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Determination of the Uncertainties for
ITS-90 Realization by SPRTs Between Fixed Points

C.W. Meyer and D.C. Ripple
National Institute of Standards and Technology
Gaithersburg, Maryland, USA

Abstract: Calibrated Standard Platinum Resistance Thermometers (SPRTs) are used to realize
the International Temperature Scale of 1990 (ITS-90) from 13.8033 K to 1234.93 K. The SPRTs
are calibrated at a series of fixed points, each assigned a temperature on the ITS-90, by
measuring the ratios of the SPRT resistances at those temperatures to that at the triple point of
water (TPW). For realizing the scale with a calibrated SPRT, a user measures the resistance
ratio at the unknown temperature and uses ITS-90-defined equations to interpolate between fixed
points. The uncertainty of the SPRT temperature is therefore largely influenced by the
propagation of fixed-point resistance-ratio uncertainties. In this paper, we rigorously derive the
equations for calculating these uncertainties for a variety of circumstances and we use software
tools written by us to perform these calculations using realistic uncertainties for fixed points and
other input parameters. For properly calculating the standard uncertainty for SPRT realization of
the ITS-90, correlations between the input quantities must be considered, in particular those
involving measurement of the TPW resistance. The proper calculation depends on three factors
involving SPRT use and calibration. The different combinations of these factors result in six
different equations for calculating the realization uncertainty. We derive these six equations,
specify the conditions of their use, and discuss the relevant uncertainty components for each of
them. We also compare the results of these equations with those of two approximations that may

be used for calculating the standard uncertainty and explain the conditions under which the
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simpler approximations agree with the more detailed calculations. Because these calculations

are complicated, we are making our software tools available upon request to the user community.
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1. Introduction

When performing a realization of the temperature Too on the International Temperature Scale of
1990 (ITS-90) [1] with a calibrated standard platinum resistance thermometer (SPRT), a user

determines the temperature from the SPRT resistance ratio

W (T,,) = R(Tyy) / Ripw » 1)

where R(Tq) is the resistance of the SPRT at Tgg. Also, Rypw is the resistance of the SPRT at the
the triple point of water (TPW) temperature, defined as Trpw = 273.16 K. Here, it is assumed
that the SPRT is in the same physical state for both R and Rypw (the “physical state” of an SPRT
will be discussed later in this introduction). For calculating Toy from W, a calibration-dependent
deviation function D (commonly denoted as AW) is used to relate W to an ITS-90 reference

function Wi(Too) [1] such that

W (Ty,) =W -D. 2)

The equations that mathematically define W(Top) and D are provided in Section 2. The
temperature Tqp is subsequently obtained by inverting Wy(To) through an iterative process. The
ITS-90 specifies 11 subranges over which SPRTs may be calibrated, each with its own deviation
function. Each deviation function is constructed using a subrange-specified functional form,

which is also provided in Section 2; the coefficients of this function are determined using
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measurements of W at a subrange-specified set of fixed points with ITS-90-defined temperatures.

The value of W at the i fixed point is denoted as Wep; and defined as

Wipi = Rpp; /RTPW,i' 3)

Here, it is again assumed that the SPRT is the same physical state during both resistance
measurements. Ultimately, when the SPRT measures W at an unknown temperature, W, (and

hence To) is calculated from W and all the Wep; values for the desired subrange.

During an SPRT calibration, the calibrator determines values of Wgp; with uncertainty U(Wep,)
for all fixed points used in the subrange (this paper uses the notation u(x) as the standard
uncertainty for the quantity X). For each measurement of Wgp; a measurement of R is made
while the SPRT is inserted in the fixed point cell. Afterwards the appropriate corrections (e.g.

pressure head) are applied to it to obtain its value at the fixed-point temperature; this value is
denoted here as R,;. Often a similar measurement of R is made in a calibration-lab TPW cell
immediately afterwards to obtain the TPW resistance (denoted here as Rfpy;). For calibrations

of capsule-type SPRTs at low temperatures, it is cumbersome and unnecessary to measure Rrpy

cal

after every fixed point, so only one measurement of Rrpw (denoted here as Rjp,, ) is used for
calculating Wgp;. The calibration report provides coefficients used for determining D for the
rep

requested subrange. The report also provides a value for Rrpw (denoted here as Ry, ) that is

related to the values of Rrpw measured during the calibration. After calibration of the SPRT, the

Page 4 of 55



Published in Metrologia 43, 327 (2006).

user of the SPRT often measures the SPRT resistance in the user laboratory, using a different

user
TPW *

TPW cell and different resistance-measurement equipment, obtaining R
Proper calculation of Tgg is complicated because of detrimental changes in the physical state of
an SPRT that cause shifts in R(Top). There are reversible changes in state that occur naturally
when the SPRT temperature is changed and which do not cause resistance shifts when the SPRT
temperature is returned to Tgp (examples are changes in the density of lattice vacancies and
changes in the electron transport properties); these changes are of no concern because they cause
no irreproducibility in the empirical W versus temperature relation. The detrimental changes that

lead to irreproducibility of the W relation are caused by:

1) mechanical shock on the SPRT (which causes strain on the platinum),
2) changes in the oxidation state of the platinum at elevated temperatures
3) changes in moisture distribution in the SPRT

4) thermal shock

5) grain growth

6) contamination

7) loss of the hermetic seal of the SPRT

8) other unknown causes.

In this paper, when we refer to an SPRT at Trpw as being in the same physical state as at

temperature Top, we mean that there are no changes in state that would cause the resistance shifts

described above.
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For thermometers used at temperatures above 234 K, shifts in Rypw over the course of a
calibration are of the order of several tenths of a millikelvin, even for the most careful
calibrations. By comparison, the uncertainty of the TPW realization itself is often an order of
magnitude better. Provided that any resistance shift occurring between the measurements of
R(Tgo) and Rrpw is very small or nonexistent, the previously-accumulated shifts of these two
quantities are highly correlated. In this case, these shifts in resistance measurements cause

virtually no shift in resistance ratio measurements. Because of this, SPRT calibration
uncertainties will be lower if R;?,IWJ is measured after every Rgp; for use in calculating Wep;

when calibration fixed-point temperatures are above 234 K; this assures that these two
resistances are measured while the SPRT is in the same physical state. Also, because of

resistance-shift effects, SPRT users measuring temperatures above 234 K are strongly advised to

calculate W using a measurement of R;,,, made soon after making resistance measurements at

the unknown temperature in order to minimize temperature-measurement uncertainties.

rep

Nevertheless, users that do not have access to a TPW cell may have no choice but to use Ry,

for calculating W.

Calculations of SPRT uncertainties are generally based on the ISO Guide to the Expression of
Uncertainty in Measurement (GUM) [2]. A considerable amount of literature exists on GUM-
compliant calculation of SPRT uncertainties between fixed-points when using the ITS-90. [3]
Most recently, work has been done to use Lagrangian and non-Lagrangian analytical methods for
determining U(Tgg) in terms of W and the calibration values of Wgp; measured for the SPRT

subrange [3-5]. In [4], White showed that the proper equation for calculating U(Toy) depends on
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whether the user employs Ry or Ry, when calculating Tog. He also showed that the equation

for calculating U(T99) depends on whether the calibration laboratory made one measurement of

R, for the entire calibration or made separate measurements of R:h, . for each fixed point.

