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Abstract Planewave pseudopotential calculations of
supercell total energies were used as bases for first-
principles calculations of the CaCO;-MgCO; and
CdCO3;-MgCO; phase diagrams. Calculated phase dia-
grams are in qualitative to semiquantitative agreement
with experiment. Two unobserved phases, Cd;Mg
(CO3)4 and CdMg3(CO3)4, are predicted. No new phases
are predicted in the CaCO3;—MgCO; system, but a low-
lying metastable Ca;Mg(COs)4 state, analogous to the
Cd;Mg(COs3)4 phase is predicted. All of the predicted
lowest-lying metastable states, except for huntite
CaMg3(CO3)4, have dolomite-related structures, i.e.
they are layer structures in which 4,,B, cation layers lie
perpendicular to the rhombohedral [111] vector.

Keywords First principles - Phase diagram calculation -
Order—disorder - CaCO3-MgCO; - CdCO3;-MgCO;

Introduction

Experiments by Goldsmith and coworkers (Goldsmith
and Heard 1961; Goldsmith 1972, 1983) elucidated
phase relations in the systems calcite-magnesite,
X - CaCO3—(1 — X) - MgCO;, and otavite-magnesite,
X -CdCO;—(1 —X)-MgCO; (X = mol fraction
MgCO3) and established the characteristic phase dia-
gram topology: a relatively narrow homogeneity range
for an ordered dolomite structure phase that transforms
by a second-order transition to a disordered calcite

B. P. Burton (PX)

Materials Science and Engineering Laboratory,
Ceramics Division National Institute of Standards
and Technology, Gaithersburg, Maryland 20899, USA
e-mail: benjamin.burton@nist.gov

A. Van de Walle

Materials Science and Engineering Department,
Northwestern University 633 Clark Street Evanston,

Illinois 60208, USA
e-mail: avdw@northwestern.edu

structure phase; broad calcite + dolomite two-phase
fields flank the dolomite homogeneity range. Previous
phase-diagram calculations (Navrotsky and Louks 1977;
Burton and Kikuchi 1984; Burton 1987; Burton and
Davidson 1988) for these and related systems (e.g.
CaCO;-FeCO3;, Davidson 1994) were based on empiri-
cally derived Hamiltonians (sets of energy parameters)
and directed towards: (1) finding a minimal model that
qualitatively reproduces phase-diagram topology and (2)
fitting experimental phase equilibria and thermochemi-
cal data (Navrotsky and Capobianco 1987; Capobianco
et al. 1987; Chai et al. 1995). This paper presents first-
principles (FP) phase-diagram (FPPD) calculations in
which cluster expansion (CE) Hamiltonians (Sanchez
et al. 1984; McCormack and Burton 1997) are fit to sets
of supercell total energies ({Es; }, where St indicates the
crystal structure) that were calculated with a plane wave
pseudopotential code (Kresse and Hafner 1993).

The calcite crystal structure (calcite, otavite, magne-
site) can be idealized as interpenetrating face-centered
cubic ( fec) substructures of cations (Ca®*, Cd**, Mg?*),
and planar CO3~ anion groups. One [l11] fec Vector
becomes the rhombohedral three fold axis
((111] = [111] . = [111],5,,, = [0001],,.) ~ because  the
planes defined by COj3; groups lie in the perpendicular
(111) plane [(111) = (111),,. = (111),,,, = (0001),,,].
In the dolomite structures [CaMg(COs), and
CdMg(COs3),], alternating (111) planes are occupied by
different cations (e.g. dolomite, Ca—Mg—Ca- etc.), which
reduces space-group symmetry from R3c in calcite to R3
in dolomite. In both calcite and dolomite, the CO;
groups are ordered such that all groups in the same (111)
plane have the same orientation, and groups on neigh-
boring (111) planes are oriented in an opposite sense.

In the CaCO;3;—MgCO; system, some additional or-
dered superstructures have been predicted as possible
equilibrium phases (Burton 1987), or reported as meta-
stable phases in natural samples of magnesian calcite,
calcian dolomite, or ankerite [Ca(Fe,Ca,Mg)(CO3), with
dolomite structure; Van Tendeloo et al. 1985; Wenk and
Zhang 1985; Meike et al. 1988; Reksten 1990a,b,c)].
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Several superstructures can be described in terms of
analogous Fcc-based ordered alloy structures (Burton
and Davidson 1988; Wenk et al. 1991; Table 1). Huntite
[H', CaMg3(CO3),; Graf and Bradley 1962] occurs in
nature, and it exhibits CuAus-type ordering of both
cations (as in y') and CO; anion groups. Unlike calcite,
dolomite, or other superstructures considered here, the
COj; groups in huntite are orientationally ordered both
between and within (111) anion layers. There are also
dolomite-related layer structures that consist of various
sequences of Ca- and Mg-rich layers perpendicular to
[111] (Table 2).

