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Finite-Element Analysis of Flexible
Fixturing System

J.D. Lee

A computer software has been developed for the analysis and design of fixtures.

This software can lead the designer to the optimal design of the fixturing system

L. S. Haynes

which minimizes the total work done on the workpiece, the fixturing force, the

deformation index, or the maximum effective stress. The workpiece is modeled as a
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linear isotropic elastic solid. The machining forces are simulated by specifving ap-
plied forces acting on part of the surface of the workpiece. The fixturing system con-
sists of a number of fixture elements, each in contact with the workpiece with

specified location and area of contact. At the interface of contact, Coulomb’s law of
friction is employed. The boundary conditions at the interface of contact are treated
exactly. This computer software system is composed of a finite-element program
and a computer graphic program which displays the undeformed and deformed
workpiece with hidden lines removed. Three sample problems have been solved and
the numerical results are presented in this paper.

Introduction

An important factor in flexible manufacturing is workpiece
positioning and constraint. Fixturing a workpiece is basically a
process to guide and locate the workpiece with appropriate
geometrical constraints provided by the fixture elements.
Kinematic analysis is essential for understanding the
workpiece motion under geometrical constraints, as discussed
by Lozano-Perez, Mason, and Taylor {1] for automatic mo-
tion synthesis and by Mason {2] for analyzing pushing mo-
tions. Recently, Asada and By [3] presented a complete
theoretical study based on kinematic analysis to derive the
condition for the fixturing system to provide total constraint
on the workpiece inhibiting all motion. They also derived the
necessary condition for the fixture-workpiece combination to
be accessible and detachable in a reliable manner.

However, in kinematic analysis, the workpiece is assumed
to be a rigid body; hence, it can only have six degrees of
freedom in rigid-body motion. For this assumption, the cor-
responding fixturing system is the one which eliminates the
rigid-body motion. Also, in the work of Asada and By (3], the
friction force between the workpiece and the fixture element is
not taken into consideration. By assuming the workpiece to be
rigid, there can be six equations of motion. If the fixturing
system provides more than six constraints, then the fixture-
workpiece combination is statically indeterminate. Also, it is
unrealistic to ignore friction between the workpiece and the
fixture elements. Actually, friction is the predominant
mechanism for workpiece holding in most fixturing
applications.

In this work, the workpiece is modeled as a deformable
body based on linear elasticity, and Coulomb friction is in-
cluded. After finite-element analysis is performed for the fix-
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turing system, the deformation of the workpiece, the clamping
forces of the fixture elements, the stress distribution, and any
other quantities derivable from the displacements and stresses
can be calculated. As optimal design of the fixturing system is
concerned, one may want to minimize the clamping forces, the
maximum effective stress, or the deformation. Because, large
clamping forces indicate that excessive amount of work is
done on the workpiece; high stress may cause failure of the
workpiece; and large deformation may cause the loss of ac-
curacy in precision machining. In order to analyze and op-
timally design the flexible fixturing system, a computer soft-
ware has been developed.

It is worthwhile to mention that the boundary conditions at
the interface of contact are treated exactly in this work (Sec-
tion 5). In some commercially available finite-element pro-
grams, those kinds of boundary conditions are approximated
by using the GAP element. The exact treatment of the bound-
ary conditions for fixturing is equivalent to using GAP
elements with infinite stiffness — of course, this won’t work.
Even if one is willing to approximate the stiffness by a very
large, not infinite, value, the rate of convergencg decreases as
the stiffness increases, which means one has to sacrifice the ac-
curacy of the solutions for the sake of computational
economy.

Throughout this paper, the standard notations for vector,
matrix, and tensor are used; the subscripts indicate the com-
ponents in a vector, matrix, or tensor; the superscript is just a
part of the symbol. It is noticed that, in this paper, each
variable (cf. Nomenclature) is either dimensionless or involves
with the unit of length, the unit of force, or the combination
of both. For example, if the unit of length is inch and the unit
of force is pound, then the unit for Young’s modulus and
stress is psi and the unit for work (energy) is in.-lb.

Problem Description
Let a three-dimensional general-shaped workpiece occupy a
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region V with its surrounding surface denoted by S. The finite-
element mesh of the workpiece consists of N* elements with
N® nodal points.

The machining forces exerted on the workpiece are
simulated by specifying forces acting on those nodal points
where the machining is occurring.

