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Intermolecular potential and second virial coefficient
of the water–helium complex
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A potential-energy surface for the water–helium complex is constructed from scaled perturbation
theory calculations, and calibrated using accurate supermolecule methods. At the global minimum,
the helium atom lies in the plane of the water molecule with an interaction energy corresponding to
about 35 cm21 (2160 microhartree!. The potential is used to calculate second virial coefficients,
including first-order quantum corrections, from 100 to 2000 K. The estimated uncertainties in the
calculated values are much smaller than the uncertainties in the available experimental data; the
calculated values also cover a much wider range of temperature. The quantum corrections are found
to be smaller in magnitude than the uncertainty in the calculated second virial coefficient. ©2002
American Institute of Physics.@DOI: 10.1063/1.1421065#
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I. INTRODUCTION

The development of accurate intermolecular potent
for weakly bound van der Waals complexes using superm
eculeab initio methods still represents a significant comm
ment of computational resources. When dispersion for
dominate, Gaussian basis sets with both diffuse and h
angular momentum functions are required along with sop
ticated treatments of electron correlation. The potent
energy surface also represents a fine balance between
range forces and the short-range exchange-repul
interactions, and a good account of the latter contribution
crucial if spectroscopic accuracy is to be approached.

In previous work on the NH3•••He complex,1 we dem-
onstrated that scaled perturbation theory~PT! methods were
capable of recovering accurate supermolecule interaction
ergies at a fraction of the computational cost. We now t
our attention to H2O•••He, which represents the start of
program of research on complexes of water combined w
rare-gas atoms and molecules abundant in the atmosp
There has been previous interest in the H2O•••He system.
Tao et al.2 used fourth-order Møller–Plesset~MP4! theory
with an O(7s5p3d)/H(5s2p)/He(6s3p) basis plus bond
functions to survey the potential-energy surface. The glo
minimum was estimated, at this level of theory, to have
interaction energy of about2144.9 mEh (Eh'4.359 744
310218 J! and the correct value was estimated to
about 2154.9 mEh . Earlier calculations by Green an
co-workers3,4 employed a fitted surface derived from MP
data to calculate pressure broadening of microwave lines
H2O in He. The potential from Ref. 3 has also been used
investigate surface vibrations of water clusters, probed
helium scattering experiments.5

a!Author to whom correspondence should be addressed. Electronic
pczmph@unix.nott.ac.uk
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The thermodynamic properties of gaseous mixtures c
taining water are also of interest to the industrial commun
In the heating, ventilation, and air conditioning~HVAC! in-
dustries, the properties of moist air are important design d
and a standard formulation exists6 for a limited range of
conditions. Combustion turbines are attaining widespre
use in the power industry; better knowledge of the proper
of combustion gases would aid in their design and optimi
tion. An accurate description of the nonideality of water-
mixtures is essential for the development of humid
standards.7 The properties of moist air are also important f
precision metrology; for example, the density of the ambi
air is needed to make buoyancy corrections in weighing8 and
its refractive index is required for length measurement
interferometry.9

In most of these applications, the pressures of inte
are not high, ranging from one to perhaps twenty times n
mal atmospheric pressure. The resulting densities are s
that an appropriate level of thermodynamic description
that of the second virial coefficient, the first correction
ideal-gas behavior. A description in terms of second vir
coefficients has the advantage that the thermodynamics
multicomponent mixture can be calculated rigorously giv
only the temperature-dependent second virial coefficie
Bi j (T) for all pairs of species in the system.

Unfortunately, few reliable data exist forBi j where one
component is water. The usual techniques to extractBi j from
gas-phase pressure-volume-temperature measurement
ruined ~or at best made much more difficult! by adsorption
on the surfaces of the apparatus at temperatures be
roughly 500 K.10 Values can be backed out from measu
ments of the solubility of ice or liquid water in a gas, b
these experiments are limited in the temperature range
can be covered and typically produce second virial coe
cients with large uncertainties. On the other hand,Bi j (T) can
il:
7 © 2002 American Institute of Physics
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be calculated rigorously from statistical mechanics if the
termolecular potentialU(r i j ,V i ,V j ) is known ~here r i j is
the vector between moleculesi and j andV i andV j repre-
sent their orientations!. High-quality pair potentials for aque
ous systems may therefore produce second virial coeffici
with accuracy and precision superior to experimentally
tained values.

