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ABSTRACT

This paper deals with quantitative aspects of camera fixation for reconstruction of a static scene. In general,
when the camera undergoes translation and rotation, there is an infinitt number of points that produce equal optical
flow for any instantaneous point in tme. For the case where the rotation axis of the camera is perpendicular to the
instantaneous translation vector, these points form a circle (calied the Equat Flow Circle or simply EFC) and a line. A
special case of the EFCs is the Zero Flow Circle (ZFC) where both components of the optical flow are equal o zero.
A fixation point is the intersection of all the ZFCs. Points inside and outside the ZFC are quantitatively mapped using
the EFCs. We show how to find the exact location of points in space during fixation.

1. INTRODUCTION

Camera fixation is defined as actively controlling the camera motion so that a given visible point in 3-D space (a
fixated point) is constantly imaged to the same point in the image plane. There are several advantages offered by
fixation (for reconstruction purposes):

1.  Determination of relative range. The optical flow arising from static points in a 3-D neighborhood of the fixation
point can be used to easily determine whether these points are in front of or behind the fixation point [4]. Also,
these points will have relatively small optical flow values, allowing the use of gradient-based flow extraction
methods [91,[121,116]. Similarily, range can be verified. If the range of a static object is hypothesized, then this
rangccanbeveﬁﬁedbypoinﬁngd&ccmnemopﬁcalaxisatﬂwobject and then fixating on the object at the
given range. If the optical flow of points on the object are near zero, then the range is verified.

2. Detailed analysis of objects. If a moving camera is fixated on an object of interest, then this object will be kept
in the camera field of view for a long period of time, thus allowing detailed analysis of the object’s properties.

3. Increasing resolution. If a moving camera is fixated on a region of interest, then the camera field of view can be
quite narrow thus allowing detailed analysis of the region.

In this paper we show how to quantitatively find the location of points in space during camera fixation. The
paper begins by describing the coordinate systems that are used, followed by deriving expressions for the optical flow
in spherical coordinates for six-degree-of-freedom camera motion. These equations are sotved to find sets of points in
3.D space that result in equal flow values for instantaneous camera motion. In the case where the rotation axis is per-
pendicular to the transiation vector, the equal flow points form circles and lines at each instant of time. If the camera
motion is further restricted to continuously fixate on a point, we show how the equal-flow circles can be used to quanti-
tatively analyze the space.

Previous work in the area of camera fixation has been mainly in the following categories: (1) fixation for qualita-
tive depth estimation [4], (2) fixating on a moving target for tracking applicatioas (2], and (3) stereo fixation for ver-
gence control [4],[6]. Surprisingly, linle previous work that leads to a quantitative analysis of single camera fixation has
been done [11,[7]. Cuting [7] did an analysis of camera fixation. We use a different analysis approach than he used,
and our results are an extension and elaboration of the results he obtained.
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face of the image sphere can be mapped onto an image plane (or other surface).

We 'start with the derivation of the velocity of a 3-D point in the XYZ coordinates (Figure 1). Let the instantane-
ous coordinates of the point P be R = (XY Z) (where the superscript T denotes transpose). If the instantaneous
translational velocity of the camera is ¢t = U VW) and the instantaneous anguiar velocity is @ = (4.B.C)7 then the
velocity vector V of the point P with respect to the XYZ coordinate system is:
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Figure 1: Coordinate system.fixed to camera



Figure 2: Image domain

where Vy, Vy, and V; are the components of the velocity vector V along the X, ¥, and Z directions respectively.
To convert from R 6¢ to XYZ coordinates we use the relations:

X = R cos cos® (5)
Y =R cosd sin® )
Z = Rsing. )

Meriam [11] describes the relations between Vy VoV, and Vy Vy Vz (where Vy VeV, are the components of the vec-
tor V in R 8¢ coordinates), and the relations between Vp.VeV, and 6,6 (dot denotes derivative with respect to time).
In order to find the optica! flow of a 3-D point in R 6¢ coordinates (which is also the angular velocity of the point) in
terms of the components of the vector V, we use equations (2)-(7) and the relations that are described in {11) and {15]
to get:
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Let the camera motion vectors t and © be given as follows:
t=(U.V.07 &)
o= 00C). (10)

mismeansthatdmmslationvectormayﬁemywhatinmeinstanmusXYplanewhileﬂwrotationisaboutmez
axis. Substituting these motion vectors into equation set (8) yields:
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Seiting é"end ¢ in equation set (11) to constants will result in a set of equal flow points for this specific motion.
3. EQUAL FLOW CIRCLES

For visualization purposes, we decided to examine the case where the optical flow value of @ is constant and the
optical flow value of ¢ is zero. From equation set (11) the following solutions are obtained:
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These solutions are drawn in Figure 3. Solution (12) is an equation of a circle that lies in the X¥ plane. Solution (13)
is a straight line perpendicular 1o the XY plane.

