. An n-layered piezoelectric plate.

where σ j i is the stress component, Di is the electric
displacement component, fi is the body force component,
and q is the electric charge. The comma in the subscript
indicates partial differentiation with respect to the coordinate
that follows. The repeated subscript implies conventional
Einstein summation over its range.

The constitutive laws for each homogeneous layer are
given by

σ j i = C jilm γlm − ekji Ek, Di = ei jkγ jk + εi j E j , (2)

where γlm is the infinitesimal strain component, Ek is
the electric field component, and C jilm , ekji , and εi j are,
respectively, the elastic stiffness, piezoelectric coefficient, and
dielectric constant. The strain and electric field are respectively
related to the elastic displacement u and electric potential φ

by
γi j = 1

2 (ui, j + u j,i), Ei = −φ,i . (3)

For convenience in analyzing the anisotropic piezoelectric
problem, the notation of Barnett and Lothe (1975) is adopted
in the present work. This notation introduces the extended
displacement, strain, stress, and materials constants as follows:

u I =
{

ui I (=i) = 1, 2, 3,

φ I = 4,
(4)

γI j =
{

γi j I (=i) = 1, 2, 3,

−E j I = 4,
(5)

σi J =
{

σi j J (= j ) = 1, 2, 3,

Di J = 4,
(6)

Ci J Kl =




Ci jkl J (= j ), K (=k) = 1, 2, 3,

eli j J (= j ) = 1, 2, 3, K = 4,

eikl J = 4, K (=k) = 1, 2, 3,

−εil J = K = 4,

(7)

where the upper-case subscripts range from 1 to 4, and the
lower-case subscripts from 1 to 3.

In terms of this shorthand notation, the equilibrium
equations in equation (1) can be unified as

σ j I, j + f I = 0, (8)

with

f I =
{

fi I (=i) = 1, 2, 3,

−q I = 4.
(9)
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Similarly, the constitutive laws in equation (2) are recast as

σi J = Ci J KlγKl . (10)

In the following, the general solution of piezoelectricity
within the framework of generalized Stroh formalism and 2D
Fourier transformation (Ting 1996, Pan and Yuan 2000) is first
summarized. Then, the problem of multilayered piezoelectric
structure formulated above is solved by enforcing boundary
and interfacial conditions. Appropriate special solutions are
employed to expedite the numerical evaluation of the physical
quantities.

2.1. General solution in Stroh formalism

We apply the following 2D Fourier transform (y1, y2) to the
in-plane variables of a field quantity, for instance, u I , as

ũ I (y1, y2, x3) =
∫ ∫

u I (x1, x2, x3)eiyαxα dx1 dx2, (11)

where e stands for the exponential function, i denotes the
unit of imaginary number,

√−1, and the Greek subscript
takes values 1 and 2. The integral limits are (−∞, ∞)
along both coordinates x1 and x2. Thus, in the Fourier-
transformed domain, the governing equation (8), in terms of the
extended displacement (after applying the constitutive laws,
equation (10)), becomes

C3I K 3 ũK ,33 − i(Cα I K 3 + C3I Kα)yαũK ,3 − Cα I Kβ yα yβ ũK

= − f I eix0
α yαδ(x3 − x0

3 ), (12)

where the body force term in equation (8) is replaced by a
concentrated force f I δ(x − x0) applied at point x0, where
δ(x − x0) is the Dirac delta function.

Solving the above ordinary differential equation yields
a general solution of the extended displacement in the
transformed domain (Ting 1996):

ũ(y1, y2, x3) = ae−ipηx3 , (13)

where η is the norm of (y1, y2), and p and a are eigenvalue
and eigenvector of the Stroh’s eigenequation. Taking the
derivative of equation (13) and applying the constitutive law,
equation (10), results in the solution of the extended stress in
the transformed domain,

t̃ = −iηbe−ipηx3, s̃ = −iηce−ipηx3, (14)

where t ≡ (σ13, σ23, σ33, D3)
T and s ≡ (σ11, σ12, σ22, D1,

D2)
T respectively consist of the out-of-plane and in-plane

stress and electric displacement components, and b and c
are the eigenvectors corresponding to the vectors t and s,
respectively, and related to a and p.