One of us11 recently compared the experimental seco
virial coefficient of pure water with theoretical prediction
using a state-of-the-art potential from the literature. In t
case,B(T) is known fairly accurately above about 350
~because for a pure substance one does not have to
solely on the adsorption-prone experiments!, and the second
virial coefficients calculated from the pair potential were u
able to match the data below about 500 K. This was att
uted to higher-order rotational quantum corrections toB(T)
that could not be computed. However, for the water-gas
naries of interest to us here, these rotational correcti
should be less important, because they depend on the i
molecular torques, which are expected to be smaller for th
less anisotropic systems. In addition, the experime
Bi j (T) are known much less accurately for these mixtu
than for pure water, so calculations from an intermolecu
potential will not have to be so accurate in order to prov
an improvement over existing experimental results.

II. METHODS

The methods used in this work are similar to those u
for the NH3•••He intermolecular potential from Ref. 1
where scaled PT calculations were used to characterize
potential-energy surface as a function of the inversion t
neling coordinate. To avoid excessive repetition, we the
fore give only an outline here, and highlight specific diffe
ences that arise.

A. Sampling the potential-energy surface

The coordinate system used is shown in Fig. 1. The b
length and bond angle for water are those recommende
Mas and Szalewicz,12 i.e., r 51.8361 a0 (a0'0.052 917 72
nm! and /HOH5104.69°, which correspond to vibra
tionally averaged ground-state monomer coordinates.
water monomer is kept rigid and the intermolecular coor
nates describing the location of helium (R,u and f) are
sampled to give configurations at which to evaluate the
teraction energy:R is varied from 3 to 8a0 in 1a0 incre-

FIG. 1. Coordinate system used to describe the H2O•••He complex. The
origin is at the oxygen atom. The position of the helium atom is descri
by the spherical polar coordinatesR, u andf.
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ments and 256 symmetry-distinct orientations are chosen
ing a two-dimensional Sobol sequence13 to sample the angles
u andf. This yields a total of 1536 points.

B. Perturbation theory calculations

At each configuration on the potential-energy surfa
the total PT interaction energy is calculated~using aug-cc-
pVQZ basis sets14,15! as the sum of induction, dispersion
penetration, and exchange-repulsion contributions:

DE~PT!5Eind1Edisp1Epen1Eexch. ~1!

The induction and dispersion energies are calculated u
the random-phase approximation~RPA! using the usual
second-order PT expressions. The leading term in the m
polar induction energy of helium is proportional to th
square of the H2O dipole moment multiplied by the polariz
ability of He.16 The square of the experimental dipole m
ment of H2O is 0.863 35 times the Hartree–Fock se
consistent field~SCF! value and the polarizability of He is
1.0484 times our RPA value. These induction energies
hence scaled by 0.9051. The induction energies of H2O,
which have no multipolar component and are much sma
are not scaled. In our previous work,1 we scaled the disper
sion energies isotropically by the ratio of experimental
RPA C6 coefficients such that

CN5a3CN
RPA, ~2!

wherea is a dimensionless scaling factor. This ensures t
the long-range asymptotic form of the potential~i.e., theR26

behavior! is correct. However, because the effects of ba
set incompleteness and electron correlation are expecte
increase withN, we refine this method by introducing a se
ond scaling parameter and use

CN5a3k(N26)3CN
RPA. ~3!

This requires theCN to be calculated at each orientation; th
damping functions,f N(bR), also need to be determined. Th
multipolar dispersion energy coefficients with 6<N<14 are
calculated directly from the ground and excited states in
RPA approximation. The damping functions are assumed
have the Tang–Toennies form,17 and the scale parameter,b,
is fitted separately at each point on the potential-energy
face. Clearly Eq.~3! still results in the correct long-rang
R26 behavior. Moreover, this method does not require t
the damping functions have the correctR-dependence, since
b is free to vary with R. The experimentalC6 is 8.000
Eh a0

6 18 and our RPA value is 7.388Eh a0
6 leading to

a51.083; we will return to the determination ofk below.
Correlated monomer charge densities at the quadr

configuration interaction with single and double substitutio
~QCISD! and SCF levels of theory are obtained with t
GAUSSIAN 94 program19,20 and used by theGMUL program21

to calculate QCISD penetration~Coulomb! energies and SCF
and QCISD charge-density overlap integrals. Heitle
London first-order exchange-repulsion energies are then
culated and scaled by the ratio of the QCISD and S
charge-density overlaps to give approximate correla
exchange-repulsion energies.22

d
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FIG. 2. Potential-energy surface for the initial param
etrization of the perturbation theory data~Surface I; see
text for details!. The anglesu and f are given in de-
grees, the energy contours inmEh .
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C. Fitting the potential-energy surfaces

