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Leakage and counting errors in a seven-junction electron pump

R. L. Kautz, Mark W. Keller, and John M. Martinis
National Institute of Standards and Technology, 325 Broadway, Boulder, Colorado 80303

~Received 26 January 1999!

Leakage and counting errors are explored experimentally in a well-characterized seven-junction electron
pump and compared with predictions of the orthodox theory, including cotunneling. Theory and experiment are
in good agreement at intermediate temperatures, where errors are dominated by thermally activated, single-
junction processes. At low temperatures, however, the observed errors far exceed predictions, indicating that
the orthodox theory omits an important error process.
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I. INTRODUCTION

In 1991 Pothieret al.1 first demonstrated a circuit, base
on the Coulomb blockade in nanoscale tunnel junctions,
transfers a single electron between input and output in
sponse to each cycle of an applied bias sequence. Calle
electron pump, the device has potential applications in f
damental metrology as a standard of either current1 or
capacitance,2 provided that it can count electrons with hig
accuracy. Initial tests established a counting accuracy
0.1% for a three-junction pump,1 and later tests of five- and
seven-junction pumps demonstrated accuracies of 500 p
per 109 and 15 parts per 109, respectively.3,4 While the
seven-junction pump is accurate enough for many metrol
cal applications, the observed error rate is many order
magnitude higher than that predicted for the nominal ope
ing temperature. Early tests led to the conclusion that ei
the temperature of the pump is significantly higher than t
of the dilution refrigerator used to cool it or an importa
error mechanism has been omitted from the theoret
analysis. Further experiments, outlined recently,5 measured
the pump temperature directly and showed that the obse
error rates are clearly inconsistent with the predictions of
‘‘orthodox’’ theory,6 with cotunneling added. Here, w
present a more detailed comparison of theory and experim
for two types of errors, associated with counting and leaka
in a well-characterized seven-junction electron pump.

With regard to errors in counting, we consider two diffe
ent measures. The simplest measure is the net charge
EQ5uuQu/e21u, or the absolute difference between the a
erage chargeQ and expected chargee transferred during a
pump cycle.EQ is a direct measure of the accuracy of
electron pump used as a current standard and has been
culated by several authors for a variety of situations.7–12

However, the most stringent experimental tests of pump
curacy have recorded the infrequent error events, whe
positive or negative, occurring while the pump is used
shuttle one or two electrons repeatedly back and forth.3,4 The
shuttle test records an error either if extra electrons are tr
ferred or if there is an electron deficit during a pump cyc
The shuttle error can be expressed asES5(Q11Q2)/e,
where Q1>0 is the average extra charge transferred a
Q2>0 is the average deficit. In these terms, the net cha
error isEQ5uQ12Q2u/e, so ES is an upper bound onEQ .
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Indeed, the bias voltage across the pump can be adjuste
produce a cancellation between positive and negative er
that yieldsEQ50, but the shuttle error is never zero. In th
paper, we focus on the shuttle error to facilitate comparis
with experimental shuttle-error measurements.

The second type of error to be considered is the leak
rate of the pump when biased in its hold mode. Such err
are relevant to the capacitance standard, in which a pum
used to charge a capacitor and then put in the hold m
while the capacitor’s voltage is measured. In a capacita
standard, the leakage rate must be small to insure that
charge on the capacitor remains constant during the vol
measurement. Because the hold mode requires fixed bia
leakage in the pump is simply leakage in the Coulomb blo
ade of a series array of junctions, and this leakage has b
measured experimentally both for its intrinsic interest13,14

and in the context of the pump.3,4,15Strategies for calculating
the net leakage currentI L , including cotunneling, have bee
developed by several authors.8,16–18However, as with pump-
ing errors, the most sensitive measurements of leakage
serve the tunneling of single electrons and record the m
time between tunneling events, whether in the forward
reverse direction. If we defineI 1>0 andI 2>0 as the aver-
age currents associated with tunneling in the forward a
reverse directions, it is useful to examine the absolute le
age currentI A5I 11I 2 , as well as the net leakage curre
I L5I 12I 2 . The absolute leakage current is more relev
than I L in single-electron experiments becauseI A is related
to the mean time between leakage events bytL5e/I A . Thus,
I A determines the time allowed for measuring the capacito
voltage when a pump is used in a capacitance calibratio