The workpiece is held in position by the fixture elements,
which are assumed to be rigid. Only nodal points on S may be
in contact with the fixture elements. There are N/ fixture
elements; and the ath fixture element (=1, 2,3,....MN)is
in contact with surface S(«a) which consists of m(«) nodal
points. After the clamping actions of the fixture elements are
actuated, each fixture-element induces an inward displace-
ment A(a) normal to the surface S(«a).

Coordinate Transformation

The global coordinate system employed in this work is a rec-
tangular coordinate system (x, y, 2). However, for those nodal
points on S and in contact with fixture elements, it is conve-
nient to use local coordinate systems (n, r, f) where the n-axis
is normal to the surface at the nodal point in question, the r-
axis and the r-axis are mutually perpendicular and on the
tangent plane. Suppose the unit outward normal (to the sur-
face S) of the ith nodal point is denoted by a vector

a=(n.,n, n)=(a,a;a), 1)
then r and t may be constructed as follows:
(@ Ifa, =0
r={r.ry.r) = (81,0,,0:)=(1,0,0) )
t=(1,,1,,0,) =(€1,62,¢3) = (0,35, — ;) 3)
b) Ifa, #0
Nomenciature

t=(ryry.r)=(0,01,04)

=(-aa,, 1 ~a}, —a,a;)/~N'1-a3, 4)
£=(1,1,,1,) =(Cy,62,63)
=(—a, 0, a))/v1-aj. (5)

The transformation matrix for the ith nodal point can then be
constructed as

fa, a ‘131
Q1= 1b, by by, (6)
G G G

and the global displacements (u,, u,, u ) and global forces (/,,
Sy, f;) at the ith nodal point can be transformed to their cor-
responding local values according to

uﬂ f’l uX fX
u, f| =1V iu, f). N
u, f u, [

It is straightforward to transform the governing equilibrium
equations to the following form

Kyur=1n, (®)

where [K*] is the transformed stiffness matrix, and the
transformed nodal point displacement and force vectors are

u” = (U (D)., (1D, (1), oo (D, 4, (D u (), .., (9)
f* = {L(DSLHDSLD), - L (DSOS D, ) (10)

¢ = coefficient of friction
D = deformation index, see (n,r,t) = local coordinate system, displacements in (n, r,
equation (25); see Section 3; unit = f)-coordinate; unit =
unit = [Length] = {L] [L}
E = Young’s modulus; unit N number of finite ele- V = region occupied by the
= [Forcel/[L]? = ment in the workpiece workpiece
[FV/ILP NP = number of nodal points W = total work done on the
F = amount of fixturing in the finite-element workpiece; unit = [F]
force; unit = [F] mesh (L]
f* = transformed nodal N = number of fixturing W™ = work done by the
point force vector, see elements machining forces; unit
equation (10); unit = [Q] = transformation matrix = [F] [L)
A between (x, y, 2) and W’ = work done by the fix-
S = amount of tangential (n,r, 0 turing elements; unit =
s force; unit = [F] S surface surrounding the [F1 [L)
A workpiece (x, ¥, 2) = global coordinate
4,4, = values of f,, /., fi. /, S(a) = the interface between system; unit = [L]
u,, u,, u° obtained in the workpiece and the A(a) = the inward displace-
the previous iterative ath fixturing element ment normal to S(a)
step ut amount of tangential induced by the ath fix-
(/) /;) = nodal point forces in displacement; unit = turing element;
(%, , z) coordinate; [L] unit =[L]
unit = [F) u* transformed nodal A, = cutoff tightness, unit =
(fn.f++f:) = nodal point forces in point displacement vec- L]
(n, r, 1) coordinate; tor, see equation (9); v = Poisson’s ratio
unit = [F} unit = [L] ¢ = maximum effective .
[K*] = transformed stiffness (U tdy,l)) nodal point stress; unit = [F)/[L]?
matrix, see equation displacements in (x, y, 0 = angle between the
(8); unit = [F]/[L] z)-coordinate; unit = tangent force vector
m(a) = number of nodal points L] and the tangent
on S(«) (U 1ty 1)) nodal point displacement vector
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Law of Friction

At the interface beween the workpiece and the fixture ele-
ment, it is assumed that friction force exists. Without friction
force, any axis-symmetric workpiece, such as a cylinder or a
sphere, could not be held in position because the normal con-
straints induced by the fixture elements cannot prevent rigid-
body rotation of the workpiece about its axis of symmetry.