White presented three equations for calculating u(To9). However, some important uncertainty
components, such as the uncertainty from resistance shifts mentioned above, were not included
in the equations. Also, all equations expressed U(Tgg) in terms of the uncertainties of Rpp;. In the

ITS-90, however, temperature is expressed in terms of W and W,; = Ry; / Rypy,;, and therefore

certain resistance-related measurement errors (e.g., resistance-standard errors) may cancel in the
resistance ratio and provide no contribution to U(Tgg). Because of this, it is preferable to express

SPRT measurement uncertainties in terms of W and Wy,; whenever possible. When this is not

possible, it is best to express the wuncertainties in terms of the quantities

‘B(Tgo ), Ropy, and R, ; (the ratios of R(T90 ), Ripw, and Ry, , respectively, relative to a resistance

standard Rgng), since these are the quantities which are directly measured using a resistance

bridge.

In this paper we describe a method for calculating U(Top) and use software tools to perform
sample calculations using realistic values for fixed-point uncertainties and other input
parameters. We rigorously derive six general equations for performing the calculations and
explain the circumstances under which each equation should be used. The proper equation

depends on three factors involving SPRT use and calibration: 1) whether the user determines
W(Tog) using Ry or Ry » 2) whether the unknown temperature is measured inside the original

TPW »

calibration laboratory (using the same TPW cell and resistance-measurement equipment) or
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externally (using a different TPW cell and resistance-measurement system) and 3) whether,
during calibration, the Wgp; are determined by using TPW resistance measurements performed
after each fixed-point resistance measurement or by using one TPW resistance value for the
entire calibration. All equations describe U(Tgg) in terms of resistance-ratio uncertainties when
appropriate. The equations include a formalism for including uncertainties for ITS-90 non-
uniqueness and for shifts in the values of Wgp; after calibration. Sample plots are shown to
illustrate the difference in the results of the uncertainty calculations for the different equations.
We also compare these six equations with two approximations to the GUM uncertainty which
may be used for calculating U(Tqg) (see Eq. 52 and Eq. 54) and show the conditions under which

these simpler approximations agree well with the more detailed calculations.

Recognizing that it may be difficult for many in the user community to implement this method,

we are making our software tools available to those wishing to use them for their own input

parameters. Information on how to obtain the tools is given at the end of the manuscript.

This paper addresses only the uncertainties of temperature measurement due to uncertainties of

SPRT calibration and use. It does not include other temperature-measurement uncertainties that

may be encountered by the SPRT user, such as temperature gradients, fluctuations and drifts.

2. ITS-90 Reference Function, and Deviation Functions and Fixed Points for the Subranges

The ITS-90 reference function for SPRTs is [1]
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12
W, (T,, )] = A, Z [1n(T90/27?;6K)+15] 13.8033 K <T,, <273.16 K
= N
9
; [T”/K 75415} 273.15K <T,, <1234.93K

The ITS-90 deviation functions for the different subranges are listed below. In order to address
uncertainties from ITS-90 non-uniqueness, we introduce here the quantity N(To9) which, if
known, would correct for this non-uniqueness. Since N(Tgy) is not described in the ITS-90
documents, it is assumed to be zero and ignored when determining the coefficients used for
calculating D. However, the uncertainty U(N) provides a non-uniqueness component to U(Top).

The deviation functions are as follows [1,6]:

Subranges 1-3: D =aW(T,,) - 1]+ bW(T,,) —1]° + Zsl ¢, [InW (T )]™" + N(T,,),

i=l
Subrange 1: n=2

Subrange 2: ¢4, =Cs=n=0

Subrange 3: c; =C3=C4=Cs=0,n=1 5)
A= —2.13534729 Co=  2.781572 54
A= 3.18324720 Ci= 1.646509 16
A,= —1.80143597 C,= -0.13714390
A= 0.717 272 04 Cs;= -0.006497 67
As=  0.503 440 27 Cs4= -—0.002344 44
As= —0.618993 95 Cs= 0.005118 68
Ag= —0.053 32322 Ces= 0.001 879 82
A;= 0.28021362 C,= -0.002044 72
Ag= 0.107 15224 Cg= —0.000461 22
Ag= —0.293 028 65 Co= 0.000457 24
A= 0.044 598 72
A= 0.118 686 32
A= —0.052481 34
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Subrange 4: D = a[W (T,,) — 1] + b[W (T,, ) — I]InW (T, ) + N(T,, ), 6)

Subranges 5-11: D = aW(T,,) — 1] + bW (T,,) = 11" + c[W(T,,) - 11’

+d[W(T,,) —W(660.323 °C)]* + N(T,,),

Subrange 5,8,9:c=d=0
Subrange 6: all coefficients used.
Subrange 7: d =0

Subrange 10, 11:b=c=d=0 7)

Here, @, b, and ¢; are calibration coefficients determined by solving the equation at the fixed-
point temperatures using W, and the set of Wgp; values measured for the subrange; as a result, D

is implicitly a function of this set of Wgp; values.

The fixed points used by the ITS-90 are the triple point of equilibrium hydrogen (e-H, TP), the
vapor pressure of equilibrium hydrogen near 17.035 K (e-H, VPI1), the vapor pressure of
equilibrium hydrogen near 20.27 K (e-H, VP2), the triple point of neon (Ne TP), the triple point
of oxygen (O, TP), the triple point of argon (Ar TP), the triple point of mercury (Hg TP), the
melting point of gallium (Ga MP), the freezing point of indium (In FrP), the freezing point of tin
(Sn FrP), the freezing point of zinc (Zn FrP), the freezing point of aluminum (Al FrP), and the
freezing point of silver (Ag FrP). The use of these fixed points by the 11 respective ITS-90

subranges is provided in Table 1.
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3. Additional Definitions and Notations

For describing uncertainties in Tqo, it is necessary to refine old definitions and introduce new
definitions and notation for this paper. First, we refine the definition of R, to be the resistance
of the SPRT in its physical state at the time of its measurement at temperature T, =273.16 K.

We similarly refine the definition of R;,; to be the resistance of the SPRT in its physical state at

the time of its measurement at the i" fixed point with ITS-90 defined temperature Tip; - Because

the physical state of the SPRT may have changed slightly, we introduce the change-of-state
correction factor S/, such that

FP,i

Swi = Rppwi/Rypw,; (if an Rrpw measurement is made after each fixed point)

S TPW

rpi = Rppw / Rypyw,;  (if one Rrpw value is used for entire calibration). 8)

where Ry, ; is the resistance that the SPRT would have at temperature T, if it were in the

same physical state (see discussion in Section 1) as when R.,;, was measured. In this case,

Eq. 3 becomes

Wep; = = LY (if an Rypw measurement is made after each fixed point)
TPW
R...
W,,; =—"-S"  (if one Rrpw value is used for entire calibration). 9)
TPW
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For calculation of Wy,;, Sy, is assumed to have a value of unity, but its uncertainty will be

used to determine the uncertainty in T from the SPRT change of state.

