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Real-Time Quantized Optical Flow
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Abstract

Algorithms based on the correlation of image
patches can be robust in practice but are computation-
ally intensive due to the computational complexity of
their search-based nature. Performing the search over
time instead of over space is linear tn nature, rather
than quadratic, and results in a very efficient algo-
rithm. This, combined with implementations which
are highly efficient on standard computing hardware,
yields performance of over 5 frames per second on a
scientific workstation. Although the resulting veloc-
ities are quantized with resulting quantization error,
they have been shown to be sufficiently accurate for
many robotic viston tasks such as time-to-collision and
robotic navigation. Thus, this algorithm is highly suit-
able for real-time robotic vision research.

1 Introduction

Currently two major limitations to applying vision
to real robotic vision tasks are robustness in real-
world, uncontrolled environments, and the computa-
tional resources required for real-time operation. For
example, D. Touretzky et al. (1994) note “Even some-
thing as simple as calculating real-time optic flow re-
quires more processing power than s practical for a
mobile robot.” ([19]). In particular, many current
robotic visual motion detection algorithms (optical
flow) may not be suited for practical applications such
as collision detection on a mobile robot because they
either require highly specialized hardware or up to sev-
eral minutes on a scientific workstation. For example,
[21] quotes 4 minutes on a Sun workstation and 10 sec-
onds on a 128-processor Thinking Machines CM5 su-
percomputer. Although good quantitative results are
reported, such an algorithm would take approximately
16 years for the 1000-fold increase in performance nec-
essary for real-time rates on an ordinary workstation,
given that computer processing power increases ap-
proximately 54% per year [18]. In addition, many such
algorithms depend on the computation of first and in
some cases higher numerical derivatives, which are no-
toriously sensitive to noise. In fact the current trend
in optical flow research is to stress accuracy (often un-
der idealized conditions such as modeling the noise as
Gaussian) over computational resource requirements
and robustness against noise, both of which are essen-
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tial for real-time robotics. Another trend is to com-
pute only normal flow [14] instead of the true optical
flow. Although normal flow can be computed much
more easily than full optical flow and may have suf-
ficiently robust statistical properties for many useful
tasks (e.g., [13, 9]) there will be many cases where full
flow is preferable, if it can be computed efficiently and
robustly.

Many techniques for optical flow exist (e.g., [10, 21];
see also [2, 16] for reviews and discussions of sev-
eral techniques). Although many of these techniques
can perform very well for certain sequences of images,
there are very few that are currently able to support
real-time performance without special-purpose hard-
ware. One obvious reason calculating optical flow is
so computationally intensive is that images are com-
posed of thousands of pixels (which often motivates
massively parallel implementations). One option is to
only calculate optical flow at areas of high contrast
where the flow measurements are more reliable. How-
ever, many applications of optical flow require dense
outputs which are difficult to compute in areas of low
contrast. For the purposes of real-time robotic vision,
it is desirable to find a method of calculating optical
flow that is less sensitive to noise in the imaging pro-
cess, gives a dense output independent of the structure
in the image, and 1s computationally efficient.

2 Correlation-based Optical Flow

In correlation-based flow such as in [3, 12, 15] the
motion for the pixel at [x,y] in one frame to a succes-
sive frame is defined to be the determined motion of
the patch P, of v * v pixels centered at [x,y], out of
(2n+1)*(2n+1) possible displacements. We determine
the correct motion of the patch of pixels by simulating
the motion of the patch for each possible displacement
of [x,y] and considering a match strength for each dis-
placement. If ¢ represents a matching function which
returns a value proportional to the match of two given
features (such as the absolute difference between the
two pixels’ intensity values), then the match strength
M(x,y;u,w) for a point [x,y] and displacement (u,w)
is calculated by taking the sum of the match values
between each pixel in the displaced patch P, in the
first image and the corresponding pixel in the actual
patch in the second image:

Yu,w: M(z,y,u,w) =
Y O(Bi(i, §) = Esli+u, j +w)), (i, ))eP, (1)

The actual motion of the pixel is taken to be that
of the particular displacement, out of (2n+1)*(2n+1)
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Constant time delay, variable distances. Constant distance, variable time delays.
Figure 1: As the maximum pixel shift increases lin-
early, the search area increases quadratically. However
with a constant shift distance and variable discrete
time delays, search over time is linear.

possible displacements, with the maximum neighbor-
hood match strength (equivalently minimum patch
difference); thus this is called a “winner-take-all” al-
gorithm.