There exist eight sets of eigenvalue pI and the associated
eigenvectors aI , bI , and cI . They are arranged in the following
way:

Im pI > 0, pI+4 = p̄I , aI+4 = āI ,

bI+4 = b̄I , cI+4 = c̄I (I = 1, 2, 3, 4),

A = [a1, a2, a3, a4], B = [b1, b2, b3, b4],

C = [c1, c2, c3, c4],

(15)

where Im stands for the imaginary part and the overbar denotes
the complex conjugate. Assuming that pI (I = 1, 2, 3, 4) are
distinct, the general solutions are obtained by superposing the
eight solutions of equations (13) and (14), as

ũ = iη−1Ā〈e−ip̄ηx3〉v + iη−1A〈e−ipηx3〉w, (16)

t̃ = B̄〈e−ip̄ηx3〉v + B〈e−ipηx3〉w,

s̃ = C̄〈e−ip̄ηx3〉v + C〈e−ipηx3〉w
(17)

where v(y1, y2) and w(y1, y2) are unknown complex vectors
and

〈e−ipηx3〉 = diag[e−ip1ηx3, e−ip2ηx3, e−ip3ηx3 , e−ip4ηx3 ]. (18)

Note that the above matrix C with 5 × 4 elements is different
from the fourth-order elastic stiffness tensor Ci jkl or the
extended stiffness tensor Ci J Kl .

2.2. Fundamental solution for multilayered plate

Let us apply a concentrated (extended) force f I at an arbitrary
point (x0

1 , x0
2 , d). Utilizing the general solution developed

in the previous subsection, the total solution due to the
concentrated force f I in the layered plate (figure 1) can be
written in the following form:

ũm(y1, y2, x3)e−iyαx0
α = ũ(s)

m (y1, y2, x3)

+ iη−1Ām〈e−ip̄mη(x3−hm−1)〉vm

+ iη−1Am〈e−ipmη(x3−hm )〉wm, (19)

t̃m(y1, y2, x3)e
−iyαx0

α = t̃(s)
m (y1, y2, x3)

+ B̄m〈e−ip̄mη(x3−hm−1)〉vm + Bm〈e−ipmη(x3−hm )〉wm, (20a)

s̃m(y1, y2, x3)e
−iyαx0

α = s̃(s)
m (y1, y2, x3)

+ C̄m〈e−ip̄mη(x3−hm−1)〉vm + Cm〈e−ipmη(x3−hm )〉wm, (20b)

for m = 1, 2, . . . , n, where the subscript m denotes the mth
layer, and vm and wm are unknown vectors to be determined
from (given) interfacial and boundary conditions. In addition,
ũ(s)

m , t̃(s)
m , and s̃(s)

m are special solutions. The special solutions
should be chosen according to the location of the applied force
f such that the general-part solutions, i.e., unknown tensors
vm and wm , are nonsingular in the physical space and can be
evaluated efficiently.

Four different locations of f may arise: on the top surface
(d = h0 = 0), in the kth layer (hk−1 < d < hk), on the kth
interface (d = hk), and on the bottom surface (h = hn). In
the first case, d = h0 = 0, the special solutions are taken to be
the surface solution in the case of a half-space (Pan 2002) in
the first layer, and to be zero in the other layers. In the second
case, hk−1 < d < hk , the special solutions are taken to be the
fundamental solutions of an infinite space in the kth layer where
f is applied, and to be zero in the other layers. The physical
counterparts of the infinite-space fundamental solutions can be
evaluated analytically (Akamatsu and Tanuma 1997, Pan and
Tonon 2000). In the third case, d = hk−1, the special solutions
are assigned to be the interfacial fundamental solutions of the
bimaterials (Pan and Yuan 2000) in the (k −1)th and kth layers
which share the interface. In the other layers, they are equal
to zero. In the last case, d = hn , which is similar to the first
case, the surface response of an upper half-space is taken to
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substitute for the special solution in the nth layer. Otherwise,
it is equal to zero. The physical counterparts of the bimaterial
and half-space solutions can be efficiently evaluated involving
only a one-dimensional integral over a finite interval (Pan and
Yuan 2000, Pan 2002).