Two factors that significantly affect carbonate phase
relations are ignored in this study: (1) CO;3 group ori-
entational order disorder; (2) quasiternary cation sub-
stitutions. The former is known to occur in CaCO; (and
magnesian calcite), which exhibits a phase transition at
~1260 K (Dove and Powell 1989). Such transitions have
not been reported in CdCO; or MgCO;. Factor (2)
above primarily affects the comparison of FPPD calcu-
lations for the pure CaCO3;-MgCOs; systems with elec-
tron microscopy studies of natural samples that contain
significant concentrations of transition metals, particu-
larly Fe; e.g. the natural samples described in Wenk
et al. (1991) have compositions CagsMgg,Fey3CO; and
Cag.9sMgo.0sCOs3.

The prediction in Burton (1987) was for a possible
low-temperature equilibrium Ca3;Mg(COs3), phase with
either p (CusAu) or { (AlsTi)-related ordering, or a

Table 1 Fcc-related crystal structures

Name® Symbol® X  Space group® FCC-related
prototype

o . 0 R3c fCC calcite

y v i P1 Cu;Pt

¢ A L e ALTi

u x i R3c CuzAu

v o 3 C2/c CuAu

B u 3 R3 CuPt dolomite

H’ < 3 R32 CuAu; huntite

* A complimentary structure in which Ca or Cd is replaced by Mg
and vice versa, is distinguished by a primed name; e.g u is
CazMg(COs), (X =1), i is CaMg;(CO3), (X =3)
®Symbols used in Figs. 1 and 2
“Space group determinations were performed with the Cerius
rogram
Huntite has CuAus-type cation order as in 1/, but its CO3 groups
are ordered differently from those in calcite, dolomite, or other
supercells considered here
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combination of the two (Burton and Davidson 1988).
Wenk et al. (1991) report the unequivocal observation
of ¢ in calcian dolomite, and suggest that y is most
probably the source of ¢ reflections, which occur half-
way between fundamental reflections along a; hexago-
nal (e.g. at & —%hl, Table 2 in Van Tendaloo et al.
1982) and are associated with intralayer ordering, in
magnesian calcite; v-type ordering is also proposed as a
possible cause of ¢ reflections. The FP and FPPD
results presented below include formation energies for
all these structures and, assuming that cation ordering
is the only relevant process, (1) predict no stable
intermediate phases between calcite and magnesite; (2)
confirm that ¢ is a low-energy candidate for metastable
formation from calcian dolomite; (3) appear to rule out
7, 1, v, and { as plausible candidates for metastable
formation; (4) Predict that e is the lowest-lying meta-
stable state at X =1

Total energy calculations

Total energies, Es,, were calculated for CaCO3;, CdCO;, MgCOs,
and many Ca,Mg,(CO3) (4, and Cd,Mg,(CO3)in) supercells.
All calculations were performed with the Vienna ab initio simula-
tion program (VASP; Kresse et al. 1993, Kresse and Furthmuller a
and b) using ultrasoft Vanderbilt-type plane-wave pseudopotentials
(Vanderbilt 1990) with a local density approximation for exchange
and correlation energies. Electronic degrees of freedom were opti-
mized with a conjugate gradient algorithm, and both cell constant
and ionic positions were fully relaxed. Valence electron configura-
tions for the pseudopotentials are: Ca 6p>6s>; Cd 55°4d'°; Mg
2p%3s%; C 2522p?; O 25°2p*. Total energy calculations were con-
verged with respect to k£ point meshes; 112 symmetrically distinct &
points was typical for 30- or 40-atom triclinic supercells. An energy
cutoff of 400 eV was used, in the high precision option which
guarantees that absolute energies are converged to within a few
meV (a few tenths of kJ mol~!; mol = a mole of exchangeable
cations; Ca%*, Cd?*, Mg?t).