In this paper, we consider three circuit models for t
electron pump. As shown in Fig. 1~a!, a pump consists of
N>3 tunnel junctions connected in series. Here, the ju
tions are assumed to be identical and are characterized b
same capacitanceCJ and tunnel resistanceRJ . The N21
islands between the junctions are biased by voltage sou
Vi through identical gate capacitorsCg . The voltage sources
can be independently controlled to sequence a single elec
through the array to charge or discharge an external capa
CE . BecauseCE is generally much larger than eitherCJ or
Cg , we can replaceCE by a voltage sourceVE in calculating
error rates. If we also replace the series combinations
voltage source and gate capacitor by their Norton equivale
8199
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8200 PRB 60R. L. KAUTZ, MARK W. KELLER, AND JOHN M. MARTINIS
of a charge sourceQi5CgVi with a shunt capacitorCg ,8

then we arrive at the equivalent circuit shown in Fig. 1~b!.
This equivalent circuit defines the ‘‘ground capacitance’’
Cg model of the electron pump, given the understanding t
CJ andCg are parameters that can be adjusted to include
effects of stray capacitance. While theCg model is the pri-
mary model considered in this paper, we also examin
simplified ‘‘bare’’ model, in whichCg50, and a more com-
plete ‘‘full’’ model, which includes stray capacitances b
tween all possible pairs of theN11 nodes in Fig. 1~b!. For
the seven-junction pump discussed here, the bare mod
inadequate to explain some qualitative features of the pu
while theCg model produces results nearly identical to tho
of the full model.

The calculations in this paper use orthodox theory,6 with
cotunneling added, to determine error rates for a sev
junction pump that was carefully characterized experim
tally. As noted previously,5 our primary result is that the
predicted and observed error rates are in rough agreeme
high temperatures, where thermal activation is the domin
error mechanism, but may differ by almost nineteen ord
of magnitude at low temperatures, where cotunneling
dominant. Because the temperature and circuit paramete
the pump are well known, an additional error mechanis
such as cosmic ray excitation5 or photon-assisted tunnelin
produced by environmental noise19 or the cyclic bias,20 is
required to explain the errors observed in the lo
temperature regime. This is an important conclusion b
because the pump is most accurate and of greatest utili
low temperatures and because it indicates that the physic
the pump is not entirely understood. We now present
tailed evidence supporting our conclusion, considering fi
leakage and then counting errors.

II. LEAKAGE

When biased in the hold mode, the junctions of a pu
present a static energy barrier that can be traversed by
trons only through thermal activation or multijunction tu
neling. These processes allow an occasional electron to
through the pump, changing the charge on the external
pacitor bye. When the charge onCE is monitored using an

FIG. 1. Circuit diagrams of the electron pump representing
physical pump~a! and an equivalent circuit~b!. Nanoscale tunne
junctions are indicated by boxes. Stray capacitances are not sh
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electrometer, we typically obtain a record of a discrete r
dom walk, like that shown in Fig. 2. In this instance, th
charge jumps suddenly by6e at intervals on the order of 1
s, in an apparently random fashion. As noted above, the
erage timetL between such jumps determines the absol
leakage currentI A5e/tL , a useful measure of the leakag
rate.