Similarly, for use of the calibrated SPRT to determine an unknown temperature Toy by measuring

R(T9o) and Rypw, we define STT9 zw as the SPRT change-of-state correction factor

STT(;:W = Rppw /Rppy - 10)

Here, Ry, 1s the resistance that the SPRT would have at T, if it were in the same physical
state as when R(T,,) was measured. Using Eq. 10, we account for changes in state in the SPRT

by modifying Eq. 1 to give

W(T90) = R(T90) STT::W 11)

TPW

For calculation of W(Tyy), STT;:W is assumed to have a value of unity, but its uncertainty will be

used to determine the uncertainty in Toy from the SPRT change of state.

We also define TS, and TF‘}?; as the temperatures realized, after application of all known

corrections, in the calibration laboratory’s TPW cell and the i fixed-point cell, respectively. For

the case where an Rrpw measurement is made after each fixed point, we define R;’;‘,li as the
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resistance measured at T21 and RS, as the resistance measured at T,5, after the measurement

1 . . . . 1
of Rip,;. For the case where one Rrpw value is used for entire calibration, we define Ry, as the

resistance measured at T, . Using these definitions, we may then define the realization

correction factors

Coly =R Ry =14+ I (T —273.16 K) 12)
' dT,,
and
cal ca dWr ca
CFPI,i = RFPl,i /Rpp =1+ dT, (TFP,li _TFP,i) 13)

90

to account for unknown systematic errors in the realizations performed in real TPW cells and

other fixed-point cells. The values of CSa., and C;’;l,i may be assumed to be equal to unity for

good-quality cells. The uncertainties u(C:a,, ) and u(C;‘;"i ) involve the uncertainties of the TPW

and other fixed-point realizations but not the uncertainties of the resistance measurements or

those due to SPRT resistance shifts.

For the fixed points measured in the calibration laboratory, we define

R cal_ SRC&I )
FP FP . : .
wel = L gV — LSV (if one Rrpw measurement is made after each fixed point)
FPi Rcal FPi SRC&I FPji >
TPW,i TPW,i
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Rcal_ SRcal_
FP FP . . . . .
wel = LSIPW — LSV (if one Rrpw value is used for the entire calibration). 14)
FPii Rcal FP,i SRC&l FPii
TPW TPW

cal fO r

cal cal cal . : : :
Here, Ripi, Ripy,i» and R, are the resistance ratios relative to a resistance standard Ry,

the resistances Rgp;, Rimy;, and Ripy , respectively. For an uncertainty analysis, it is important
to consider the resistance ratios because they are the quantities that are measured directly in the
calibration laboratory rather than the resistances themselves. When determining W;;"li , the effect

of the resistance standard cancels out and is therefore irrelevant in the uncertainty analysis for

W cal

FP,i *

Combining Egs. 9, 12, 13 and 14 results in the relation

cal
— W cal CTPW

FP,i FP,i cel .
FP,i

W

15)

4. Derivation of Uncertainty Equations

Using the general law of uncertainty propagation [2], the uncertainty of SPRT realizations of Ty

between fixed points is given by

(T, =i(ﬁju(xi)2+2n2_l > 1, T Ty ulx,) 16)

ij
OX. i o OX;  OX;
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where the X; are the n input quantities required to obtain Tgy. The relevant quantities and the

derivatives 0Tqo/0 X; may be found by expanding the differential dTo:

5 0T,
dT,, = > —2dx, . 17
90 Izzl: ox. i )
Performing the expansion,
orT. oT.
dT,, = a_V\‘;(:dWr = 6_V\j(: [dw — dD(W, W, N )]
_ 0w (1—@jdw - b dW,,, |—dN
aWr oW i=1 a\NFP,i '
=~ o dw - >° b dW,,, |- dN |. 18)
oW, i \ OWpp; '

Here, the relevant quantities are W, Wgpj and N. In Eq. 18, W will be correlated with the Wep if
the value of Rrpw used for calculating W is obtained from the calibration report (rather than from
a measurement by the user). In addition, W will be correlated with the Wgp; if the SPRT
measurement is “internal” (using the same TPW cell and resistance-measurement equipment as
used during the calibration) rather than “external” (using a different TPW cell and resistance
measurement system). Also, the different Wep; will be correlated if they all share the same value
for Rrpw. These factors result in six cases for calculating Top and U(Tgg), which are summarized

in Table 2 and discussed in the following sections.
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Because calculation of correlation coefficients can be cumbersome, the methodology used by
this paper involves expanding out the differentials dW and dWygp j, expressing them in terms of
independent X; (hence r;jj =0 for all i and j in Eq. 14). The differences for the six different cases
described above due to correlations then result in different choices of X; and/or different
expressions for 0Tg/0 X;.

Case 1: External User determines W using Ri>% , one Rin, value used for each fixed point

For this arrangement, the user is external to the calibration laboratory and W is calculated using a

user

value of Rrpw measured by the user (denoted as Ry ), and one measurement of Rrpw i1s made

for each fixed point during the calibration. The measurement of Ry, is performed preferably
immediately after the measurement at the unknown temperature to minimize SPRT change-of-
state uncertainties. For this case, we define T,y as the actual temperature realized in the user
TPW cell and then define the realization correction factor

W, (o 273,16 K). 19)

user __ user ~
CTPW = RTPW / RTPW =1+

90

Here, it is assumed that the physical state of the SPRT is the same for both R}, and R, , so

that Cpy, is determined only by deviations of Ty, from 273.16 K and not by SPRT changes of

state. We furthermore define
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R user -I- )y user T
W user (T90 ) = R user 90 ) S_I"_I;IZW — Rm us(er 90 ) S_I'_I;I:W 20)
TPW TPW

user

to describe the value of W that is actually measured by the user. Here, R"(T,,)and Ry, are

user

the resistance ratios relative to the user resistance standardR}Y for R™(T,,)and Rypy ,

stnd

respectively. Using Egs. 11, 19, and 20 we obtain

W(T9o) =W* (T9o) : C#}s;;/ . 21)

Equation 21 separates out the resistance-ratio-measurement and TPW-realization parts of W,

which is useful for separating out the uncertainty components of this quantity.