Results of the FP total energy calculations are listed as forma-
tion energies, AEs,., in Table 3, which also describes supercell cation
configurations. Formation energies are defined such that AEg,. for
a Ca,,Mg,(CO3)(y1n) supercell with crystal structure Str is:

Esy —mE, —nEy,
AEStr m+n ) (1)
where Es, has units of energy/supercell, but the AEs;,, E,, and E,
have units of energy/cation. The AEg, are compared with calori-
metric data (Navrotsky and Capobianco, 1987; Capobianco et al.
1987; Chai et al. 1995) in Figs. 1 and 2. Experimental heats of
formation for magnesian calcite with 0 < X < 0.05 are lower than a
mechanical mixture of calcite plus dolomite (dotted line), which
implies a tendency for ordering in this composition range. Explic-
itly investigating this range with FP calculations requires supercells
with at least 100 atoms, and such calculations have not been
attempted; one high-symmetry Ca-rich 80-atom supercell calcula-

Table 2 Dolomite-related layer

structures Name Symbol X Space [111}-layer sequence Notation®
group

n + L p3 M!—C'-C?-C-C*-C-M'— ... (1] om

! . LR M!_Cl M ... [11]e,n

5 . Loop3 C'-M'-C*-C}—C*-M'-C'— ... [ enmem
a — . ] »

C = Ca or Cd layer; B = L R3 C'-M'-C'~ - dolomite [11]ey

M = Mg layer |
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m+n

Table 3 Calculated formation energies for Ca,,Mg,(CO3),,.,, and Cd,Mg,(CO3),,,,, supercells; all energies are in kJ mol™!

M:N T-matrix® Cation coordinates Ion Mg = 0 Ca, Mg, Cd, Mg,
Name AEg,, AEg,
Order-type AEY,, AEg;
2:0 1 0 0 0 0 0 1 0Y 0Y
Calcite 0 1 0 1/2 1/2 1/2 1 oY 20Y
o — fee 0 0 1
15:1 2 0 0 0 0 0 0 0.64
0 2 0 12 0 0 1
0 0 2 0 12 0 1
0 0 1/2 1
0 1/2 1/2 1
12 0 1/2 1
1/2 12 0 1
1/2 1/2 1/2 1
1/4 1/4 1/4 1
1/4 1/4  3/4 1
/4 3/4 1/4 1
3/4 1/4 1/4 1
1/4  3/4 3/4 1
3/4 1/4  3/4 1
3/4  3/4 1/4 1
3/4  3/4  3/4 1
5:1 1 0 0 1/2 32 =3)2 1 0.90 1.34
-1 -1 12 12 -1)2 1
-1 -1 0 1 -1 1
1/2 12 =3)2 1
1 1 -2 1
1 0 -1 0
5:1 -1 1 0 -1 0 -1 1 0.16 —0.20
n 0 1 -1 -1/2 12 -1/2 1
(111]s, -1 -1 -1 -3/2 12 =3/2 1
-3/2 32 -3)2 1
-1 1 -1 1
-2 1 -2 0
3:1 0 1 -1 -3/2 1/2 1/2 1 1.30Y 1.33Y
0 - 0 -1 0 0 1 6.38Y 3.65Y
-2 1 -1/2 12 -1/2 1
-2 1 0 0
3:1 1 -1 0 1/2 1/2 1/2 1 -1.65Y -2.71Y
€ 0 -1 1 0 0 1 1.92Y -2.96Y
[111]4, 0 1 1 12 12 -1)2 1
1 1 0 0
3:1 0 -1 1 12 -12 32 1 4.19Y -0.12Y
Y 1 0 0 0 0 1 1 6.42Y -0.50%
CusPt -1 1 1 -1/2 1/2 3/2 1
0 0 2 0
3:1 32 172 -1)2 0 0 0 0 44.73
H -1/2  3/2 -1)2 0 1 -1 1 -0.09
Huntite® -1/2 -1/2  3)2 -1 0 1 1
CuszAu 1 -1 0 1
6:2 1 1 -1 -1 0 -1 1 10.65 6.27
I - -1/2 12 -1/2 1 10.11
CuzAu 1 -1 1 -3/2 12 =32 1
-3/2 32 =32 1
-1 1 -1 1
-1 1 -1 1
-1 1 -1 0
-2 1 -2 0
6:2 1 1 -1 -1 0 -1 1 4.60 3.02
4 - -1/2 12 -1)2 1 9.34 5.90
Al;Ti 1 -1 1 -3/2 12 =3/2 1
-3/2  3/2 =32 1
-1 1 -1 1
-1 1 -1 1
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M:N T-matrix® Cation coordinates Ion Mg = 0 Ca, Mg, Cd, Mg,
Name AEg, AEg,
Order-type AES, St
-1 1 -1 0
-2 1 -2 0
6:2 1 -1 -1 0 -1 1 17.03
¢ - 1 12 12 -1)2 1
Al3Ti¢ 1 - 1 =32 12 =3)2 1
-3/2 32 =32 1
-1 1 -1 1
-1 1 -1 1
-1 1 -1 0
-2 1 -2 0
4:2 -1 1 0 0 2 -1 1 7.50Y 6.94Y
43 0 0 1 -1/2  3/2 -1)2 1 7.63Y 5.14Y
48 1 2 -2 0 1 0 1
12 32 -1)2 1
12 572 =32 0
0 3 -1 0
4:2 0 1 -1 2 0 -1 1 0.29Y -1.59Y
13 0 1 0 32 32 =32 1 5.08Y 3.24Y
18 3 -1 -1 3 1 -2 1
1/2 12 -1/2 1
52 12 -3)2 0
1 1 -1 0
4:2 -1 0 1 -1/2 =312 12 1 8.65Y 3.61Y
24 -1 1 -1 -1 0 0 1 8.64Y 8.14Y
28 1 -2 0 -1 -1 0 1
-12 -1)2 1/2 1
0 -1 0 0
-12 -1)2 -1)2 0
4:2 1 0 0 1/2 12 -1/2 1 0.11Y 0.24Y
32 -1 -1 12 12 -3)2 1 4.98Y 2.12Y
37 -1 2 -1 1 1 -2 1
12 372 =32 1
1 0 -1 0
0 1 -1 0
4:2 1 0 0 0 1 -1 1 7.51Y 2.54Y
31 1 -1 -1 1/2 12 =32 1 6.15 6.05
38 -1 2 -1 1 1 -2 1
12 372 =32 1
1/2 12 -1/2 0
1 0 -1 0
4:2 1 0 0 1 0 -1 1 8.00Y 2.53Y
33 1 -1 -1 1/2 12 =3/2 1 7.01Y 6.55Y
35 -1 2 -1 1 1 -2 1
12 372 =32 1
12 12 -1)2 0
0 1 -1 0
4:2 -1 1 0 -1 0 -1 1 -1.23 -1.53
1 0 1 -1 -3/2 32 =32 1 —-1.64 0.50
I epmeym -1 -1 -1 -1 1 -1 1
-2 1 -2 1
-1/2 12 -1/)2 0
-3/2 12 -=3)2 0
1:1 1 0 0 0 0 0 1 -3.66Y —-4.82Y
Dolomite 0 1 1/2 1/2 1/2 0
p — CuPt 0 0 1
2:2 0 1 -1 -1/2 12 -1)2 1 8.27Y 2.91Y
1 0 -1 0 -1 0 0 1
-2 1 1 -3/2 1/2 1/2 0
0
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Table 3 Contd.