This algorithm has many desirable properties. Due
to the two-dimensional scope of the matching window,
this algorithm generally does not suffer from the aper-
ture problem except in extreme cases [4], and tends to
be very resistant to random noise. Since the patch of
a given pixel largely overlaps with that of an adjacent
pixel, match strengths for all displacements for adja-
cent pixels tend to be similar (except at motion bound-
aries), and so the resultant optical flow field tends to
be relatively smooth, without requiring any additional
smoothing steps. Conversely, any noise in a gradient-
based method usually results in direct errors in the ba-
sic optical flow measurements due to the sensitivity of
numerical differentiation. In fact the correlation-based
algorithm’s “winner-take-all” nature does not even re-
quire that the calculated match strengths have any
relation whatsoever to what their values should theo-
retically be, it is only necessary that the best match
value correspond to the correct motion. For example,
a change in illumination between frames would ad-
versely affect the individual match strengths, but need
not change the best matching pixel shift. Conversely, a
gradient-based algorithm’s image intensity constraint
equation would not apply since the total image in-
tensity does not remain constant. Finally, since one
optical flow vector is produced for each pixel of input
(excepting a small n 4+ |v/2] border where flow may
not be calculated), optical flow measurement density
1s 100 percent.

3 Time-Space Tradeoff

One limitation with the traditional correlation-
based algorithm described in Section 2 is that its time
complexity grows quadratically with the maximum
possible displacement allowed for the pixel [4, 8]; see
the left of Figure 1. Intuitively, as the speed of the
object being tracked doubles, the time taken to search
for its motion quadruples, because the area over which
we have to search is equal to a circle centered at the
pixel with a radius equal to the maximum speed we
wish to detect.

However, note the simple relationship between veloc-
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Figure 2: Visualization of motion of pixel (1,1) in im-
age T'— 1 to pixel (2,0) in image T', an optical flow of
(1,-1) pixels per frame.

ity, distance and time:

Adistance

velocity =
Y Atime

Normally, in order to search for variable velocities, we
keep the inter-frame delay 6t constant and search over
variable distances (pixel shifts):

Av=— d<n.
YT s =1

However, we can easily see from Figure 1 that do-
ing so results in an algorithm that is quadratic in the
range of velocities present. Alternatively, we can keep
the shift distance éd constant and search over variable
time delays:

od

In this case, we generally prefer to keep éd as small
as possible in order to avoid the quadratic increase in
search area. Thus, in all examples éd is fixed to be a
single pixel. (Note however, there is nothing prevent-
ing an algorithm based on both variable Ad and At’s).
Since the frame rate is generally constant, we imple-
ment “variable time delays” by integral multiples of a
single frame delay. Thus, we search for a fixed pixel
shift distance 6d = 1 pixel over variable integral frame
delays of At € {1,2,3,...5}. S is the maximum time
delay allowed and results in the slowest motion de-
tectable, 1/5 pixels per frame. For example, a 1/k
pixels per frame motion is checked by searching for a
1-pixel motion between the current frame ¢ and frame
t — k. Thus our pixel-shift search space is fixed in the
2-D space of the current image, but has been extended
linearly in time. As before, the chosen motion for a
given pixel is that motion which yields the best match
value of all possible shifts.