Differentiating Eq. 21 yields

dW — d(\Nuser . C?;e\;/): dW user +Wuserdc;l;€;1\’/ , 22)

and differentiating Eq. 15 results in

cal cal cal cal user
dW.. =d WFP,i 'CTPW — dw. WFP,i dce WFP,iCTPW dc e
FP,i — cal - FP,i + Ccal TPW cal FP,i
FPi FPj (CFRi )
~ cal cal cal cal cal
= dWFP,i +WFP,idCTPW _WFP,idCFP,i . 23)
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Combining the results of Egs. 22 and 23 into Eq. 18 provides

oT. | oD
dT — 90 dW user + W userdC user d
% oW, ™ ; Wi, (

Wi +WinidCoiny —WinidCp, )} - dNJ- 24)
The relevant quantities for u(Tog) are therefore W™, Cin, Wi, Ciny» Crpi» and N. These

quantities and their uncertainty components are summarized in Table 3. The total uncertainty for

Too 1s then

aWr i=1 aWFP,i o

2 2
u(T,, ) = [GT"O] {u( s fpw eyl F o (Zﬂw j ulce,

>
i=1 FP,i

2
[ o J (e} +weulce ¥ )]+u(N)2 S
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Case 2: Measurements performed in calibration lab; an Ry, measurement for each fixed point

For this arrangement, the temperature is measured in the laboratory where the SPRT was
calibrated (using the same TPW cell and resistance measurement equipment), and a
measurement of Rypw is made for each fixed point during the calibration. The user still makes
measurements of Rrpw to minimize uncertainties due to SPRT resistance shifts. For this case, we

note that

Cir = Cii- 26)

Therefore, Eq. 21 then may be expressed as

W (T90) =W (T90) : C;;lw . 27)

Differentiating W yields

AW = d(W ™ - C ) = dw e W e, 28)

Inserting the results of Eq. 28 and Eq. 23 into Eq. 18 provides
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8T user user 4 aD cal ca
AT = 8V\9/0 l:dW * (W - zaW—\NFP,li ]dCTPlW
' i=1 FP,i
L oD w “ .
_ 4 aWFP’i (dWFP1| _WFP’lidCFP{i )— dN} . 29)

The relevant quantities for u(Too) are therefore W ™", Wyis,, Cs5 ) Ci., and N. These quantities

and their uncertainty components are summarized in Table 4. The total uncertainty for Ty is

then

2 2

aT ser user : aD ca ca

o,y :Lavcoj ufw = ) {W —Zaw—wmﬂ} ulca, )
r i=1 FP,i

2
+ ( b J (u(W;I':‘fi Frweu(ce, )2) +u(N)? |. 30)
i=1 a\NFP,i

Case 3: External user determines W using R}$%, ; an R{%, measurement for each fixed point

In this arrangement, the user is external to the calibration laboratory and calculates W using a
value of Rypw provided in the calibration report. Also, a measurement of Rrpw is made for each

fixed point during the calibration. The value of W determined by the user is then defined by:

R e (T90 ) S TPW

RIP Ty 2
TPW

WS (T,,) = 31)
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where R, is the TPW resistance provided in the calibration report and is a weighted mean of

Rcal

TPW,i -

n

R, = RS L D =1, 32)
i=1

i=l

where the weighting factor fj is arbitrarily decided on by the calibration laboratory. For example,

- 33)
n
and
f.=0 i#n
34)
f.=1 i=n

(where n is the last fixed point in the calibration sequence) are possible definitions for fi. Also,

S; " is the change in state of the SPRT defined by Eq. 10. Replacing Ry, with Ry, in Eq.

12, and substituting Eq. 12 in Eq. 10 gives

rep
R TPW

TPW _ .
ST90 = RTPW /RTPW - Ccal R .
TPW "N TPW

35)

Then, using the above equation with Eq. 1 yields
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_ R Ccal STPW. 36)

W = o TPW T,

RTPpW
Using Rqh, for calculating W™is generally not recommended because of additional
uncertainty introduced. First, there is an uncertainty due to resistance standards of the user and
calibration laboratory. Secondly, the uncertainty in S; ™ can be very large and difficult to

estimate.

To aid in the handling of correlations between Rif, , Riny;»and Rih;, we express Ry, as
n
rep  __ rep cal __ cal cal
RTPW = ERTPW Rsmd = Z fiSRTPW,i Rstnd > 37)
=

where R7p, is the resistance ratio measured between Ry, and the calibration laboratory

resistance standard. Also we insert Eq. 14 into Eq. 15 to obtain

cal cal
9{ FP,i C TPW TPW

cal cal FP,i -
9{TPV\],i CFP,i

W.. =

FP,i

38)

Differentiating W provides
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dW _ C;?}W S{:W dRuser RuserC;;IW ngw x .I: (Rcal dSRcal SRcal dRcal )
- RIeP - (Rrep > Z i\ ‘stnd TPW,i + TPW,i % Ystnd
TPW TPW ) i=1
user ¢ TPW user ~ cal
+ R Too C cal R CTPW S TPW
RIeP TPW RreP Too
TPW TPW
1 1
dR™ o, (dRS,,  dRS
= W +dCypy +ASTY = f | WL g 39)
R user 90 - ER rep R cal
i=1 TPW stnd

and differentiating Wy,,; yields

cal TPW cal cal cal TPW cal TPW cal
dW _ CTPWSFP,i d9{FP,i _ ERFP,iCTPWSFP,i diRcal + SRFP,iSFP,i dCTPW
FPi —

cal cal | 2 | TPW,i cal cal
Crri  Ropwi (ER%WJ) Crpi Ripwi  Crp,

cal ~ cal TPW cal cal
_ E){FP,i(:TPWSFP,i Cca] + ERFP,i CTPW TPW
cal cal V2 FP,i mcal C cal FP,i
ERTPW,i CFp,i TPW,i “FP,i

dSR cal ) d ER cal
~ EP,i cal TPW cal cal cal cal cal TPW
= incal _WFP,i mca] +WFP,idCTPW _WFP,idCFP,i +WFP,idSFP,i . 40)

TPW,i TPW.i

Substituting the above two equations into Eq. 18 results in

user n dERcal - cal
T, = 2 [vv {dR rdCE, +ds™ -y f{ rewi | QR H

oW, R i=1 R rTe[I’)W Rsctild
h dmcal_ dmcal )
Y| —W;:,‘{—C;?’W" —dc;§W+dcs;‘,i—d83§?VJ S| 4D
i= aWFP,i ERTPw,i Ripw,

Noting from Eq. 32 that
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f =1, 42)

and regrouping to combine terms with the same differential, Eq. 41 becomes

aT user d R e d RSC?II user Ca ca
dT90 = 6\/\30 ( |: R vser + dS{l:W - cz:ldi| |: Z Fp, FPllj| CTPIW —dN

r stnd

n diRcal ) diRcal
_{Z(\N - 6\?VD WFCI:’ﬂlJ e 6\?VD (mcalﬂ)l ~WidCipy +W,idS }D 43)
FP,i

cal
i=1 FPi 9{Tki’w,i TPW,i
The relevant quantities for u(To) are therefore R™, St™, Cihy, Ripyi» Rings Rivis Conir Spps »
and N. Note that Ry, is a function of R{p,; and is therefore not an independent relevant

quantity itself. The relevant quantities and their uncertainty components are summarized in

Table 5. The total uncertainty is therefore

U(T9o )2 = (BTQOJZ{ user .{U(RUSHZ)Z_FU(STTPW )2 n (R:;lld)

n 2

al al |

w3 W | i)
=1 FP|

o Al

; 2 g 2
n l[(wuserf FcPallJ . ( TPW|)

i= aWFP i Rel

TPW,i

2 cal
( > ] [ D) weuleg F wi (s;f.v“)zﬂwm)z -

W, JE{%lv\r,i
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It should be noted that if SR%WJ is measured immediately after %;ﬁji and care is taken not to

knock the SPRT between measurements, the value of u( FTlf’ TV) will probably be negligible. This

quantity is nevertheless included for the sake of completeness.