Now, we impose a proportional spring-type boundary
condition along the top and bottom surfaces,

I1u1 + J1t1 = 0 at x3 = 0,

Inun + Jntn = 0 at x3 = hn,
(21)

where I1, J1, In , and Jn are given constant matrices. Across
the interfaces, the extended displacement and traction vectors
are assumed to be continuous,

um−1 = um, tm−1 = tm , at x3 = hm,

for m = 1, . . . , n − 1.
(22)

Under these boundary and interfacial conditions, the
unknown general-part solution, i.e., vectors vm and wm , can
be solved. Substituting equations (19) and (20a) into (21)
and (22) yields a linear system of algebraic equations,

Eq = β, (23)

where q (≡[vT
1 , wT

1 , . . . ,vT
m, wT

m, . . . ,vT
n , wT

n ]T
8n) is an

unknown vector, β is a constant vector of dimension 8n, and
E is the stiffness matrix of dimension 8n × 8n. By inverting
E, the unknown vectors vm and wm can be solved for each
layer at a given point y in the Fourier-transformed domain.
Substituting these solutions back into equations (19) and (20),
the extended displacement and stress can then be obtained in
the transformed domain.

Once the transformed-domain solution is derived, the
physical responses due to an extended point force fI are
obtained by using the Fourier-inverse transform, for instance,
of u I , as

u I (x1, x2, x3) = 1

(2π)2

∫ ∫
ũ I (y1, y2, x3)e

−iyαxα dy1 dy2,

(24)
where the integral limits in both coordinates are from −∞ to
∞.

3. Numerical results

In this section, we apply the previous formulation to examine
the 3D piezoelectric fields in a multilayered piezoelectric
AlN/InN structure subjected to a point force and a point charge.
The layered structure consists of ten layers of alternating AlN
and InN and a semi-infinite AlN substrate. The interfaces
between adjacent dissimilar materials are perfectly bonded.
The layers have the same thickness, h, set to be 10 nm. The
thickness of the substrate is set to be 105h, which is sufficiently
large that the substrate surface exercises no influence on the
field of interest near the loading point. The point force is
applied on the top surface to simulate an indentation test.
The point charge, on the other hand, is placed in the middle
plane of the second layer counted from the top to simulate
a sink or a source in the layered structure. The materials
constants in the reduced notation (i.e., Ci ′ j ′—Ci jkl with i ′—i j

and j ′—kl , and ei j ′—ei jk with j ′— j k: 1—11; 2—22; 3—
33; 4—23; 5—31; 6—12) are given in table 1 (Jogai 2001).
The origin of the Cartesian coordinate system is fixed at the
loading point in the point-force case and vertically above
the charge on the top surface in the point-charge case. The
crystallographic base axes are, respectively, parallel to each
of the coordinates. The above structure with an additional
artificial interface at the middle plane of each layer was also
examined, which virtually contains 20 layers in the numerical
calculation. The numerical results were identical (within the
computational accuracy—about a relative error of 0.01%) to
those to be presented below. Since the different parts of
the solution in equations (19) and (20a), (20b) are evaluated
by completely different formulations—the infinite-space part
by the analytical Radon transform and residue theorem (Pan
and Tonon 2000), the half-space and interfacial parts by the
numerical methods developed by Pan and Yuan (2000) and
Pan (2002), and the rest by the present numerical method—the
consistency of the solutions of the 10- and 20-layer structures
has demonstrated the validity and accuracy of the present
formulation of piezoelectric multilayers.

3.1. A point force applied on the top surface

We first examine the case of a point force at (0, 0, 0) on
the top surface. The point force may be directed along any
one of the three axes. Its magnitude is equal to 10−7 N.
The top surface is, except at the location of the point force,
free of traction, i.e., ti = (0, 0, 0), and is perfectly insulated,
i.e., normal electric displacement D3 = 0. The conditions
of zero elastic displacement and zero electric potential are
imposed on the remote bottom surface. These are the
boundary conditions corresponding to equation (21). Also,
the continuity conditions of displacement, traction, electric
potential, and normal component of electric displacement
across the interfaces, i.e., equation (22), are enforced. The
numerical results of the point-force response under these
conditions are plotted in figures 2–8 and discussed below.