The sum of the induction and dispersion interaction
ergies is fitted to a damped multipolar series of the form

Eind1Edisp52(
a

(
n

CnaRa
2nf n~bRa!, ~4!

wherea represents the three nuclei of water,Ra is the dis-
tance from the helium nucleus to nucleusa, the integern
takes values 6, 8 and 10,f n(bRa) is a Tang–Toennies damp
ing function andb is a fitted parameter. The coefficientCna

is assumed to be independent of the position of the hel
atom whena is a hydrogen nucleus, but whena is the oxy-
gen nucleus, anisotropy is introduced by expanding theCna

in spherical harmonics:

Cna5(
lm

Cna,lmFlm~u,f!. ~5!

All symmetry-allowedl<5 terms are used such that the
are 12 independentCna,lm coefficients for eachn. In total
there are therefore 39C parameters~3 on hydrogen and 36
on oxygen!; these are fitted by minimizing the Boltzman
weighted error,

W25(
g

wg3~Efit~g!2Ecalc~g!!2Y (
g

wg , ~6!

whereg includes all 1536 geometries,Efit is the fitted func-
tion @the right-hand side of Eq. 4 in this case#, Ecalc is the
calculated energy~sum of induction and dispersion energie!
and the weights are given by

wg5exp~2~DE~PT!~g!2E0!/Ed!, ~7!
Downloaded 10 Jan 2002 to 132.163.193.241. Redistribution subject to A
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whereDE~PT! is the total calculated interaction energy~in-
cluding exchange-repulsion and penetration!, E0

52150 mEh and Ed53 mEh ~about 950 K!. The weight-
ing parametersE0 andEd are chosen to ensure that repulsi
configurations sampled at temperatures up to 2000 K
given adequate weights in the fit;E0 is approximately the
potential-energy minimum. The fitting procedure is insen
tive to b and a value of 3.7a0

21 is chosen.
The fitted long-range energies are then subtracted f

the corresponding calculated total interaction energies
give a set of ‘‘adjusted’’ short-range energies,Esr, to be fit-
ted. These differ slightly from the calculated exchang
repulsion plus penetration energies, because of the erro
fitting the long-range energies. The short-range energies
fitted using the function

Esr5(
a

~A0a1A1aRa1A2aRa
2!exp~2zRa!. ~8!

Whena is a hydrogen nucleus, eachA parameters is a sum o
three terms:

Ana5Ana
0 1Ana

1 Z8/Ra1Ana
2 ~3~Z8/Ra!221!, ~9!

whereZ8/Ra is the cosine of the angle between the H→O
and H→He vectors. Whena is the oxygen nucleus, eachA
parameter is a sum of twelve terms and eachAna term is
expanded in spherical harmonics as in Eq.~5!. There are
therefore 45A coefficients in the fit plus the non-linear pa
rameterz, which is fixed at 1.70a0

21. Equation~6! is used
with the weighting parameters given above to fit the adjus
short-range data. A number of sets of data are fitted in
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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way ~see Secs. III A to III C!, and in each case the errors
the long-range and short-range fits are always less thaW
52 mEh .

D. Supermolecule calculations

Stationary points on the fitted potential-energy surfa
are compared withab initio supermolecule calculations. A
of these have been performed using Molpro23 with aug-cc-
pVXZ basis sets14,15 up to 5-z quality ~i.e., X5D, T, Q, 5!.
The coupled-cluster method with single, double and per
bative triple substitutions@CCSD~T!# is used to calculate in
teraction energies employing the full counterpoise correc
method24 throughout.

E. Calculation of the second virial coefficient

The second virial coefficient for the water–helium com
plex, B12(T), is evaluated using standard methods~see e.g.,
Gray and Gubbins25!; for convenience we drop the 12 lab
for the calculated components ofB12(T). The classical com-
ponent is evaluated as the integral of the Mayer funct
over all space:

Bclass~T!52
1

2E ^exp~2U12/kBT!21&V1, V2
dR, ~10!

where U12 is the pair potential and̂ . . . &V1 ,V2
represents

averaging over all molecular orientations. At lower tempe
tures, quantum effects become important for systems w
small masses or small moments of inertia. A semi-class
expansion in orders of\2 yields first-order translational an
rotational corrections given by

Bquant
trans~T!5

\2

24~kBT!3
3

^F2&0

2M r
~11!