Case 4: External User determines W using Ri>» , one Ria, value for entire calibration

For this arrangement, the user is external to the calibration laboratory, W is calculated using a

value of Rypw measured by the user, and one value of Rypw is used for the entire calibration. The
uncertainty for this case is derived similarly to that in Case 1. However, since only one R,
(and thus RSy, ) is used, dW,s; must be expressed in terms of Ry, and Ry, using Eq. 14 in
order that U(Tp) be shown in terms of uncorrelated relevant quantities. In addition, additional
uncertainties Sy for changes in state of the SPRT between measurements of R, and Ry,

must be included. Then

n n dmca]_ dmcal
5> D gy 3 P ( Syt ey e gg | 45)
i=1 aWFP,i i=1 aV\/FP,i SRTPW mTPW

Substituting the rhs of the above equation into Eq. 24 yields
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ot ", oD dRS
dT — 90 dW user + W userdC user + W cal' . TPW dC cal
90 aW { TPW |:; aWFP’i FP,i :| |: m?}iw TPW j|

T

n dincal_

= ( e widess, +vv;;‘ids:;?q N 4
i=1 aWFP,i Ripw

The relevant quantities for u(To) are therefore W™, C15, SR;";}J, SR%W, C;;le C;;{i _and N.

These quantities and their uncertainty components are summarized in Table 6. Note that for this

case the uncertainty of S, is likely to be larger than for case 1, because measurement of the

latter is not made immediately afterwards. The total uncertainty for Ty is then

? n 2 cal 2
u(Ty, )" = [21\/-\;0 J U(W o )2 +W userzu(C}’f,irV )2 + {z ﬂw iy } . {ug}iﬁw) n U(C;?,IW )2 ]
' TPW

i=1

n 2 cal 2
’ [avaVDj [USE;RW) +WF?1‘2[“(CET"J)2+“(S§§?“)2]J +U(N)* | 47)

Case 5: Measurements performed in calibration lab; one R{a, value for entire calibration

For this arrangement, the temperature is measured in the laboratory where the SPRT was
calibrated (using the same TPW cell and resistance measurement equipment), and one value of

Rrpw is used for the entire calibration. The uncertainty for this case is derived similarly to that in

. 1 1 . 1 .
Case 2. However, since only one Ry, (and thus R, ) is used, dWy,; must be expressed in
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terms of Ripy ,Rin;, and S+ using Eq. 14 in order that U(Teo) be shown in terms of

uncorrelated relevant quantities. Substituting the rhs of Eq. 45 into Eq. 29 provides

n n cal
0T, = 20| dw o | we —[ZLNF?}J -dCiny {Z D gy |- Do
6Wr i=1 aWFP’i Py aWFP,i SRTPW
n dmcal_
- |: a\i/[Zal { SRcal;P'l _Wch,lidCl?;],i +WFCPa,]idsl;rl§\iN J} - dNJ . 48)
i=1 FP,i TPW

The relevant quantities for U(Tog) are therefore W™, Ry, Ry, Cony s Conis Sppi » and N.

These quantities and their uncertainty components are summarized in Table 7. Note that for this

case the uncertainty of Si}" is likely to be larger than for Case 2, because measurement of the

latter is not made immediately afterwards. The total uncertainty for Ty is then

2 2

6T T user - aD cal cai

U(T90 )2 = (av\olo J u( " )2 + {W - ZaW—VVFP,lij| ) U(CTPIW )2
r i=1 FP,i

n 2 cal 2
+[ZG—DW;:;} g, ]
i1 Wiy, R

+ Zn:( oD ] {U(QR;&S-) +WFcPa,1i2[u(C}S?’l,i)2+u( FTIf:N)z]] +Uu(N)* |. 49)
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Case 6: External user determines W using R}, ; one Ry value for entire calibration

In this arrangement, the user is external to the calibration laboratory and calculates W using a
value of Rrpw provided in the calibration report. Also, one value of Rrpw is used for the entire

calibration. This case is similar to Case 3, so the value of W determined by the user is defined

by Eq. 33. However, here Ry, is defined by

Rivw = Ripw 50)

As with Case 3, this arrangement is not recommended because of the large contribution to the

uncertainty due to the change of state of the SPRT.

The expression for dW is given by Eq. 39. Since only one R{a,, (and thus RS, ) is used,

cal cal
_ Ripi Chow o ow

FPji — cal cal FPji *
9{TPV‘] CFP,i

51)

Differentiating the above equation gives
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cal TPW cal cal cal TPW cal TPW cal
dW — CTPWSFP,i dSRFP,i _ E){FP,i(:TPWSFP,i di]:{cal + E){FP,iSFP,i dCTPW
FP,i C cal R cal ( cal )2 cal TPW R cal C cal
FPj TPW Ripw ) Crp; TPW FP,
cal cal TPW cal cal
_ CTPWmFP,i SFP,i d Cal_ E):{FP,i CTPW d TPW
( cal )2 cal FP,i mcal Cca] FP,i
CFP,i ERTPW TPW FP,i

dSRCiil_ diRcal
- Wers e Wing@Ciny ~WipidCrpy +WipidSpp 52)

ER cal
TPW TPW

~

Substituting the rhs of Eq. 39 and Eq. 52 into Eq. 18 provides

T user Rcal
ar,, = Thon [y | SR oo QRung
aW RUSC[’ 90

T

n cal
+ {W oy 02w } - {dcg‘fw B }
i=1 a\NFP,i ERTPW
n diRcal_
P [P yedc cwgas [|—an | s3)
i=1 8\NFP,i mTPW

fel 1 1 1 1 1 TPW 1
The relevant quantities for u(Too) are therefore R™, S{T, Cipw s Ripwir Rinar Ripir Sepi » Crpis

use !

and N. The relevant quantities and their uncertainty components are summarized in Table 8.