In this work, Coulomb’s law of friction is expressed as
either one of the following:

(a) Sticking Case

fEVﬁ+]t<C|fn|» (1)
u,=u,=0, (12)

(b) Sliding Case
S=clfpl, (13)
cos(0) = (fu, +fu) fur= -1, (14)

where, in equations (11)-(14), c is the coefficient of friction; f
is the shear force on the tangent plane; «* defined as

w=ul +ul (15)

is the tangential displacement; cos(8) equal to — 1 means the
shear force is parallel to the tangential displacement but op-
posite in direction. Also, it is noticed that the fixture element
can only exert compression on the workpiece, i.e., f, <0,
otherwise, that nodal point in question should be regarded as
being detached from the fixture element.

Boundary Conditions

A mechanical system represented by equations (8)-(10) has
3NP degrees of freedom. For each degree of freedom, either
the nodal point force or the nodal point displacement has to be
specified, and its counterpart will be obtained after equation
(8) is solved. The machining forces are specified as the applied
forces. The applied forces at the interior points as well as those
points on S which are not in contact with any fixture element,
are zero. For a typical point which is in contact with the ath
fixture element, the boundary conditions, to begin with, are
specified as

(16)

After equation (8) is solved, one obtains f,, f,, f;, however, it
is then necessary to check whether the followings are satisfied

S.=0, a7
S<~cf,. (18)

If conditions (17) and (18) are satisfied, it means boundary
conditions (16) are correct; otherwise, one has to change the
boundary conditions and solve equation (8) again. The
iterative process may be represented by the following cases:

u,=—-4a(a), u,=u,=0.

Case 1. This is the case to begin with. It is the sticking case
in which the friction force is less than the coefficient of fric-
tion times the normal force and hence there is no tangential
displacement.

Specify:

u,=—A4a(a), u,=u,=0. (16*)

Check:
If f,>0, go to Case 3.
If f= ~¢f,, go to Case 2.

Case 2. This is the beginning of the sliding case in which
the point in contact is allowed to move on the tangential plane
and a friction force equals to ¢f,, is applied as a resistance to
the motion.

Specify:
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u,=-4Aa), f,=Af, f{:Af“ (19)

where

=—cf,/f, (20)
and f,, f,, f,, f are the quantities obtained in previous case.
Check:

If £,>0, go to Case 3.
If f# —cf, or cos(9)= — 1, go to Case 4.

Case 3. This is the case in which the workpiece is detached
from the fixture element.

Specify:

Jo=fr=/=0. (21)

Check:
If u,= - A(a), go to Case 1.

Case 4. This is the sliding case in which the amount of the
friction force should be equal to ¢f,, and the direction of the
friction force should be parallel but opposite to the tangential
displacement.

Specify:

u,=-A(a), f,=-Ba, f=-Bu, (22)

where
B= —cf,/u, (23)
and f,, 4,, 1,, #° are the quantities obtained in previous case.
Check:
If f,>0, go to Case 3.
If f# —~cf, or cos(8) # ~ 1, go the Case 4 again.

It is noticed that in Cases 1, 2, 4 the normal displacement in-
stead of the normal force is specified as the boundary condi-
tion. This is because one fixture element is in contact with
several nodal points and if, say, equal amount of normal
forces are applied at those nodal points, unequal normal
displacements may be induced at the interface of contact,
which is undesired. Besides, after equation (8) is solved, one
may calculate the distribution of nodal forces and stresses at
the interface.

In classical finite-element analysis, the boundary conditions
are known in advance; however, in this analysis, the boundary
conditions may be expressed as in any one of the four cases.
The validity of specified boundary conditions needs to be
verified based on the solutions which are the consequences of
the specified boundary conditions. Therefore, although this is
a linear system, it involves iterations. The iterative process
continues until all the boundary conditions are correctly
specified or the discrepancies (observed in those checks) are
smaller than a specified error tolerance. After the iterative
process stops, one obtains the nodal point forces and
displacements from which the deformed shape of the
workpiece, and the stresses at each Gauss point within every
clement can be calculated. Also, the total strain energy, which
is equal to the total work done by the machining forces, W™,
and by the clamping forces of the fixture elements, ¥, can be
calculated as

=%um= Wm o+ WY (24)

If it is so desired, W™ and W7 can also be calculated in-
dividually and independently.
A quantity, named the deformation index, is defined as