For example consider Figure 2 and Figure 3. Here
we are trying to calculate the optical flow for pixel
(1,1) at the current frame, image 7. In Figure 2 the
optimal optical flow for pixel (1,1) from image 7' — 1
to image T is calculated to be a pixel shift of (1,-1).
This is only a temporally local measurement however;
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Figure 3: Visualization of motion of pixel (1,1) in im-
age T'— 2 to pixel (1,2) in image 7', an optical flow of
(0,1/2) pixels per frame.
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it may not be the final chosen motion. In Figure 3 the
same search is performed, except using image T — 2
as the first image. In this case the calculated mo-
tion happens to be a pixel shift of (0,1) pixels over 2
frames, equivalently (0,1/2) pixels per frame motion.
If the maximum time delay S = 2, then the proce-
dure would stop here, otherwise we would continue
processing frames until finally the optical flow from
image T'— S to image T" was calculated as well. The
best of all these motions is taken to be the actual mo-
tion. This approach does assume that a motion of 1/5
pixels per frame is continuous for at least S frames be-
fore it can be registered; failure of this assumption can
lead to temporal aliasing and the temporal aperture
problem [5, 6]. However, the temporal anti-aliasing
heuristic described in [5, 6] imposed a latency of a sin-
gle frame before producing results. Although this is
much less than techniques that smooth with a tempo-
ral Gaussian, any latency is undesirable when dealing
with real-time robotics, thus this technique is not em-
ployed in the examples used in this paper.

It should be stressed once again that although there
are performance advantages in keeping the search ra-
dius small (i.e., with a minimum of one pixel), there is
nothing preventing an algorithm based on both vari-
able Ad and At’s, in which case this algorithm can be
viewed as being similar to that of [3], but extended in
time. Each pixel shift is treated no differently that any
other. A search radius of two pixels consists of 25 pixel
shifts instead of 9, and a search radius of three pixels
consists of 49 pixel shifts; adding one to a search ra-
dius of  — 1 increments the search cost by 8*n. Thus
it is not easier to compute flow that occurs within
a limited radius, it is merely faster. This situation
is different from a simple gradient technique, which
is in general limited to nearby pixels, unless multi-
resolution techniques are employed. Multi-resolution
techniques may also be used in correlation-based opti-
cal flow such as in [1], and could be used in conjunction
with this algorithm as well. Pyramid techniques can
be used to good effect when large areas of the image
move coherently, but are less effective when there are
multiple velocities present [2], which is more likely to
occur at coarser resolutions [5]; in any event hierar-
chal techniques are not inconsistent with the methods
described in this paper. However, a fast optical flow

Figure 4: Two images from the SRI tree sequence
along with a grey-level image indicating the magni-
tude of the resulting optical flow.

algorithm can support faster frame rates where any
given motion per frame would be less than if a slower
frame rate were used, in which case it would not be
necessary to track motion over several pixels in the
first place.

Figure 4 shows two images from the SRI tree se-
quence, subsampled to 128x128 pixels in size, along
with a grey-level plot of the magnitude of the resulting
flow (in this example all flow results from the trans-
lation of the camera orthogonal to the line of sight).
For all sequences in this paper, S =10 and v = 7.

This time-space tradeoff reduces a quadratic search
in space into a linear one in time, resulting in a
very fast algorithm: optical flow can be computed on
64x64 images, calculating 10 speeds per frame, at over
5 frames a second on a 50 MHz Sun Sparcstation 20°.
This algorithm has been successfully used on many
real and synthetic image sequences for a variety of
real-time robotic vision tasks [8, 11, 7]. [11] reports
being able to use this optical flow algorithm to instan-
tiate some fly-like control laws [20] in a small mobile

1Certain commercial equipment, instruments, or materials
are identified in this paper in order to adequately specify the
experimental procedure. Such identification does not imply rec-
ommendation or endorsement by NIST nor does it imply that
the materials or equipment identified are necessarily the best
for the purpose.
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of an approach to some metal
plots for the third frame shown. The two peripheral
chairs are clearly seen in the magnitude plot.