The meaning of these solutions is the following: all points in 3-D space that lie on the circle or the line described
by solutions (12) and (13) and which are visible (i.e., moccluded and in the field of view of the camera) produce the
same instantaneocus optical flow 8 and zero instantaneous optical flow ¢. We call the circle on which equal flow points
Lie the Equal Flow Circie (EFC). A set of EFCs is illustrated in Figure 4. The label of each circle represents the opti-
cal flow 8 in the image that corresponds to points on this circle. Figure 4 shows EFCs for the case where the camera
undergoes instantaneous translation and rotation. Here, there is a circle with finite radius that produces zero fiow (8 = 0
in the image domain). We call this circle Zero Flow Circle {ZFC) [13].

4. EQUAL FLOW CIRCLES AND FIXATION

If the point on which the camera fixates is visible in the image, then the corresponding image point will have
zero optical fiow during fixation. However, at a specific time instant, a fixation point is one out of many that may pro-
duce zero optical flow. For motion in an instantaneous XY Plane, as described previously, these points lie on a circle
and 2 line. Since points inside the circle produce flow values of opposite sign to those outside the circle, a point in
3-D space which is not the fixation point may produce different flow values at different instants of time.

By definition, a fixation point (if visible) produces zero optical flow at all instants of time during the motion. If
the fixation point lies in the instantaneous XY plane, then the ZFC at each instant of time must contain the fixation
point. (There are special cases in which more than one fixation point exists.) The fixation point is the intersection of ali
the ZFCs. Figure 5 shows sets of EFCs during fixation at different instants of time.

5. MAPPING THE SPACE WHILE FIXATING
The EFCs can be described in a more generalized form, using ratios between the € of each circle 10 the rotation
parameter C, ie., % Figure 6 shows EFCs with normalized values of % Obviously, the normalized value of the ZFC
is 0. Figure 7 shows normalized EFCs during fixation.
Using the EFC (or the normalized EFC) concept it is possible 1o quantitatively map the space in such a way that
any point on the XY plane can be located. The method is based on relative mapping. Given (only) the ratio between
the optical fiow @ of a point and the camera rotation parameter C, % (assuming C #0), and the projection of the point

in the image (i.e., 8 and ¢), then the location of the point relative to the fixation point (or relative 1o the camera) can
be obtained. The instantancous direction of motion of the camera should be known Refer to Figure 8: Afier locating éhe
P

instantaneous direction of motion @,, the location of normalized EFCs in camera coordinates can be determined. <

determines the location of the normalized EFC on which the point P is located relative the ZFC. The angle
(6, — 6,) determines the exact location of the point on that EFC relative to the instantaneous direction of motion.
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Figure 3: Pictorial description of solutions (12) and (13)
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Figure 4: Optical flow values due to camera translation and rotation

Figure 9 is a suggestion for a more elegant mapping. This mapping consists of two orthogonal families of circles.
One family is the EFCs. A point can be mapped relative to the fixarion point by specifying two numbers that are
derived from the optical flow (they specify two orthogonal circles) {14].

6. DISCUSSION

In this paper we presented a quantitative way for analyzing fixation. We show how to relate optical flow of
points near the fixation point to their locations relative to the camera or the fixation point. For explanation purposes
we analyzed a special case of motion. However, a similar approach (though it could be more difficuit to visualize the
results) can be taken for a more gencral motion of the camera. The analysis for the current motion can also be
extended to find equal flow curves, i.e., curves _that correspond to constant © and constant ¢, or curves that correspond
to constant f (8,0) where f () is a function of @ and ¢.




5

<{

0
ON
ty

Figure 5: EFCs as a function of time
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Figure 6: Normalized EFCs

Figure 7: Normalized EFCs during fixation
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Figure 9: Mapping the XY plane using EFCs and their orthogonal circles
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