Davu*eu*/3NP (25)
It is seen that the deformation index is a first-order measure of
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Fig. 2 Typical deformed shape of the workpart; N'=3

the extent of deformation of the workpiece. Also, if it is
desired, dividing D by the characteristic length of the
workpiece will make it nondimensional. Of course, there are
many factors to be considered in the design of a fixturing
system. Ideally, one may regard the optimal fixturing system
as the one which minimizes either the total work done, W, the
deformation index, D, the fixturing force, F (defined as the
magnitude of total forces exerted by a fixturing element), or
the maximum effective stress, o, which is defined as

o= \B[aijaij - Ummann/3]

Numerical Results

In this section, for illustrative purposes, the numerical
results of three sample problems are presented. Common to all
three problems, the Young’s modulus, E, and the Poisson’s
ratio, », are set to be 1.0ES and 0.3, respectively. The input
and output data of the three problems are described and
shown as follows:

Problem 1. The workpiece occupies
V=1{x,210=x<60, 0sx<60,0<z=<60}

which is divided into 27 8-node solid elements and 64 nodal
points, as shown in Fig. 1. The machining forces are simulated
by specifying f,= — 100 acting on four points, (20,20,60),
(20,40,60), (40,20,60), (40,40,60), on the top surface of the
workpiece. It should be mentioned that the measurement and
analysis of machining forces certainly is an important issue.
Although it has not been addressed here in this paper, the soft-
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Fig.5 Typical deformed shape of the workpart; N' =2

ware developed, even at this stage, can be used to study the
sensitivity of the fixturing system due to the change of the
amount, direction, and location of the machining force. The
bottom surface of the workpiece is constrainted against mo-
tion in the z-direction. There are three fixture elements: the
first one has a contact surface S(1) against the workpiece,
shown as the shaded area in Fig. 1, and S(1) can be described
as

S()={xy,zly=0,20=x=<40,20s7<40} (26)
and, for the second and the third fixture elements,

S = {x,y,21ly=60,20<x<40,20=<z=<40}, 2N

53)={x,y,z1x=0,20<y <40, 20 =< 7<40}. (28)

MAY 1987, Vol. 109/ 137



0.7 w
wm

0.8 wt

no

0.5

txtiee

0.4

0.3

0.2

0.1

0.0

0.0 0.4 0.8 1.2 1.6 2.0
Tightness (10%* -4)

o W, W™ W' (10%£0) D (10%*-4); F (10**4); 0 (10+*0)

Fig. Various parameters as functions of tightness; ¢ = 1.0; N =2

0.7

tx+ted
amo g€ €

0.4

0.3

\

0.2

0.1

0.0

-0.1

0.0 0.4 0.8 t.2 1.6 2.0
Tightness (10** -4)

W, W™, W! (10%% 0) ;D (10%%-4); F (10%%48);0(10%*0)

Fig. 7 Various parameters as functions of tightness; ¢ = 0.5; N'=2

Fig. 8 Undeformed shape of the workpart; N/ =4

The contact surface S(3) is also shown as the shaded area in
Fig. 1. The inward normal displacement induced by the fixture
element, A, may be called the tightness and, in this problem,
A =A2)=4, A(3)=0, which means S(1) and S(2) are
clamps and S(3) is a stop.

It is seen that this fixturing system works even if the friction
force is neglected or the tightness, A, is set at zero. For a given
A and coefficient of friction, c, the finite-element solutions are
obtained after a few iterations. The typical and exaggerated
deformed shape of the workpiece is shown in Fig. 2. In Figs. 3
and 4, the total work done, W, the work done by machining
force, W™, the work done by fixture elements, W7, the
amount of fixturing force, F, acting on S(1), the deformation
index, D, and the maximum effective stress, o, are shown as
functions of the tightness, A, for ¢=1.0 and ¢=0.5,
respectively.
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Fig. 9 Typical deformed shape of the workpart; N/ = 4
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Problem 2. This is the same problem as the previous one
except that the fixture element No. 3 is taken away from the
system. It is seen that this fixturing system depends solely on
the friction forces, acting on S(1) and S(2), to prevent the mo-
tion of the workpiece in the negative x-direction. Therefore,
there is a cutoff tightness, A., such that if A<A,, the
workpiece is unstable — this is indicated, in the finite-element
program, by a singular stiffness matrix, {K™*}], and the solution
does not exist. Associated with the cutoff tightness, there is a
cutoff fixturing force which is the lower bound of the clamp-
ing force of that fixture element. The typical deformed shape
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of the workpiece is shown in Fig. 5. The numerical results of
this problem are shown in Figs. 6 and 7.