)

ure 6 is a more difficult sequence showing 3 frames of
an approach to wooden chairs, whose edges are not
as sharply defined against the background. The pair
of chairs on the right are clearly differentiated in the

These images were taken with a frame rate

magnitude plot despite the relatively slow motion. In
very well defined despite the lack of texture and sharp

addition note that the optical flow on the floor is also
edges.

chairs, with the magnitude and optical flow

(spaced 10 frames apart

One disadvantage of the patch-matching approach
is that the basic motion measurements are integer
multiples of pixel-shifts. Although the algorithm dis-
cussed in this paper does calculate sub-pixel motions,

remarkable accuracy has already been shown

able to successfully maneuver through an unmodified
it still computes velocities that are basically a ratio

office environment.
of integers, not a truly real-valued measurement. Cal-

culating real-valued optical flow measurements by us-
ing interpolation is currently being researched. In any

event,

to-collision to

in applications such as calculating time

with the robot moving at 12

bl

of 5 frames per second

’7]'

sub-frame precision despite these deficiences [5

centimeters per second. The central 256x256 pixels
(shown) were taken from a 512x512 image using a 115
degree field-of-view camera, and were subsampled to

Figure 5 shows 3 frames

A primary application for this algorithm is real-

time obstacle avoidance.



64x64 pixels in size using a basic block subsampling
technique. Subsampling by averaging each NxN block
of pixels into a single 8-bit value can be done extremely
quickly without special hardware (although I/O may
be a problem on some systems); no other temporal
or spatial smoothing was performed. The flow plots
are generated and displayed in real-time simultane-
ously with the image flow computation; a special rou-
tine converts real-valued optical flow values into one
of 161 possible 8x8 bitmaps. The resulting flow plots
are b6x56 pixels in size, due to the + |v/2] border.
The real-time display typically slows down the frame
rate by about 20%.

Example animations are available via the WWW
at the URL listed in the author’s address.

4 Real-Time Implementation

A major advantage of the optical flow algorithm de-
scribed here is that 1t can be implemented using only
simple integer arithmetic such as adds, subtracts and
integer compares, which can execute very quickly com-
pared to floating point calculations. About two-thirds
of the computational time of this algorithm is con-
sumed during the patch-matching (equation 1) stage
during which the best matching pixel shift is found.
A key part of this stage is known as a boz filter. This
single operation is so important to real-time operation
that it will be described in some detail here.

The first step of the patch-shift-match operation is
the shifting stage [3]. In a massively parallel machine
such as the Connection Machine, it might be desirable
to implement this as an explicit image shift so that cor-
responding pixels are located in the same processing
node. In the case of a serial processor however, this
can be implemented at negligible cost by using nor-
mal addressing arithmetic on certain microprocessors.
Once the base addresses of corresponding shifted rows
are calculated, a single index register can be updated
with each new pixel in many computer architectures.

After the shift stage (whether explicit or implicit)
each pair of corresponding pixels is compared. This
comparison could be either the sum of absolute differ-
ences (SAD) of each corresponding pair of pixels’ in-
tensity values, or the sum of their squared differences
(SSD). Both sum-of-absolute differences and sum-of-
squared differences could be implemented with no dif-
ference in computational time by using lookup tables
for the absolute-value and squared-value functions. If
a lookup table is not convenient (as it might not be in
certain custom hardware), absolute value can be eas-
ily calculated on an N-bit 2’s complement machine by
the expression:

abs(x) = (x~(x>>(N-1)))-(x>>(N-1))

where "~ is the standard C operator for bitwise XOR,
and ’>>’ represents an arithmetic right shift.

The next step 1s referred to as the “Excitation”
stage in [3], or the local neighborhood summation
stage, as demonstrated in Figure 7. Here each ele-
ment of the absolute difference (or squared difference)
array 1s replaced with the sum of all elements in a lo-
cal neighborhood v * v in size. In Figure 7, the neigh-
borhood 1s 3x3 in size. Note that the final box-sums

a b c d e a+b+c b+c+d c+d+e a+b+c b+c+d c+d+e
f+g+h g+h+i h+i+j
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Original array. Partial row—sums. Final box-sums.