The angular variations of (nonzero) components of the
piezoelectric field (including displacement, stress, electric
potential, and electric displacement) on the top surface around
the loading point are shown in figures 2–4. The radius of
the circle is 3h. The three figures correspond to the point
force acting along each of the three axes. Because this
circle is on the top surface, the calculated traction and normal
component of electric displacement in all these cases are
equal to zero (within the computational accuracy), consistent
with the imposed boundary conditions. Figures 2–4 show
that the piezoelectric components are either symmetric or
antisymmetric with respect to the x1- and x2-axes. The fields
due to the point force acting along the x1- and x2-axis have
a phase-angle difference of 90◦, which coincides with the
rotation angle of the two force directions. Simulations were
also performed for other cases where some of the layers are
rotated. If the rotation of medium is around the x3-axis, these
plots in figures 2–4 are not changed because of the transverse
isotropy of the media relative to this axis. However, if the
rotation of medium is around an in-plane axis, the piezoelectric
fields are completely different. A detailed analysis of this effect
will be given in a future article.
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Table 1. Materials properties for AlN and InN in the reduced notation (elastic constant Ci j in 109 Pa, piezoelectric constants ei j in C m−2,
and dielectric constants εi j equal to εi jr × 8.854 × 10−12 C V−1 m−1). The other nonzero components include C22 (=C11), C23 (=C13),
C55 (=C44), C66 (=(C11—C12)/2), e32 (=e31), e24 (=e15), and ε22 (=ε11).

Material C11 C12 C13 C33 C44 e31 e33 e15 ε11r ε33r

AlN 396 137 108 373 116 −0.58 1.55 −0.48 9 11
InN 223 115 92 224 48 −0.57 0.97 −0.22 15 15
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Figure 2. Variations of nonzero components of the piezoelectric
field along a circle (3h cos θ , 3h sin θ , 0) due to a surface point force
applied along the x1-axis at location (0, 0, 0).

The vertical variation of (nonzero) components of the
piezoelectric field along the vertical line (3h, 0, x3) is shown
in figures 5–7. Because of the discontinuity of materials
properties between adjacent layers, the vertical variation of
the piezoelectric field through thickness in the structure is
complicated. The elastic displacement, traction, electric
potential, and normal component of electric displacement are
continuous across the interfaces, consistent with the imposed
interfacial conditions. However, these quantities exhibit
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Figure 3. Variations of nonzero components of the piezoelectric
field along a circle (3h cos θ , 3h sin θ , 0) due to a surface point force
applied along the x2-axis at location (0, 0, 0).

kinks at the interfaces—their derivatives at the interfaces
are discontinuous. In contrast, the in-plane components of
stress and electric displacement exhibit jumps at the interfaces.
There appears to be no simple pattern in these discontinuous
variations, dictating that a full-field analysis is in general
needed to understand the piezoelectric field in the layered
AlN/InN structure subjected to a point force. Some of
the piezoelectric components achieve a peak absolute value
underneath the loading surface. For example, when the applied
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Figure 4. Variations of nonzero components of the piezoelectric
field along a circle (3h cos θ , 3h sin θ , 0) due to a surface point force
applied along the x3-axis at location (0, 0, 0). Nonzero components
also include u3 and φ, which are constant: u3 = 4.068 × 10−12 m,
φ = 1.067 × 10−4 V.

point force is along the x3-axis, a peak absolute value of D1

occurs in the second layer underneath the loading surface, as
shown in figure 7(c).

Finally, the radial variation of the piezoelectric field is
examined to show the scaling behavior of the field. Figure 8
shows the radial variation of the nonzero components of the
elastic displacement (times r ), electric potential (times r ),
stress (times r2), and electric displacement (times r2) along
the radial line (r, 0, 0) due to a point force applied along the
x3-axis at (0, 0, 0). The dashed straight lines indicate the
solutions in the case of homogeneous AlN half-space. The
abscissa is plotted in the logarithmic scale. It can be seen
that the piezoelectric responses in the layered structure due
to the point force behave in the same asymptotic way as in
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Figure 5. Variations of nonzero components of the piezoelectric
field along a vertical line (3h, 0, x3) due to a surface point force
applied along the x1-axis at location (0, 0, 0).

the corresponding half-space case (Pan and Tonon 2000, Pan
and Yuan 2000) in a very short distance from the point force,
about one tenth of the layer thickness. Beyond that distance,
the responses exhibit a significant influence of the layered
heterogeneity. This holds true for the variations in all other
radial directions. On the one hand, this study demonstrates the
validity and accuracy of the present formulation. On the other
hand, it shows the necessity of a 3D full-field analysis of the
multilayered piezoelectric structure.