Problem 3. The workpiece is a ball which occupies
V={(r6¢18<r<10,0<0<27,0<¢<7}.

V is divided into 112 8-node solid elements and 228 nodal
points, as shown in Fig. 8. There are four machining forces,
each of 10 units acting on (x, y, 2) = (3.827, 0.0, 9.239), (0.0,
3.827, 9.239), (—3.827, 0.0, 9.239), (0.0, ~3.827, 9.239), as
shown in Fig. 8. There are four fixture elements, located 90
deg apart in the x~y plane, two of which can be seen in Fig. 8.
This problem is seen to have a periodicity of 90 deg about the
Z-axis.

[t is obvious that if there is no friction force, there is no way
to prevent the rigid-body rotation of the ball. There is a cutoff
tightness, A, associated with this problem, below which part
motion cannot be prevented. A typical deformed shape of the
ball is shown in Fig. 9. The numerical results are shown in
Figs. 10 and 11.

Discussions

It is seen that the fixturing systems fall into two major
categories: the first one (represented by Problem 1) does not
solely depend on the friction forces to provide the constraints
for the workpiece and the second one (represented by Prob-
lems 2 and 3) solely depends on the friction forces to prevent
the workpiece from rigid-body motion. Therefore, the
tightness (or the coefficient of friction) in the first category
can equal to zero as shown in Figs. 3, 4; for the second
category, there is a cutoff tightness associated with the fixtur-
ing system as shown in Figs. 6, 7, 10, and 11. Moreover, the
cutoff tightness is almost inversely proportional to the coeffi-
cient of friction.

As indicated in Figs. 3, 4 and 6, at smaller tightness, the
work done by the fixture elements is negative — this is because,
usually at small tightness, the work done due to the friction
forces at the interfaces dominates and there the friction forces
are opposite in direction to the tangential displacements as dic-
tated by the friction law. On the other hand, as the tightness
becomes larger, the solutions are the same for different values
of the coefficient of friction, ¢, because all the nodal points at
the interfaces are in the sticking case equations (11) and (12)
and the boundary conditions are independent of c.

Common to all three problems, it is noticed that the fixtur-
ing force is increasing monotonically, aimost linearly, with the
tightness; the work done by the fixture elements is also in-
creasing monotonically with the tightness; the work done by
the machining forces decreases and then levels off as the
tightness increases; therefore, the total work done either has a
relative minimum, as shown in Figs. 3 and 4 or an absolute
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minimum, as shown in Figs. 6, 7, 10, and 11 —the lack of
relative minimum in these cases is due to the existence of the
cutoff tightness.

It is also seen that the deformation index has a relative
minimum in Figs. 3, 4, 6, 7 and 10, and the maximurm effective
stress has a relative minimum in Figs. 3 and 4. In the first
category, there are relative minima for the total work done,
W, the deformation index, D, and the maximum effective
stress, 0. However, the locations of those relative minimums
may not coincide with each other, hence it is up to the designer
to make the decision as to which parameter to optimize. Cer-
tainly, the designer should avoid excessive tightness. In the
second category, at the cutoff tightness, W, F, and ¢ are at
their absolute minimum. Of course, the designer may not want
to have a fixturing system for which the tightness is too close
to the cutoff tightness. For precision machining, part defor-
mation results in part-dimensional errors, so the deformation
index may often be the parameter to optimize.

Another observation is that, for both categories, the fixtur-
ing system with the larger coefficient of friction is better in the
sense that, at the optimal design, it results in smaller W, D, F
and o. For example, for Problem 2 at cutoff tighness,
W=0.085, D=0.297E-4, F=468, 0=0.372 at ¢=0.5 are
reduced to W=0.062, D=0.282E-4, F=290, ¢=0.348 at
c=1.0.

In this work, the fixture elements, which hold the workpiece
in position, are assumed to be rigid. Of course, it would be
more realistic and interesting to model the fixture elements as
deformable bodies. However, that would make the analysis
much more difficult.

Another limitation of this work is that the friction force is
assumed to obey the simplest Coulomb’s law. When the fix-
turing force becomes so great that local yielding occurs at the
interface, the Coulomb’s law of friction is no longer valid.

In conclusion, it is admitted that this work is only a
theoretical analysis of the fixturing system. Further research
needs to be done on several areas, e.g., the measurement of
machining forces, the determination of coefficient of friction
(even the investigation of the friction law itself), the integra-
tion of software and hardware, etc., before one can have a
practical and automated tool for fixturing.
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