Bquant
rot ~T!5

\2

24~kBT!3
3 (

a5x,y,z

^Ta
2&0

I a
, ~12!

whereF is the force on each molecule,M r is the reduced
mass of the system andTa the torque about local molecula
axis a with moment of inertiaI a . The ^•••&0 notation rep-
resents integration weighted according to the zero-den
pair distribution function. The rotational correction for th
mixed system is taken as the average of the two fragm
contributions; since there is no contribution from He, t
total is half the amount calculated for H2O. The total

TABLE I. Details of stationary points on the first fitted potential-ener
surface~Surface I!. The anglesu andf are given in degrees,R in a0. The
fitted energies are given inmEh along with single point CCSD~T!/aug-cc-
pVQZ energies at the same geometries.

DE

R u f Surface I CCSD~T!/aug-cc-pVQZ

5.95 74.5 0.0 2137.8 2150.8
6.27 0.0 0.0 287.2 293.6
6.79 180.0 0.0 283.1 294.6
7.02 99.9 90.0 246.5 258.2
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quantum-corrected second virial coefficient,Btot(T), is de-
fined as the sum of the contributions from Eqs.~10!–~12!.

III. POTENTIAL-ENERGY SURFACES

We discuss results for a number of surfaces that we h
developed using the scaling methods outlined in Sec. I
All use the same scaling procedure for the exchan
repulsion and induction energies, and therefore differ only
the determination of the dispersion energy.

A. Initial parametrization of the potential-energy
surface

The first fitted surface that we report~Surface I! uses
isotropic scaling of the dispersion energies, i.e., Eq.~2!. A
two-dimensional cut through this surface inu and f is
shown in Fig. 2, where, for each orientation, the interacti
energy has been minimized with respect toR. The global
~and in fact only! minimum on the surface has the helium
atom in the plane of the molecule (f50) at about u
574.5 ° andR55.95 a0. The interaction energy is abou
2137.8 mEh . Axial transition states occur atu50 and u
5180° at energies of287.2 and283.1 mEh , respectively;
the most facile rearrangement between the two versions
the global minimum therefore involves the helium atom r
maining in the plane of the molecule and moving around
oxygen atom. A third transition state atu599.9° andf
590 ° with an interaction energy of246.5 mEh corre-
sponds to out-of-plane motion of the helium around the m
ecule with a somewhat larger energy barrier. The location
the minimum reflects a balance between maximizing the d
persion interaction and reducing the repulsion between
lium and the lone pairs of electrons on the water molecu

The energies and geometries of these stationary po
are collected in Table I with single-point CCSD~T!/aug-cc-
pVQZ energies at the same geometries. Qualitative ag
ment is seen, though it is apparent that there is some d
ciency in the scaling method used; the fitted surface captu
about 90% of theab initio interaction energy. The exchange
repulsion and penetration components are expected to

FIG. 3. One-dimensional cut through potential-energy surfaces withf50.
For each value ofu, the energy plotted,DEmin , is the minimum with respect
to varyingR.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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more accurate than the induction and dispersion contri
tions, and since the former of these is small, we attribute
discrepancies to insufficient scaling of the higher-orderCN .

B. Refinement of the potential-energy surface

To determine an improved set of long-range energies,
scale the dispersion coefficients using Eq.~3!, and this re-
quires determination of thek parameter. To investigate this
we have calculated scaled PT and CCSD~T!/aug-cc-pVQZ
interaction energies on a two-dimensional cut through
potential-energy surface withf50°, including the minimum
and two axial stationary points. Calculations were perform
at u50 –180° in 10° increments with additional points ne
the minimum atu575 and 85°. A grid ofR was sampled,
and for eachu the minimum energy as a function ofR was
determined by assuming an exp26 form, finding the optimal
potential parameters from a Boltzmann-weighted r.m.s.
with kBT530 mEh (T59.5 K! and minimizing the fitted
function with respect toR. A value ofk51.05 approximately
reproduces the CCSD~T!/aug-cc-pVQZ minimum close to
u580°, and this scaling leads to Surface II. Theab initio and
scaled PT data for Surfaces I and II are plotted in Fig.
~Surface III and the CCSD~T!/CBS calculations are define
below in Sec. III C.! It is apparent that the more sophisticate
scaling of the dispersion energies leads to a surface
quantitatively recovers theab initio results. It is important to
realize that the parameterk was determined solely to repro

TABLE II. Details of stationary points on the second fitted potential-ene
surface~Surface II!. The anglesu andf are given in degrees,R in a0. The
fitted energies are given inmEh along with single point CCSD~T!/aug-cc-
pVQZ energies at the same geometries.