M:N T-matrix® Cation coordinates Ion Mg = 0 Ca, Mg, Cd, Mg,
Name AEg, AEg,
Order-type AEY,, S
2:2 1 -1 0 1/2 1/2 1/2 1 —0.38Y —1.50Y
4 0 1 -1 1 0 0 1
0 1 1 1/2 12 -1/2 0
1 1 0 0
2:2 0 -1 1 -1/2 12 32 1 8.02Y 5.60Y
v 1 0 0 1 1
CuAu -1 1 1 12 -12 32 0
0 0 2 0
2:2 0 -1 1 -1/2 12 32 1 8.02Y 1.45Y
8 1 0 0 0 2 1
-1 1 1 12 -12 32 0
0 0 1 0
3:3 0 1 -1 1 1 -1 1 10.09Y 6.39Y
15 0 1 0 3 1 -2 1
3 -1 -1 1/2 12 -1/2 1
2 0 -1 0
5/2 12 =3/2 0
32 32 =32 0
3:3 -1 0 1 -1/2 -1)2 -1)2 1 5.25Y 0.14Y
23 -1 1 -1 -1 -1 0 1
1 -2 0 -12 -1)2 1/2 1
0 -1 0 0
-1/2 =32 1/2 0
-1 0 0 0
3:3 -1 1 0 0 1 0 1 3.13Y 2.23Y
45 0 0 1 0 3 -1 1
1 2 -2 12 32 -1/2 1
0 2 -1 0
1/2 52 =32 0
-2 32 -1)2 0