Note that for this case the uncertainty of WRjp due to SPRT change-of-state between

1 1 . .
measurement of R, and R, is likely to be larger than for case 3, because measurement of

the latter is not made immediately afterwards. The total uncertainty is then given by
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? user ’ cal
U(T90 )2 = [21\/—\9/0 j (W wsar? [M + u( TT;)’W )2 n (Rstnld) ]

R user R cal 2

stnd

2 2
SRcal
w3 ;:a} -[u(C;?:W J —ER)}

i Z;:(a\(;v?m] { i};‘i) Wpcsl' [ (C;‘ilvi) (Sl;[lf?)v) ]]]"'U(N)z . 54)

Approximations to the GUM Uncertainty for Cases 1, 3,4, and 6

An approximation has been frequently used for simplifying the GUM uncertainties for Cases 1

and 4 (Eq. 25 and Eq. 47, respectively). For both cases, this approximation assumes uncorrelated
values of Cp, when it is used for calculating the different Wy, , as if a different TPW cell were

cal

used for each TPW realization during the calibration. Therefore, dCyp, is replaced by dCqpy;

in Eq. 24 and Eq. 46. For Case 4, the approximation also assumes uncorrelated values for R%h,,
when it is used for calculating the different W5; , and so dR5;,, is replaced by dR55, ;. The

latter is then combined with dR};; to make dW; using Eq. 45, making this case identical to

Case 1. With these assumptions, Eq. 25 and Eq. 47 are changed to

2 2
umo)z:[g;f] <) w3 (aij](w) cuy | ss)

where
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W, f = uw P +wg (e, ) +we (e 56)

The above approximation may be extended to apply to Case 3 and Case 6 to provide the
uncertainty using simpler equations than Eq. 44 and Eq. 54. For these cases the uncertainty
from the change of SPRT change of state must still be included, since it is often a relatively large

uncertainty. Also, the uncertainty contributed by the user is U(R™) (as in Eq. 44) rather than the

combination of u(W") and Cpy, . These modifications to Eq. 55 provide

where U(Wsp; ) is provided by Eq. 27. For the remainder of the paper, we will refer to Eq. 55 as

Approximation 1 and to Eq. 57 as Approximation 2.

Calculation of the Uncertainties

The total uncertainty as provided for Cases 1-6 involve calculations of OD/0W,,;. These

calculations may be performed using numerical analysis for determining the coefficients in the
appropriate equation for D in Eqs. 5-7. [7] The calculations may also be performed using
algebraic expressions derived by White for each of the 11 ITS-90 subranges. [8] When using the

algebraic expressions of [8], it should be noted that 6D/ OW,; 18 equivalent to the function Fi:;
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used in that work. In addition, the function F, =F,, from [8] is not directly used in the

uncertainty equations presented here, since we have used a mathematical identity (equivalent to

Eq. 20 in [8]) relating F, to the other F; values.

5. Sample Calculations

Shown in Figure 1 is the total standard uncertainty u(Tog) for SPRT measurement in subrange 6
(0 °C to 961.78 °C) using the calculations for a) Case 1 (Eq. 25), b) Case 2 (Eq. 30), and c)
Case 3 (Eq. 44). Plots of the uncertainties for Cases 4, 5, and 6 are not shown because the results
are virtually identical to those of 1, 2, and 3, respectively, for the parameters used. The
coefficients for D were determined using numerical analysis with LU decomposition [7]. The
total standard uncertainty is represented by a thick black curve. The contributions from the
individual components are represented by colored curves. The values and legend captions for
these components are given in Table 9, with one exception: for Case 3 the curves representing

the contributions from the Sn, Zn, Al and Ag fixed-point uncertainties are the combined

uncertainties for Ry, and Cgy; rather than the combined uncertainties for Wy, and Cgp;. In

FP,i FP,i *

Table 9, the combined uncertainties of Wy, and Cf3; are quantified in units of temperature in

the following manner. The uncertainty
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ubwg e )= bws P ewetules F]

5 5 1/2
U(SR;;I) cal 2 u mcal cal 2 cal V
= le +Wop,; % +Wop,; U(CFP,i ) 58)
ERTPW ERTPW
is defined as the combined uncertainty in dimensionless units and
oT,
cal cal | _ cal cal
Ur (\NFP,i d CFP,i ) = u(\NFP,i J CFP,i ) 8V\9;0 59)
T 1790 =Tee,i
is defined as this uncertainty in units of temperature. Likewise,
oT,
cal _ cal
Uy (CTPW )= U(CTPW ) 8V\9/0 60)
I Ty=273.16K
and
user user aT
Ur (CTPW )E U(CTPW ) 8V\(;0 61)
T T,=273.16K

are defined as the TPW cell uncertainties in units of temperature.

So that the sample calculations represent typical experimental conditions, the values of
Us (\N;;‘l, , C;;l,) listed in Table 9 are the median standard realization uncertainty values provided

by those national standards laboratories participating in CIPM or CCT key comparisons [9]. For
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simplicity the non-uniqueness uncertainty U(N) is assumed to be zero. The values of u(VV “Ser) and

u(iR}"ﬂW )are both assumed to be 5 x 10°°, a value based upon recent studies of resistance bridge

uncertainties [10,11]. For Cases 1, 2, 4, and 5, the uncertainty U(STT::W) is assumed to be zero; in
these cases it is assumed that the TPW resistance measurement is made immediately after the Ty
resistance measurement is made, so the SPRT change of state is minimal. For Cases 3 and 6,

where long periods of time may elapse between the TPW and Tyy measurements, u(STTg:W) is

estimated to be 1.0 uQ/Q, a value consistent with studies made of SPRT stability [12]. The

uncertainties u(R”S“) and u(RCal ) are both 0.25 pQ/Q, a value based upon the stability of

stnd

current resistance standards. Finally, for plot c), the values for the fi in Eq. 44 have been

arbitrarily chosentobe fy =f,=f;=0and f, = 1.

Figure 2 compares the calculations of Cases 1—6. All uncertainty component values except
U; (C}‘ff\i,) and u; (C;f,lw) are given in Table 9. The values for these two uncertainty components
are equivalent and are a) 0.06 mK, b) 0.15 mK, and c) 0.25 mK. The values of a) and b) are the
median and highest values, respectively, for those standards laboratories involved with key

comparisons. The value of ¢) is large but well within the TPW uncertainty claimed by many

national laboratories.

The results of Fig. 2a show that if u; (C}‘;evrv)<0.06 mK and u; (C;?}W)<O.O6 mK, the total

uncertainty for Cases 1, 2, 4, and 5 yield nearly identical results. Cases 3 and 6, where the user

calculates W with the calibration-report TPW resistance, give the largest uncertainty; this is due

to the large contribution from u(STT::W). From b) and c), it is evident that when U (C;‘;e\fv) and
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U; (C;‘I’}W) are significant compared to the other fixed-point uncertainties, there is a noticeable

difference between Cases 1 and 2 and between Cases 4 and 5. Cases 2 and 5 give the smallest
Too uncertainty; this is due to the correlation of the input values for the TPW temperature, since
the user TPW cell is the same as that used during the SPRT calibration. In all plots of this figure,

it can be seen that the uncertainties for Cases 1, 2, and 3 are virtually identical to those of Cases

4, 5, and 6, respectively, showing that the correlation of the input values for RS, does not have

much influence on the total uncertainty for the value of u(‘)&’%w) used in this figure.

The differences between the results of the six different cases can be seen for larger values of
u(ﬂ%;’ﬁw), as shown in Figure 3. Here, u(iR}"}}W) =4 x 10”7, which corresponds to a value of
0.1 mK and is nearly ten times larger than the value used for Figures 1-2. All other uncertainty
components are as listed in Table 9. Even with such a large value for u(‘R“{}lW ), the difference

between the total uncertainty for Case 1 and 4, for Case 2 and 5, and for Case 3 and 6 are usually

less than 0.1 mK.