DE

R u f Surface II CCSD~T!/aug-cc-pVQZ

5.91 77.0 0.0 2152.1 2152.1
6.22 0.0 0.0 293.7 294.0
6.70 180.0 0.0 293.6 295.7
6.93 99.1 90.0 250.8 259.3

FIG. 4. One-dimensional cut through potential-energy surfaces withf50.
For each value ofu, the value ofR at the energy minimum,Rmin , is shown.
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duce the well depth, but that the potential-energy surfac
extremely well approximated for almost the entire range ou
~with only minor discrepancies foru.150°). This is strong
evidence that the scaling procedure we have chosen is ph
cally sound, and further support for this can be seen in a
of the optimal O–He separations,Rmin , for each value ofu
~Fig. 4!. The CCSD~T!/aug-cc-pVQZ results are reproduce
well by Surface II~again with larger discrepancies at larg
u).

Stationary points for the fitted Surface II data have be
located and are compared with single point CCSD~T!/aug-
cc-pVQZ calculations in Table II. The near perfect agre
ment between the fitted andab initio interaction energies a
the minimum is obtained by the choice ofk. The two axial
stationary points are nearly degenerate on the fitted sur
compared with an energy difference of about 2mEh in theab
initio calculations. The equatorial stationary point, the hig
est in energy, is the least well represented, and here the
in the energy is about 8.5mEh . The cut through Surface I
with f590°, i.e., that containing the axial and equator
transition states, does not reproduce the CCSD~T!/aug-cc-
pVQZ data as well. This pathway involves the helium ato
moving in the plane containing the lone pairs, and furth
refinement of the scaling procedure, e.g., using an an
tropic function in place ofk in Eq. ~3!, may be required to
improve this region of the potential-energy surface. We no
however, that fourth-order Møller–Plesset calculations w
single, double, triple, and quadruple substitutio
@MP4~SDTQ!# using the same basis set give less nega
interaction energies than at the CCSD~T! level.

C. Calibration with complete basis set limit estimates

So far we have shown that judicious scaling of PT c
culations can result in a potential-energy surface compar
with high-quality supermolecule data, although at a fract
of the computational cost. We now try to account for t
incompleteness of the basis set used in our calculations.
proceed as for Surface II, except that we adjustk from Eq.
~3! to approximate a single complete basis set~CBS! limit
calculation. We have taken the geometry of the minimu
from the fitted Surface II and calculated a single po
CCSD~T!/aug-cc-pV5Z energy there. Assuming that the
teraction energy approaches the CBS limit exponentially a
function of the cardinal basis set index~i.e., X in aug-cc-
pVXZ!, we estimate the CBS limit at the Surface II min

y

TABLE III. Details of stationary points on the third fitted potential-energ
surface~Surface III!. The anglesu andf are given in degrees,R in a0. The
fitted energies are given inmEh along with single point complete basis se
~CBS! estimates at the CCSD~T! level at the fitted Surface II stationary
points.

DE

R u f Surface III CCSD~T!/CBS estimate

5.90 78.3 0.0 2159.2 2158.2
6.19 0.0 0.0 296.7 299.2
6.66 180.0 0.0 298.7 2100.2
6.90 98.7 90.0 252.8 263.1
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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FIG. 5. Potential-energy surface for the third paramet
zation of the perturbation theory data~Surface III; see
text for details!. The anglesu and f are given in de-
grees, the energy contours inmEh .
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mum to be about2158 mEh . ~This assumption is supporte
by two observations:~1! the CBS limit is insensitive to re
moving the X55 point and~2! using X5D–Q, the estimated
X55 energy is in error by only 0.3mEh .! This procedure
leads tok51.07, and this value is used to define Surface
The energies of the four fitted Surface III stationary poi
are compared with the CBS estimates in Table III~see also
Fig. 3!; it was not deemed necessary to perform CBS e
mates at the Surface III stationary points due to the simila
of the Surface II and Surface III geometries. The minimu
energy is reproduced to within about 1mEh ; again this
good agreement is due to the choice ofk. The axial stationary
points have slightly larger errors, and the equatorial tran
tion state is least well accounted for~as discussed in Sec
III B previously!.