#Matrix T defines supercell lattice constants, relative to rhombo-
hedral calcite [R3c cell constants: a and o; Ca: (0, 0, 0); C: (1/4, 1/4,
1/4); O: (x, 1/2 —x, 1/4), x = 0.507] Megaw 1973). Such that the

® AEg, is the formation energy for a Ca,,Mg,(CO3)
and AEg,- is for the complimentary Ca,Mg,,(CO;)
AE. = —1.65 kJ mol™" for Ca3;Mg(CO3),; AE, = 1.92 kJ mol™

m-n)
(m+n)

inverse of the transpose of T, ¢ = [T"]" ", transforms listed cation
coordinates (column 3) into fractional supercell coordinates, e.g.
for ¢ phase:

-1 1 0 -1
T=[0 1 —1|=[T"e|0

-1 -1 -1 —]

-2/3 1/3 13| |-1 1/3
=|1/3 1/3 —2/3|e| 0 |=]1/3

—1/3 —1/3 —1/3| |-1] |2/3

tion was performed, but it has a positive formation energy,
AEgy = 0.64 kJ mol~!.

First-principles phase-diagram calculations
Fitting the cluster expansion

The cluster expansion (CE: Sanchez et al. 1984) is a
compact representation of the alloy’s configurational
total energy. In the quasibinary systems studied here, the
alloy configuration is described by pseudospin occupa-
tion variables ¢;, which take values —1 or +1 depending

for CaMg;(COs),

°Huntite, H' = CaMg;(CO3),, and " exhibit CuAus-type ordering
of CO; groups in addition to CuAus-type cation ordering in H/,
and AL;Ti-type cation ordering in ("

YThe Y (Yes) superscript is attached to each AEg, and AEg,  that
was used to fit the effective cluster interactions (ECI)

upon which cation occupies site i; 6; = —1 for Ca or Cd,
o; = +1 for Mg.

The CE parametrizes the configurational energy (per
exchangeable atom; Ca, Mg, Cd) as a polynomial in
pseudospin occupation variables:

E(o) = Zm[Jg<H ai> , (2)
¢ ict’

where £ is the cluster defined by the set of sites {i}. The

sum is taken over all clusters £ that are not symmetri-

cally equivalent in the parent structure space group, and

the average is taken over all clusters ¢ that are sym-
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Fig. 1 CaCO3-MgCO;. Comparison of VASP-calculated formation
energies AEs;., (Str indexes a crystal structure and X = mol fraction
MgCO;) with experimental heats of formation. ¢ with error bars
Navrotsky and Capobianco (1987) data; dotted line connects calcite
with the lowest-energy measurement for dolomite; * with error bars is
data of Chai et al. (1995) for their most disordered dolomite sample;
the dashed line is the FPPD calculated total energy for a random solid
solution, AEgga(X); the solid line connects predicted ground-state
structures: o calcite; f dolomite; o/ magnesite

8 - [ ] .
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6 k xu C.)V ° AZ; i

AE (kJ/mol)

0.2 0.8

-6
0.0
cdco, X

L0
MgCo,

Fig. 2 CdCO3;-MgCO;. Comparison of VASP-calculated formation
energies AEs;,., experimental heats of formation. * with error bars Data
of Capobianco et al. (1987) for maximally ordered, and disordered
p-phase; the dashed line is the FPPD-calculated total energy for a
random solid solution, AEg.,s(X); the solid line indicates predicted
ground-state structures: o calcite; € [111] 3 f dolomite; € [111]¢yy, s
of magnesite ) ’

metrically equivalent to £. Coefficients J, are called ef-
fective cluster interactions (ECI), and the multiplicity of
a cluster, my, is the number of symmetrically equivalent
clusters, divided by the number of cation sites. The ECI
are obtained by fitting a set of FP-calculated structure
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energies, {Es,}. The resulting CE can be improved as
necessary by increasing the number of clusters ¢ and/or
the number of Eg, used in the fit.

Fitting was performed with the MIT ab-initio phase
stability software package (MAPS; Van de Walle 1999)
which automates most of the tasks associated with the
construction of a CE Hamiltonian. A complete descrip-
tion of the algorithms underlying the code can be found
in Van de Walle and Ceder (2002). The most important
steps are: (1) selecting which FP structure energies to
calculate, which MAPS does in a way that minimizes the
statistical variance of the estimated ECI; (2) automati-
cally selecting which clusters to include in the expansion
by minimizing the cross-validation score, CV:

1 & A
(CV)’ = N > (Esr — E-su)’?