A. Theory

In order to compare experiment and theory, which is
sential to this study, we calculate the leakage rate usin
procedure developed by Jensen and Martinis,8 as modified by
Fonsecaet al.17 This procedure is based on the orthod
theory of single-electron tunneling6 and incorporates multi-
junction cotunneling processes using an approximation to
transition-rate formula developed by Averin and Odintsov16

While not entirely rigorous, various tests indicate that t
procedure is usually reliable for order-of-magnitu
estimates.8

Calculation of the leakage currentI L is formulated in
terms of the probabilitiesPn that the pump is in a charg
staten and the ratesGn8n of transitions between statesn and
n8. Here, the indexn specifies the charge on each of theN
21 islands of the pump. Thus, if the charge on each islan
assumed to be between2Me andMe, the indexn must take
on a total of (2M11)N21 values to specify all possible
charge states. The probabilities of the various charge st
evolve according to

dPn

dt
5 (

n8Þn
~Gnn8Pn82Gn8nPn!, ~1!

where the first term accounts for the increase inPn due to
transitions fromn8 to n and the second term accounts for t
decrease due to transitions fromn to n8. In this transition-
state picture, the ensemble average of the current thro
junction J at any instant is

I J5e(
n,n8

Pn@Gn8n
1

~J!2Gn8n
2

~J!#, ~2!

e

n.

FIG. 2. Experimental record of charge on the external capac
as a function of time for a seven-junction pump in the hold mo
The pump temperature is 120 mK, and the central junction of
pump is biased with a charge ofQJ450.45e.
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where theGn8n
1 (J) are the rates of transitions in which

charge moves in the positive direction through junctionJ and
the Gn8n

2 (J) are the rates of transitions in which a char
moves in the negative direction through junctionJ.

The net leakage current is particularly simple to calcul
because the biases are fixed in the hold mode, and the p
quickly approaches a steady state. Thus, the relevant p
abilities are defined by the steady-state conditions

dPn

dt
50, ~3!

and I L can be evaluated by applying Eq.~2! to any junction
of the pump. On the other hand, there is no simple form
for the absolute leakage current, and, as discussed be
care must be exercised in identifying which terms in Eq.~2!
contribute toI A .

Equations~1!–~3! allow us to solve for the steady-sta
probabilities and currents provided the ratesGn8n can be cal-
culated. In general,Gn8n includes contributions from an in
finite number of processes that take the system from ch
staten to n8. All multijunction cotunneling processes can b
broken into a sequence of single-junction tunneling eve
and, following Jensen and Martinis,8 we specify a process b
a list of integers (j 1 , j 2 , . . . ,j m). Here, eachj i is a number
in the range61,62, . . . ,6N, which specifies the junction
and the direction of tunneling for each event in the sequen
The process (j 1 , j 2 , . . . ,j m) is said to be anmth-order pro-
cess becausem single-junction events are included. Sch
matically, a third-order process for a transition from char
staten to n8 can be diagrammed as follows.

event: j 1 j 2 j 3

state: n → s1 → s2 → n8

dE1 dE2 dE3

energy: 0 DE1 DE2 DE3 ~4!

In this representation, we associate a change in Coulo
energydEi with the i th tunneling event and a net change
Coulomb energyDEi5( j 51

i dEj with the partially com-
pleted process. These Coulomb energies determine the
ergy barrier for multijunction cotunneling and are the p
mary factors fixing the associated transition rate. ThedEi
can be computed from the electrostatics of the pump’s
pacitance network, given the initial and final charge state

Because the order of the single-junction tunneling eve
( j 1 , . . . ,j m) does not affect the final state, allm! permuta-
tions of the set$ j 1 , . . . ,j m% contribute to the rate of transi
tion from n to n8. In the approximation of Jensen an
Martinis,8 the contribution to the transition rate from this s
of mth-order processes is

Gn8n
(m)

5
2p

\ F RK

~2p!2RJ
Gm

S2Fm~DEm ,T!, ~5!

whereRK5h/e2 is the resistance quantum,

S5 (
perm$ j 1 , . . . , j m%

)
i 51

m21 S DẼi2
i

m
DEmD 21

, ~6!

and
e
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Fm~DEm ,T!5
2DEm /~2m21!!

12exp~DEm /kBT!

3 )
i 51

m21

@~2p ikBT!21~DEm!2#. ~7!