Surface III represents our best estimate of the H2O•••He
intermolecular interaction, and a contour plot is shown
Fig. 5. Qualitatively there is little difference between Su
faces II and III, the latter being globally deeper. The P
components calculated at the Surface III stationary points
given in Table IV. Clearly the dispersion dominates the
tractive components, though penetration and induction
lectively contribute about 15–20% to the total attractive e

TABLE IV. Perturbation theory components of the interaction energy,
mEh , using the Surface III scaling method at the fitted Surface III station
points.

Eexch Epen Eind Edisp DE(PT)

211.7 238.9 222.5 2309.7 2159.3
125.3 223.3 221.9 2176.6 296.6
134.9 225.6 213.9 2193.0 297.7
76.6 214.7 25.6 2109.2 252.9
Downloaded 10 Jan 2002 to 132.163.193.241. Redistribution subject to A
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ergy. In fact the relative contributions from dispersion a
penetration are reasonably consistent for all four station
points, the induction energy varying slightly more. Our be
estimate for the interaction energy of2158 mEh lies below
the estimate of Taoet al.2 of 2155 mEh , even though our
value does not account for correlation effects missing fr
the CCSD~T!/CBS calculation. TheFORTRAN source for the
fitted Surface III is available via EPAPS as supplement
material.26

We note that this estimate of the interaction energy
very close to the value of2153 mEh that we reported for
NH3•••He.1 In this case, the minimum is atf560° ~the
coordinate system is defined with one H atom in thexz
plane, withx.0) such that the He atom is staggered b
tween the two closest H atoms. A somewhat larger inter
tion energy of about2181 mEh has been reported for th
HF•••He complex27 for a linear configuration with He at the
H end of the molecule. For each of these three comple
the minimum-energy configuration can be understood
arise from maximizing the attractive intermolecular intera
tions, subject to the constraint of the rare-gas atom avoid
the lone pairs. Also of interest are the trends for the serie
H2O interacting with He, Ne, and Ar. The minimum in eac
case is planar, and an interaction energy of ab
2206 mEh has been reported for H2O•••Ne by Bagno28

using MP2 calculations; an interaction energy of abo
2651 mEh has been determined for H2O•••Ar from the
AW2 potential of Cohen and Saykally,29 which was fitted to
reproduce a range of spectroscopic data. Our own prel
nary calculations on H2O•••Ne30 at the CCSD~T!/aug-cc-
pV5Z level indicate that the interaction is significantly stro
ger than reported in Ref. 28, at about2300 mEh .

y
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IV. SECOND VIRIAL COEFFICIENTS

A. Experimental second virial coefficients

For the water-helium pair, it appears that the only expe
mental data from which one can extract second virial coe
cients are measurements by Iomtevet al.31 of the solubility
of ice in helium gas. Since these data were not converte
second virial coefficients in the original work, we briefl
describe the conversion procedure.

We begin by equating the fugacity of water~labeled
component 2; helium is component 1! in the equilibrium
solid and vapor phases. Neglecting the tiny solubility of h
lium in ice and the compressibility of ice, we have

p2
satf2

satexpFn ice~p2p2
sat!

RT G5y2f2p. ~13!

The left side of Eq.~13! gives the fugacity of pure ice at th
experimental temperatureT and pressurep. The vapor pres-
sure of ice atT is p2

sat, which we take from Wagneret al.32

The fugacity coefficient of water vapor in equilibrium wit
ice at saturation isf2

sat, which we take from the NIST data
base for water properties.33 The exponential term is the
Poynting correction for the effect of pressure on the so
fugacity; the molar volume of icen ice is from Wexler34 andR
is the molar gas constant. The measured mole fraction
water in the vapor isy2. The only unknown in Eq.~13! is f2,
the fugacity coefficient of water in the gas mixture. If we u
the virial expansion in its pressure form and truncate after
second virial coefficient~which is generally superior to simi
larly truncating the volume form!,35 f2 is given by

ln f25~2y1B1212y2B222Bmix!
p

RT
, ~14!

where Bmix5y1
2B1112y1y2B121y2

2B22 is the second virial
coefficient of the mixture. The second virial coefficients
pure helium and water,B11 and B22, are taken from Hurly
and Moldover36 and Hill and MacMillan,37 respectively.
Equations~13! and ~14! can be solved forB12 from a mea-
surement ofy2 at any temperature and pressure.