Str=1

(3)

where E, ... Ey denote the structure energies calculated
from FP and E_g, is the energy of structure St pre-
dicted from a CE fitted to the remaining N — 1 energies.
This criterion ensures that the chosen set of clusters
maximizes the predictive power of the CE for any
structure, whether or not it is included in the fit. (In
contrast, the standard mean-squares error criterion
minimizes the error only for structures included in the
fit.) In addition to the CV criterion, the code also
ensures that ground states predicted from the CE agree
with the minimum energy structures for each composi-
tion, as calculated from FP. The code proceeds by
iterative refinement, gradually increasing the number of
clusters and the number of structures to provide the best
possible fit based on the set {Es;, } calculated so far.

For this study, MAPS was run until CE precision
reached CV = 0.015 meV cation~! for the CaCO;—
MgCO; system and CV = 0.019 meV cation™! for
CdCO3;-MgCOs. Achieving this accuracy required cal-
culation of the 27 Eg, that are marked by the superscript
Y (as in Yes) in Table 3.

The end result of this procedure is a set of ECI,
{Jrn}> which define the interactions associated with
r-body clusters of types ¢. Fitted ECI sets for CaCO;—
MgCOj3 and CdCO3;-MgCOs are listed in Table 4, and
the products of effective pair interactions [EPIL; J; ]
and their multiplicities, m.,, are plotted in Fig. 3.
e = values for CaCO;-MgCO;; [] = values for
CdCO3;—MgCOs. As postulated by Burton and Kikuchi
(1984), Jpo1), the nearest-neighbor (nn) interlayer pair
interaction favors ordering, while J, 5, the nn intralayer
interaction favors phase separation; note that the sign
convention is reversed relative to Burton and Kikuchi
(1984); here, J5 1) > 0 favors ordering and J(55) < 0 fa-
vors phase separation.

Ground-state analysis

Ground-state (GS) analyses were performed by brute
force enumeration of all ordered configurations with 60
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Table 4 Effective cluster inter-

actions in kJ mol™" Rhombohedr_al m(r, t) o C'chO3*MgCO3 CdCOz*MgCO3
cluster coordinates Multiplicity
minus (0,0,0)
Zero cluster 1 13.150425 5.957591
Point cluster 28 1.862754 2.741019
(1/2,-1/2,1)2) 6 0.450299 1.208615
1, 6 —1.828504 —1.649628
(1/2,-3/2,12) 6 0.313948 0.674401
0, 6 -0.283364 0.056055
(-3/2,3/2,-1/2) 12 -0.619792 —0.574350
(1,1,-1) 6 0.016498
an L (1,-2,1) 6 —0.452398
2 is the multiplicity of (=1/2,0,—1/2), (=1/2,-1/2,1/2) 12 -0.390458 -0.26610
cations in the Z = 2 rhom- (-1,0,1), (0,.~1,1) 4 0.624520 ~0.38727
bohedral cell
4 ®—0(CuCO,-MgCO, | 1600
&8 €dCO,~MgCO,
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Fig. 3 Effective pair interactions, J, ), multiplied by their multiplic-
ities, m.,), for # CaCO3-MgCO; and [J CdCO3-MgCO;. The sign
convention is: J(5 1y > 0 implies that interlayer ordering is energetically
favorable; Ji;,) < 0 implies that intralayer ordering is energetically
unfavorable (as postulated by Burton and Kikuchi 1984)

or fewer atoms per supercell (12 or fewer cation sites).
These analyses did not predict any new GS configura-
tions besides those shown in Figs. 1 and 2. In addition,
Monte Carlo (MC) simulations described below revealed
no other GS, strongly suggesting that our GS search is
exhaustive.

Monte Carlo phase diagram calculations

The MAPS package includes a companion MC code
(described in A. Van de Walle and M. Asta) that was
used to calculate the CaCO3;-MgCO; and CdCO;-
MgCO; phase diagrams (Figs. 4,5). This code imple-
ments semigrand canonical MC simulations, in which
the total number of atoms is fixed and the chemical
concentration varies in response to a fixed difference
in the chemical potentials of the two cation species.

Fig. 4 Calculated CaCO3;-MgCO; phase diagram (solid and dashed
lines through small open circles). Experimental phase boundary data
are from Goldsmith (1983) and references therein

Phase boundaries at a given temperature were found
by scanning a range of imposed chemical potential
values while monitoring the concentration in the sim-
ulation cell. Phase transitions were located by identi-
fying discontinuities in the concentration. Values of
the concentration just before and just after the dis-
continuity bracketed the equilibrium concentrations of
coexisting phases at the transition.