Figure 7: Demonstration of a 3x3 box filter.

array is not defined on the very edges of the image,
since that would require pixels not available in the
image itself. A naive implementation would perform
an explicit v * v summation for each pixel location;
such an algorithm would be quadratic in . A much
better way 1s to perform a box filter, whose running
time is independent of the neighborhood size v. A box
filter is performed in two passes, one along the rows
of the absolute difference array and another along the
columns®. The first pass creates the partial row-wise
summations, which are then added along the columns
to yield the full neighborhood summations. Each pass
is performed by taking the value for the previous loca-
tion, adding one new absolute difference (correspond-
ing to the new scope of the v # v neighborhood), and
subtracting an old absolute difference (corresponding
to the neighborhood of the previous location). This
takes advantage of the fact that the neighborhoods of
adjacent locations overlap completely except for the
most extreme elements. Therefore, a complete box
summation consists of only a constant four simple
computations, two along the element’s row and two
along the element’s column (except for the very first
element of each row or column which initializes the
running summations), and this is independent of the
size of v. The final “winner-take-all” stage i1s then
done based on the match values.

A remarkable fact is that the neighborhood sum-
mations can be speeded up significantly by calculating
multiple sums in a single register. Normally, a single
neighborhood summation would be accumulated into
a single register. If we are summing absolute differ-
ences of unsigned 8-bit values (the usual representa-
tion for images), with a maximum neighborhood size
v = 15, we are guaranteed that the entire sum of the
v x v absolute differences in the neighborhood patch
will fit into 16 bits. Furthermore, we are also guaran-
teed than this sum will never be negative during any
point of the summation. Thus, we can load two such
values into a register at once, and add or subtract en-
tire registers in a single cycle, effectively doubling the
patch summation bandwidth for vertical passes. On
64-bit architectures, 4 such summations could proceed
each cycle. It appears that this optimization may only
be performed on column-wise summations, where mul-
tiple adjacent values may be loaded simultaneously
into a single register. For example, a block load of 2
16-bit summations, when stored in row-major order,
can be effected by a single load of one 32-bit integer.

2The “two-pass” implementation of the constant-time box
filter was first pointed out to this author by Jim Little.



If it were possible to quickly store the first-pass par-
tial summations in column-major order, then this op-
timization could be performed a second time, however
attempting to do so appears to introduce too much
overhead to be worthwhile.

A fully optimized implementation can calculate op-
tical flow on 64x64 images, calculating 10 speeds per
frame, at over 5 frames a second on a 50 MHz Sun
Sparcstation 20. Naturally, some care must be taken
to insure that these optimizations are properly imple-
mented. A proper understanding of pointer arithmetic
1s essential for optimal performance.

Using the technique of [4] (the same as described
in Section 2) on a Datacube MaxVideo 200, [15] cal-
culates optical flow within a limited radius of +/- 3
pixels horizontally and +/- 2 pixels vertically using
a 7x7 correlation window at 10 Hz on 128x120 im-
ages. Since this implementation uses the same basic
correlation measure as that described in this paper,
it is instructive to compare the performance of the
two. We will use single-pixel-shift units as a basic
measure, 1.e., the comparison of a single given pixel
with a single hypothesized pixel shift. Recall that in
the traditional algorithm [3, 4] only two frames are
used, and a pixel is constrained to lie within a cer-
tain neighborhood, in their case 7x5. Motion is cal-
culated everywhere except for a border region where
motion calculation would require pixels not available
in the image itself. This border region i1s the sum
of the maximum pixel displacement in any direction
plus half the correlation window; thus the “active”
image area is (128-2(343))*(120-2(2+3)) = 116*110.
Given a frame rate of 10 Hz, this 1s 7*6*116*110*10
= 4,466,000 single-pixel-shift units per second. (As
has been noted, the correlation window size, which
i1s 7x7 for both algorithms, does not affect computa-
tional complexity.) In the linear-time algorithm, the
local neighborhood is +/- 1 pixel for a search neigh-
borhood of 3x3. In addition, there are multiple time
delays, which adds another factor. The active image
area is (64-2(143))*(64-2(1+43)) = 56*56. When cal-
culating 10 speeds the frame rate is b frames per sec-
ond on a 50 MHz Sun Sparcstation 20. This results
in 3*3*10*56*56*5 = 1,411,200 single-pixel-shift units
per second. Thus the workstation implementation is
only 3.2 times slower than the implementation on the
dedicated image processor. It is expected that by the
time of this printing, further increases in CPU perfor-
mance will have closed this gap [5].
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