Iomtevet al.31 reported measured values ofy2 and asso-
ciated uncertaintiess2 at several pressures along isotherm
We did not consider points at pressures below 1 MPa,
cause their uncertainty iny2 produced enormous uncertain
in B12. Similarly, the highest pressure considered was 5
MPa on the grounds that neglected higher-order terms in
virial expansion would be too large at higher pressures
few points in another table~from a different experimenta
setup! with much larger uncertainties were also omitted. T
left between one and seven data points at each of seven
ferent temperatures. Values ofB12 were fitted at each tem
perature, minimizing the sum of squares of the deviation
y2 /s2. The results are listed in Table V.

Uncertainties inB12 ~as standard uncertainties with co
erage factor 2! were estimated by a parametric bootstr
method.38 Simulated data were generated based on the
certaintiess2, which we assumed signified one standard
viation. The uncertainties inB12, shown in Table V, are
probably an underestimate in that they account only for
certainty in the measurement ofy2. Probably the most im-
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portant additional uncertainties arise from the neglect
higher-order virial terms and, at lower temperatures, unc
tainty in p2

sat.

B. Calculated second virial coefficients

The second virial coefficient has been calculated us
the methods outlined in Sec. II E. The H2O orientation is
sampled using a two-dimensional Sobol sequence of 16
(214) points and the virial coefficient components@see Eqs.
~10!–~12!# are calculated using radial quadrature of orien
tionally averaged results out to 45a0 in steps of 0.01a0. The
uncertainties resulting from this quadrature scheme are
mated to vary between about 0.6% at 100 K and about 0.0
at 2000 K, very much smaller than those associated w
uncertainties in the potential~see below!.

The experimental results and those using Surface III
given in Tables V and VI. Experimental and calculated
sults are also shown in Fig. 6. The theoretical uncertain
are estimated by using Surface I as an upper bound an

TABLE V. Experimental second virial coefficients derived from data
Iomtev et al.a Uncertainty,DB ~standard uncertainty with a coverage fact
of 2!, computed as described in the text. Temperatures are given in
B12(T) andDB in cm3 mol21.

T B12 DB

208.16 25.2 56.1
223.16 7.1 15.9
233.16 12.9 8.5
243.16 14.4 5.4
253.15 15.6 7.6
263.15 15.7 7.6
271.15 16.7 5.0

aReference 31.

TABLE VI. Calculated second virial coefficients for Surface III. Temper
tures are given in K; allB12(T) components and the uncertainty in the tot
second virial coefficient,DB, are given in cm3 mol21. The method used to
estimateDB is described in the text.

T Bclass Bquant
rot Bquant

trans Btot DB

100 3.259 0.222 1.385 4.865 3.5
125 7.955 0.141 0.971 9.066 2.9
150 10.83 0.099 0.734 11.67 2.5
175 12.73 0.075 0.584 13.39 2.2
200 14.05 0.060 0.481 14.59 2.0
225 14.99 0.049 0.406 15.45 1.8
250 15.69 0.041 0.350 16.08 1.7
275 16.21 0.036 0.306 16.55 1.6
300 16.60 0.031 0.272 16.90 1.5
400 17.43 0.020 0.183 17.63 1.3
500 17.68 0.015 0.136 17.83 1.1
600 17.68 0.012 0.107 17.80 1.0
700 17.57 0.009 0.087 17.67 0.9
800 17.40 0.008 0.073 17.48 0.8
900 17.21 0.007 0.063 17.28 0.8

1000 17.01 0.006 0.055 17.07 0.7
1200 16.59 0.005 0.043 16.64 0.7
1400 16.19 0.004 0.035 16.23 0.6
1600 15.82 0.003 0.030 15.85 0.6
1800 15.46 0.003 0.025 15.49 0.5
2000 15.14 0.002 0.022 15.16 0.5
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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fourth fitted surface~Surface IV, withk51.125) as a lower
bound. ~The minimum energy of Surface IV is abou
2185 mEh , i.e., about 25mEh lower in energy than our
best estimate using Surface III.! The large differences be
tween these three surfaces lead to uncertainties that are p
ably overestimates; we note that the error in the global m
mum energy for Surface III is likely to be much smaller tha
the differences between Surfaces III and I, and Surfaces
and IV. The use of the Surface I results is, however, conc
tually appealing because this surface is not calibrated us
any supermolecule results. The6 uncertainties are reason
ably symmetric, so only their mean is given in Table VI.