Convergence with respect to system size was tested by
calculating 7, for the f = «, dolomite=calcite, order—
disorder transition, and a system of 12 x 12 x 12
supercells (3465 cation sites) was selected for all MC
calculations. Thermodynamic functions of interest, such
as concentration, were obtained by averaging over 1500
MC passes for each value of chemical potential and
temperature. Temperature and chemical potential were
scanned in increments of 5 K and 0.01 eV atom™!, re-
spectively. After each detected phase transition, the
system was reequilibrated for 1500 MC passes before the
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Fig. S5 Calculated CdCO3;-MgCO; phase diagram (solid and dashed
lines through small open circles); large open circles and filled circles data
from Goldsmith and Heard (1972)

process of locating the phase boundary at the next
temperature was initiated.

Discussion

Equilibrium phase relations: comparison
with experiment

Qualitatively, there are no discrepancies between cal-
culated and experimental phase diagrams. The unob-
served €, and € phases in CdCO3;-MgCOj; are predicted
to occur only at temperatures below the lowest that
were investigated experimentally. Predicted values for
the critical temperatures of f = o order—disorder tran-
sitions at X = 0.5 are: Tc(Predicted)/Tc = 1.16+ 0.03
for CaCO3—MgCO;, and T¢(Predicted)/Tc ~ 1.04+ 0.02
for CdCO; —MgCO;. Typically, FPPD -calculations
overestimate transition temperatures especially when, as
here, vibrational effects are ignored; e.g. Tc(Predicted)/
Tc =~ 1.32 for the compound CdMg (Asta et al. 1993).

Solubilities of Ca or Cd in the dolomite structure 8
phases are significantly overestimated. In addition, the
predicted CaCO3;-MgCO; homogeneity range for o is
enhanced, and the field for two Mg-rich disordered
phases is reduced, relative to the experimental diagram.

Metastable phase relations: magnesian calcite
and calcian dolomite

Assuming that cation ordering is the only relevant pro-
cess, the AEg, results plus the AEg;s(X) curve (dashed
line, Fig. 4, provide a substantially improved basis for
interpreting metastable phase relations in magnesian
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calcite and calcian dolomite (Wenk et al. 1991). Meta-
stable ordered phases have a driving force for formation
only if their free energies are lower than that of the
disordered solution from which they might form; i.e.
Forg < Frana 18 @ necessary, but not sufficient, condition
for metastable formation. Because the random state has
greater configurational entropy than any ordered con-
figuration (or a disordered phase with short-range or-
der), it will therefore have lower free energy than any
ordered state of equal or higher formation energy, at
finite temperature. It follows that:

AEOrd > AERanal = FOrd > FRand )

(4)
which implies that AEp,y < AEg4q 1S @ necessary con-
dition for an ordered phase to be a candidate for
metastable formation. Thus, all phases with AFEg, >
AERand(X) (,uv vvC)s or AESlr ~ AERand(X)s ('V) are poor
candidates for metastable formation. These results
clearly contradict all proposed models of ordering in
magnesian calcite with X ~ I: (1) the proposal of Wenk
et al. (1991) that c reflections in magnesian calcite might
be caused by v-type ordering; (2) predictions of Burton
(1987) and Burton and Davidson (1988) that a p- or
{-type ordering, or a combination of the two, might
actually be associated with a stable or metastable
low-temperature phase. Except for huntite (see below)
the lowest-energy metastable states are all dolomite-
related layer structures: 9, [III}CMC;M; €, [111]C3M§ n,
[111]¢,y (Table 1). From an energetic perspective, it is
surprising that e-type ordering has not been reported in
magnesian calcite; € is predicted to be very nearly stable,
and it is substantially more stable than any of the pre-
viously predicted candidates.

Predictions of Burton (1987) “that Ca;Mg(COs3), is
probably stable at low temperature,” meaning that a
phase with u- or {-type cation order, or a combination of
the two (Burton and Davidson 1988), are apparently
wrong. This prediction was based on a cluster variation
method (CVM: Kikuchi 1951) calculation in the tetra-
hedron approximation (TA), that could only include the
first two EPI [J» ) and J5)], nn interlayer and intra-
layer pair interactions, plus one three-body term. The
Hamiltonian fit by MAPS, however, includes the first
seven EPI plus two three-body terms. Clearly, the CVM
TA is not sufficient for this system because the largest
clusters it includes are too small, and this demonstrates
the advantage of using MC simulation for FPPD cal-
culations; MC calculations easily handle relatively long-
range interactions, whereas CVM expansions typically
become intractable when interaction range exceeds third
or fourth nn.