3.2. A point charge placed inside the layered structure

Now we consider the case where an interior point charge is
applied to the layered structure. The point charge is placed at
(0, 0, 1.5h) in the middle plane of the second layer from the
top. Its magnitude is equal to −10−16 C. The piezoelectric
field along the horizontal line (x1, 0, 0) on the top surface is
calculated, and the nonzero components are plotted in figure 9.
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Figure 6. Variations of nonzero components of the piezoelectric
field along a vertical line (3h, 0, x3) due to a surface point force
applied along the x2-axis at location (0, 0, 0).

Before discussing the numerical results, we mention that the
response was also examined near the point charge. It was found
that the response exhibits asymptotic behavior in the case of
an infinite space of AlN in a very short distance, similar to that
shown in figure 8.

The (negative) point charge induces a negative electric
potential field on the top surface. The electric potential has the
minimum value right above the point charge (figure 9(b)). The
vertical elastic displacement u3 induced by the point charge is
negative when the observation point is close to the epicenter of
the point charge, and becomes positive when the observation
point is moved away from the epicenter to a distance of about h.
The elastic displacement component u3 is symmetric relative
to the x2-axis. The horizontal elastic displacement component
u1 is antisymmetric relative to the x2-axis (figure 9(a)).

Corresponding to these elastic displacement and electric
potential variations, the induced stress components, σ11
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Figure 7. Variations of nonzero components of the piezoelectric
field along a vertical line (3h, 0, x3) due to a surface point force
applied along the x3-axis at location (0, 0, 0).

and σ22, have a peak tensile value right above the point
charge. Their magnitudes decrease when the observation
point is moved away from the epicenter of the point charge.
Furthermore, these stress components become compressive at
a distance of about h from the epicenter. At large distances, all
the stress components become trivial, i.e., the effect of the point
charge is negligible (figure 9(b)). The electric displacement
component, D1, is antisymmetric relative to the x1-axis. It is
zero right above the point charge and trivial at large distance.
It has a maximum value at about x1 = −h, and a minimum
value at about x1 = h (figure 9(c)).

4. Conclusions

Three-dimensional solutions in multilayered anisotropic
piezoelectric structures subjected to a point force and/or a
point charge have been derived within the framework of
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Figure 8. Variations of nonzero components of displacement times
r , electric potential times r , stress times r2, and electric
displacement times r2 along a horizontal line (x1, 0, 0) due to a
surface point force applied along the x3-axis at location (0, 0, 0),
where r = x1. The dashed lines indicate the solutions in the case of
homogeneous AlN half-space.

the extended Stroh formalism and 2D Fourier transforms.
The interfaces are perfectly bonded, where the continuity
conditions of displacement, traction, electric potential, and
normal component of electric displacement are imposed.
General boundary conditions are considered at the top and
bottom surfaces. These solutions are important to the
investigation of practical smart composite laminates and
semiconductor superlattices on various length scales.

Numerical results for a layered structure of ten alternating
layers of piezoelectric AlN/InN on an AlN substrate are
reported. Two cases are considered. In the first case, a point
force is applied on the surface of the structure to simulate an
indentation test. In the second case, a point charge is placed
inside a layer to simulate the piezoelectric effect of a sink or
source in the layered structure. The calculated piezoelectric
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Figure 9. Variations of nonzero components of the piezoelectric
field along a horizontal line (x1, 0, 0) due to a point charge placed at
location (0, 0, 1.5h) below the top surface.

fields satisfy the imposed boundary and interfacial conditions,
which demonstrates the validity of the present formulation.
Our numerical results show that the asymptotic behavior of
the Green responses in the case of infinite space/half-space
exists in a very short distance from the point source in the
case of multilayered structures with surfaces and interfaces.
The complicated patterns of the piezoelectric fields due to the
layered heterogeneity with abrupt discontinuity demonstrate
the necessity of a general 3D full-field analysis in the design
of such smart structures.
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