Figure 4 shows the differences between the values of U(To) given by Approximation 1 and those
from Case 1 and Case 4. The figure also shows the differences between the values of u(Tog)

given by Approximation 2 and those from Case 3 and Case 6. The parameter combinations are

the same as those in Fig. 2. In a), where U, (C}‘ff\{,) = U; (C;j‘,lw) = 0.06 mK, the figure shows that

the differences are all within 10%. Inb), where u; (C}lff\;,) = U; (C;;lw) = 0.15 mK, the differences

are within 20% and for most of the temperature range they are within 10%. Finally, in c), where

Ur (C}‘;evrv) = u; (C;f,lw) = 0.25 mK, the differences can be as large as 40% and they are clearly
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larger for Approximation 2 than for Approximation 1. These results show that for those
standards laboratories with TPW and fixed-point uncertainties comparable to the key comparison
median values, the approximations should be quite satisfactory for estimating total uncertainties

for SPRT realizations.

6. Summary

We have derived the uncertainties for SPRT realization of the ITS-90 between fixed points for
six different cases of SPRT calibration/use. These cases are based on three factors: 1) whether
the value of Rrpw used for determining W is measured by the user or taken from the calibration
report, 2) whether the SPRT is employed by an external user or by an internal user employing the

same TPW cell and resistance-measurement equipment used in the calibration, and 3) whether,

during the calibration, a measurement of Rrpw was made for each determination of W, or if

only one value of Rrpw was used for all determinations of W,;. The results for all cases were

compared to each other and to an equation that has been frequently used to approximate the
GUM uncertainty for Tgg . The comparisons found that a) u(Te) is a few tenths of a millikelvin

larger when the value of Rypw is taken from the calibration report, b) for those cases where Rrpw
is user-determined, the values of U(Too) are nearly identical when u; (C;‘;‘{;,) and u; (C;;'W) are less
than 0.06 mK, and c) the correlation of the Rrpw values used for determining the Wy,; values in

the calibration has very little influence on U(T9y). The comparisons also showed that for those

cases where Rrpw is user-determined, the approximation gives a value of U(Tyo) that is nearly

equal to that of the exact calculation when u; (C}‘;evrv) and u; (C;?,lw) are less than 0.06 mK.
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The software tools used in this paper for calculating the SPRT uncertainty using the equations
derived above are capable of calculating the total uncertainty for all values of uncertainty
components. These software tools are available to the user community by sending a request via

email to christopher.meyer@nist.gov.
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Table Captions

Subranges for the SPRT definition of the ITS-90, displaying their calibration fixed points
FP,i. Here, “Subrange” refers to the subrange number and TP, MP, and FrP refer to triple

point, melting point, and freezing point, respectively.

Six cases affecting the equation for calculating SPRT uncertainties between fixed-points.

Relevant quantities for determining the uncertainty for Tq, for the case where the user is

external to the calibration lab and determines W with a user-obtained measurement of

Rrpw.

Relevant quantities for determining the uncertainty for T, for the case where Ty is
measured by the calibration laboratory, using the same TPW cell and resistance

equipment as that used in calibration.

Relevant quantities for determining the uncertainty for Tq, for the case where the user is
external to the calibration laboratory and determines W using Rypw from calibration

report.

Relevant quantities for determining the uncertainty for T, for the case where the user is

external to calibration lab and determines W with a user-obtained measurement of Rrpw.
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7. Relevant quantities for determining the uncertainty for Too, for the case where Toy is
measured by the calibration laboratory, using the same TPW cell and resistance

equipment as that used in calibration.

8. Relevant quantities for determining the uncertainty for Tq, for the case where the user is
external to the calibration laboratory and determines W using Rypw from calibration

report.

9. Values and legend captions for the uncertainty components used for the plots in Figures
1-3 (unless specified otherwise) a) Fixed point and resistance-measurement uncertainties.
b) SPRT change-of-state uncertainties. The reader is referred to Eqs. 58-61 for
definitions of some of the uncertainties listed in the table. The reader is also referred to

Tables 3-8 for determining which of the uncertainties in (a) is relevant for each case.
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Figure Captions

Standard SPRT uncertainties for subrange 6 (0 °C to 961.78 °C) for a) Case 1, b) Case 2,
and c) Case 3. The results for Cases 4, 5, and 6 are not shown because they are virtually
identical to those of Case 1, 2 and 3, respectively, for the parameters used. Uncertainties
propagated from individual uncertainty components (whose values are listed in Table 9)
are shown as well as the total uncertainty (see text for explanation of legend labels). In a)
the curves representing the propagation of the calibration-lab and user TPW uncertainties
are identical above 200 °C. In c) the curves representing the propagation of the
calibration-lab resistance standard and the user resistance-measurement system are
identical. The total uncertainty in c¢) is considerably larger than in a) and b) due to the

large uncertainty component from SPRT change of state.

. Effect of TPW realization uncertainties u, (C;’;i;) and u, (C;;‘}W) on total SPRT

uncertainties for subrange 6 (0 °C to 961.78 °C) for the six cases described in this paper.
For these plots, the results of Case 1 and Case 4 are identical, as is the case with the
results of Case 2 and Case 5 and the results of Case 3 and Case 6. The values of

u, (CT”;CV‘V) and u, (C;;IW) are listed in the plots, and the uncertainties of the Sn, Zn, Al, and
Ag fixed points and other parameters are listed in Table 9. Note that u, (C;‘;“;,‘V) is not used

to calculate the total uncertainty for Cases 3 and 6.
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3. Total SPRT uncertainties for subrange 6 (0 °C to 961.78 °C) for the six cases described in

this paper for u(iR?}lW) = 4.0 x107, which corresponds to 0.1 mK in temperature units.

All other uncertainty components are listed in Table 9.

4. Comparison of Approximation 1 (Eq. 55) with the exact calculations of the GUM
uncertainties for Cases 1 and 4 (which are identical in this figure), and comparison of
Approximation 2 (Eq. 57) with the exact calculations of the GUM uncertainties for Cases
3 and 6 (which are identical here). The calculations are made for subrange 6 (0 °C to
961.78 °C). The parameter combinations are provided in Table 9 and are the same as in