Wenk et al. (1991) used a concentration wave (CW)
analysis (Khachaturyan 1978; Khachaturyan and Pok-
rowskii 1985; Khachaturyan et al. 1988) as a basis for
discussing metastable phase relations between «, f3, y, 9,
u, and v, phases (ignoring € and (). The CW criterion for
a plausible transition between two phases (e.g. § — y) is
that the two crystal structures are sufficiently similar to
be related by a “simple instability;” i.e. by an infinites-
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imal perturbation in the amplitude of one ordering CW
which reduces the free energy of the system. This crite-
rion combines two concepts: (1) structural similarity; (2)
instability with respect to a change in ordering. Insta-
bility implies a negative second derivative of the free
energy with respect to at least one order parameter, i.e.
one CW. The CW analysis, however, provides no
Hamiltonian with which to evaluate formation energies,
free energies, or instabilities, and these are severe limi-
tations. Also, the « — € reaction is associated with a
“simple instability,” k. = Z[}(111) ] in the notation of
Wenk et al. (1991), and because its energy is so low, one
would expect it to form readily. However, ¢ is associated
only with unobserved d reflections (hkl: —h+ k+
! # 3n, Table 2 in Van Tendeloo et al. 1985) rather than
the observed ¢ reflections.

The FPPD results establish an energy hierarchy
which rules out most proposed metastable ordering
processes: e.g. AE, ~ AEggq, and AEg > AEs, so
B — 7 in calcian dolomite is a highly unlikely reaction,
but f — ¢ is highly plausible. Some caveats related to
COj-group disorder and impure samples: (1) COs;-
group disorder would increase the energy of disor-
dered magnesian calcite, or metastable calcian dolo-
mite, and this could make some high-energy states
accessible as metastable reaction products. COsz-group
disorder in magnesian calcite is plausible because
the 1260-K order—disorder transition temperature
(Dove and Powell 1989) implies energetics that are
comparable to cation order—disorder; however, disor-
dered natural samples with higher energy than AEg,,,
have not been reported. (2) Natural samples that
exhibit sharp ¢ reflections with streaking (Wenk et al.
1991) are very Fe-rich, CagsMg,,Fey3COs, which
may have a significant effect on their energetics.
Samples of composition CaggsMg, (sCO3 also exhibit ¢
reflections, but they are more diffuse, and streaking is
not observed.

Huntite, CaMg;(CO3),

Huntite (H’, in Fig. 1) is observed in nature (Graf and
Bradley 1962), and it exhibits CujAu-type ordering of
both cation and COj; anion-group orientations. Hun-
tite’s CaMg;(CO3), stoichiometry is in a region of the
phase diagram in which dolomite- plus magnesite-based
solid solutions coexist, so it is clearly metastable. This is
consistent with the FP results; AE;y is lower than any
other AEg, at CaMg;(CO3), stoichiometry (Fig. 1).
Note, however, that the CE-based GS analysis does not
include huntite, or any other structure(s) with orienta-
tionally ordered anion groups. Therefore, the prediction
that huntite is the lowest-energy metastable state at
CaMg;(COs3), stoichiometry is weaker than it would be
if CO;3 group orientational order was included in the
Hamiltonian and GS search. For completeness, the
formation energy of huntite structure Ca;Mg(CO3), was
also calculated; AEy = 44.73 kJ mol~! (Table 3).

Predicted phases in CdCO3;—MgCO;

In the CdCO3-MgCOj; system, both the ¢ and ¢’ phases
are predicted to be stable, but neither has been observed
experimentally. This does not contradict experiment
however, because the highest temperature at which € is
predicted to be stable is ~650 K, which is ~40 K below
the lowest temperature experiments reported in Gold-
smith and Heard (1972).

Conclusions

The results presented above demonstrate semiquantita-
tive agreement between FPPD calculations and experi-
mental phase equilibria and thermochemical data. They
also provide an energetic hierarchy that can be used to
evaluate the plausibilities of proposed metastable reac-
tion paths. Specifically, the FP and FPPD results pre-
sented above appear to rule out the proposed metastable
formation of 7y or v in magnesian calcite, unless the
magnesian calcite is disordered with respect to both
cation ordering and COjs-group orientation. Low-tem-
perature € and € phases are predicted in the CdCO;3-
MgCO; system.
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