The calculated data are plotted alongside the experim
tal data, which are only available over a small temperat
range, in Fig. 6. It is apparent that the magnitudes of
experimental uncertainties are such that the experime
data are incapable of providing a quantitative account of
behavior ofB12 over this temperature range. In particular, t
calculated values show thatB12 varies much less over this

FIG. 6. Comparison of experimental and calculatedB12(T) data. The esti-
mation of the calculated error bars is described in the text. The experime
error bar at 208.16 K is656.1 cm3 mol21.

FIG. 7. Calculated classical and quantum-corrected second virial co
cients,B12(T). The estimation of the calculated error bars is described in
text.
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temperature range than otherwise might have been infe
from the experimental data, even though the calculated
ues lie within the experimental error bars. The calcula
uncertainties~which are probably too large! are significantly
smaller than the experimental ones, especially for the lo
temperature points, and this demonstrates the value of ca
lating B12 when its experimental determination is difficult.

The temperature range that we consider~100–2000 K! is
determined by the applications mentioned in the Introduct
and is much larger than that accessible experimentally.
ditional calculated values ofB12 are shown in Fig. 7 and the
components are given in Table VI. It is apparent that
first-order quantum effects play only a minor role even at
lowest temperature reported—at 100 K, the rotational a
translational components contribute about 0.22 and
cm3 mol21 to the quantum-corrected value ofB12; by 150 K,
these contributions have been approximately halved and
resent 0.85% and 6.3% of the total value, respectively.
attribute the dominance of the translational quantum corr
tion to the weak angular anisotropy of the potential-ene
surface, and the main contribution to this component ari
through the radial forces. While the quantum contributio
are not insignificant, they represent contributions that
smaller than the error estimates in theB12 results due to the
uncertainties in the potential-energy surface; higher-or
corrections can be expected to be considerably smaller, a
does not seem worthwhile determining them at present.

C. Analytic representation of the second virial
coefficient

For practical use, it is desirable to be able to calcul
B12 without having to perform the numerical evaluations
Eqs. ~10!–~12!. We therefore fit a function to the results o
our calculations:

B12~T!'(
i 51

4

ai~T* !bi, ~15!

whereT* 5T/100 K and the coefficientsai andbi are given
in Table VII. Equation~15! fits the results from 100 K to
2000 K to within 0.01 cm3 mol21, which is comparable with
the uncertainty of the numerical integrations at highT. It also
extrapolates in a physically reasonable manner at higher
lower temperatures, although we recommend its use only
the stated range.

TABLE VII. Parameters for an analytic approximation ofB12(T). Theai are
given in cm3 mol21 and thebi are dimensionless; the functional form i
given in Eq.~15!.

i ai bi

1 55.57 20.347
2 259.25 20.85
3 13.32 21.45
4 24.767 22.1
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V. CONCLUSIONS

We develop a new potential-energy surface for
weakly bound water–helium complex using perturbat
theory methods, and calibrate the interaction energy at
global minimum to reproduce an estimate of the compl
basis set limit at the CCSD~T! level of theory. The global
minimum has the helium atom in the plane of the wa
molecule with the O→He vector nearly perpendicular to th
molecular symmetry axis, and this is attributed to compet
effects of maximizing the dispersion interaction and mi
mizing the repulsion with the lone pairs.

An analytic fit of the potential-energy surface is used
calculate the cross second virial coefficient,B12(T), and ex-
perimental values are extracted from limited data for
solubility of ice in helium. The theoretical calculations ca
be considered superior to the experimental data as the
mated uncertainties inB12(T) are found to be much smalle
than those derived from the experimental data. In addit
the experimental data are only available over a narrow ra
of temperatures~208.16–271.15 K!, whereas the theoretica
calculations can be performed at any temperature. We
phasize that the calculation ofB12(T) is the primary consid-
eration here, in contrast to the common practice of us
experimental second virial coefficient data to validate
potential-energy surface. Additional applications of the p
tential to spectroscopic or scattering calculations could
used to further test its accuracy.

The quantum corrections toB12(T) have been evaluate
using a semi-classical expansion to first order in\2 and are
found to contribute about 7% at 150 K. The translation
component is about an order of magnitude larger than
rotational component at all temperatures, and this is att
uted to weak angular anisotropy in the potential-energy s
face. However, for all temperatures, the magnitude of
quantum correction is significantly smaller than the unc
tainty due to the potential-energy surface.
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