Fig. 2. Note that u(C;‘;i;J) is not used to calculate the total uncertainty for Cases 3 and 6

and for Approximation 2.
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Table 1
Subrange Temperature Range Fixed Points

i=1 i=2 i=3 i=4 i=5 =6 i=7
1 13.8033 K to 273.16 K e-H, TP | e-H, VP1 | e-H, VP2 | Ne TP O, TP Ar TP Hg TP
2 24.5561 Kt0273.16 K e-H, TP | Ne TP O, TP Ar TP Hg TP
3 54.3584 Kt0273.16 K 0, TP Ar TP Hg TP
4 83.8058 Kt0273.16 K Ar TP Hg TP
5 —38.8344 °C 10 29.7646 °C | Hg TP Ga MP
6 0°Ct0961.78 °C Sn FrP Zn FrP Al FrP Ag FrP
7 0 °C to 660.323 °C Sn FrP Zn FrP Al FrP
8 0°Ct0419.527 °C Sn FrP Zn FrP
9 0 °Cto0231.928 °C In FrP Sn FrP
10 0 °C to 156.5985 °C In FrP
11 0 °C t0 29.7646 °C Ga MP
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Table 2
Rtpw in One Rypw Vvalue
Case Calculation of W SPRT Use determined for:
1 | User-determined External Each fixed point
2 | User-determined Internal Each fixed point
3 | From calibration report External Each fixed point
4 | User-determined External Entire calibration
5 | User-determined Internal Entire calibration
6 | From calibration report External Entire calibration
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Table 3
Releva_nt Mathgzrr_]a_ltical Description of Elements
Quantity Definition
R (T, ) row Res@stance br@dge measurement ‘py user at Tog
W s T S, Resistance bridge measurement in user TPW cell
TPW Change in physical state of SPRT between above measurements
Crow Ripw / Ropw User realization of TPW (excluding resistance measurements)
Resistance bridge measurement in calib. lab at i™ fixed-point realization
Wl m;ﬁ,i TPW Resistance bridge measurement in calib. lab TPW cell for i™ fixed-point real.
FPi g{;ﬁw‘i FPi Change in physical state of SPRT between two resistance-bridge measurements
Change in physical state of SPRT between calibration and meas. of W™
Cey R / Ripw Calibration lab realization of TPW (excluding resistance measurements)
C;’fll,i R;}‘,{i I Rep; Calibration lab realization of i"" fixed point (excluding resistance measurements)
N ITS-90 Non-uniqueness
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Table 4

Relevant Mathematical .
Quantity Definition Description of Elements
R (T, Resistance bridge measurement by user at Tog
W et ERT“% STT;:W Resistance bridge measurement in calib. lab TPW cell after Top measurement
TPW Change in physical state of SPRT between above measurements
) Resistance bridge measurement in calib. lab at i"’ fixed-point realization
Wl Ripi w1ow Resistance bridge measurement in calib. lab TPW cell after it fixed-point real.
FPj R FPi Change in physical state of SPRT between two resistance-bridge measurements
Y Change in physical state of SPRT between calibration and meas. of W ™
Caly R I Rypw Calibration lab realization of TPW (excluding resistance measurements)
C;l"ll‘i Rﬁ;{i I Rep; Calibration lab realization of i fixed point (excluding resistance measurements)
N ITS-90 Non-uniqueness
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Table 5

Relevant | Mathematical I
Quantity Definition Description of elements
, Resistance Resistance ratio measurement by user at Tg
R user measured by user .
User resistance standard
at T9()
STT;W Ripw / Ropw Change in physical state of SPRT between R.p, and R™" measurements
Cey R;;lw'i I Ripw Calibration lab realization of TPW (excluding resistance measurements)
iR?}}W’i R;j‘,le / R Resistance ratio meas. in calibration lab TPW cell after i fixed-point cell
cal R i t . . .
RS esistance Calibration lab resistance standard
standard
gl Re /R Resistance ratio meas. in i calibration lab fixed-point cell
e FRL/ T snd Change in physical state of SPRT between calibration and meas. of W '
cel R® /R Calibration lab realization of i fixed point (excluding resistance
FP FPLT R measurements)
SR Ripw / Ripw Change in phys. state of SPRT between measurements of Rp; and Ripy,
N ITS-90 Non-uniqueness
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Table 6

Relevant | - Mathematical Description of Elements
Quantity Definition P
Ko (T, ) Resistance bridge measurement by user at To
W e Tﬂ% St | Resistance bridge measurement in user TPW cell
TPW Change in physical state of SPRT between above measurements

Crrw Ripw / Ropw Correction factor for user TPW realization (excluding resistance measurements)
R R;;‘,]W/ Rsctild Resistance bridge measurement for calibration lab TPW realization
gl R /R‘"‘al Resistance bridge measurement in calib. lab at i" fixed-point realization

i FRL T stnd Change in physical state of SPRT between calibration and meas. of W ™
SR Ripw / Ripw Change in physical state of SPRT between measurements of Ry, and RSy,

cal cal Correction factor for calibration lab TPW realization (excluding resistance
CTPW RTPW / RTPW

measurements)

cel Re /R Correction for calibration lab realization of i fixed point (excluding resistance

FP Pl measurements)
N ITS-90 Non-uniqueness
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Table 7

Relevant | Mathematical Description of Elements
Quantity Definition P
Resistance bridge measurement by user at Tgg
W user R (Ty,)/ Ripw | Resistance bridge measurement in calib. lab TPW cell after Too measurement
Change in physical state of SPRT between above measurements
R R / R Resistance bridge measurement for calibration lab TPW realization
gyl Re /R“‘l Resistance bridge measurement in calib. lab at i" fixed-point realization
e FRL/ T sd Change in physical state of SPRT between calibration and meas. of W ™
SR Ripw / Ripw Change in physical state of SPRT between measurements of Rjp; and Ry,
Coy R I Ripw Calibration lab realization of TPW (excluding resistance measurements)
cel R% /R Calibration lab realization of i" fixed point (excluding resistance
FPi FPi T ER measurements)
N ITS-90 Non-uniqueness
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Table 8

Relevan N N
cleva L Definition Description of elements
Quantity
Ruser User-measured | Resistance ratio measurement by user at Tog
resistance at Tog | User resistance standard
T]; IO)W Ripw / Ropw Change in physical state of SPRT between calibration and user measurement
cel R /R Correction for calibration lab TPW realization (excluding resistance
W TPWI T TTRPW measurements)
RO R, /RS Resistance ratio meas. in calibration lab TPW cell after i fixed-point cell
cal R i t . . .
Rsm]d csistance Calibration lab resistance standard
standard
grel Rel /R Resistance ratio meas. in i calibration lab fixed-point cell
i FRL/ T snd Change in physical state of SPRT between calibration and meas. of W "
St Ropw / Ripw Change in physical state of SPRT between measurements of Ry, and Rip,
cel Re /R Calibration lab realization of i fixed point (excluding resistance
FP. FPIT R measurements)
N ITS-90 Non-uniqueness
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Table 9

(a)
Uncertainty | Value Caption in Fig. 1 Legend
u, (Cr ) 0.1 mK User TPW
u, (Ceay) 0.1 mK Cal TPW
u; W ce ) | 0.4 mK Sn FP
uy W, ce) | 0.5 mK Zn FP
ur e el ) | 1 mK AL FP
up W, ce,) | 1.8 mK Ag FP
u(®ez,, ) 50x10° | Cal TPW R Rat.
u(W™*) 50x10° | User W
u(R™ 0.25 uQ/Q | User Resist.
u(R,) 0.25uQ/Q | Cal Res. Stnd.
U(STTQ }O)W) See Table 9b | SPRT Change
u(S oy ) See Table 9b | None
u(N) 0 None

2/2/2009

(b)
Cace | USTY) | s
[LQ/Q] | [MQ/Q]
1 0 0
2 0 0
3 1.0 0
4 0 0.3
5 0 0.3
6 1.0 0.3
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Figure 4
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