In the original derivation of Eq.~6!, the energyDẼi is simply
DEi , but in this caseS is dominated by an unphysical sin
gularity whenever an intermediateDEi falls on or near the
interval between 0 andDEm . Jensen and Martinis handle
such singularities by omitting processes that include aDEi
less than max(0,DEm). In order to eliminate the resulting
discontinuities inGn8n , Fonsecaet al. later suggested tha
DẼi be held fixed within a buffer zone of widthkBT around
the singular interval.17 Here, we adopt a similar strategy b
assuming that

DẼi5max~DEi ,kBT,DEm1kBT!, ~8!

which produces rates essentially identical to those of F
secaet al.

Equations~5!–~8! completely specify an approximate ra
for all mth-order processes involving the set$ j 1 , . . . ,j m% of
single-junction events, regardless of order. If we define
unordered set$ j 1 , . . . ,j m% as a configuration, then the onl
additional approximation to be made is that of selecting
finite number of configurations that includes all proces
contributing significantly to the dynamics of the pump.
this selection, we follow Jensen and Martinis by eliminati
configurations of orderm.N, configurations in which tun-
neling occurs more than once in a given junction, and c
figurations that involve tunneling in both the forward an
reverse directions. With these restrictions, the total num
of configurations to be considered is

NC52 (
m51

N
N!

m! ~N2m!!
52N1122, ~9!

or 254 configurations for a seven-junction pump. The r
matrix Gn8n is computed by summing the contributions d
to each process within each tunneling configuration acting
each initial staten. Since we also restrict the charge on
given island to the range between2Me andMe, processes
that lead at any point to a junction charge outside of t
range are omitted from the sum.

OnceGn8n has been evaluated, Eqs.~1!–~3! can be solved
for the steady-state probabilitiesPn and the net leakage cur
rent I L . While it might be assumed that the absolute leaka
current I A can be calculated simply by replacingGn8n

1

2Gn8n
2 with Gn8n

1
1Gn8n

2 in Eq. ~2!, this strategy fails becaus
it includes many processes that do not involve the transfe
a charge through the entire pump. Instead,I A must be evalu-
ated by explicitly adding contributions from combinations
cotunneling processes that produce a through trans
Within the approximation used here, a through transfer
quiresN single-junction tunneling events, one for each jun
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tion, but these can be distributed arbitrarily among seve
cotunneling processes. Suppose that a through transfer i
forward direction consists ofK cotunneling processes tha
take the pump from an initial staten0 through the successiv
statesn1 , . . . ,nK , where the final statenK necessarily coin-
cides with the initial state. To calculate the rate for this tra
fer, we note first that the rate of transitions fromn0 to n1 is
Pn0

Gn1n0

1 , whereGn8n
1 is the rate for forward tunneling pro

cesses only (Gn8n5Gn8n
1

1Gn8n
2 ). Next, we argue that, unde

steady-state conditions and given that the pump is alread
staten1, the probability of a transition fromn1 to n2 is the
rateGn2n1

1 divided by the total rateGT(n1)5(n85” n1
Gn8n1

for

leaving staten1. Thus, the rate of transitions fromn0 to n1 to
n2 is Pn0

Gn1n0

1 Gn2n1

1 /GT(n1). Multiplying this result by the

probabilities for the remaining transitions leads to the r
Pn0

Gn1n0

1 ) j 52
K @Gnjnj 21

1 /GT(nj 21)# for the entire through

transfer. Based on these arguments, the leakage curren
the forward and reverse directions can be written as

I 65e (
through
transfers

Pn0
Gn1n0

6 )
j 52

K Gnjnj 21

6

GT~nj 21!
, ~10!

with

GT~n!5 (
n8Þn

Gn8n , ~11!

where the product is understood to be 1 whenK51. In Eq.
~10!, the specified sum over through transfers includes va
of K from 1 to N, allowing transfers ranging from a singl
N-junction cotunneling process toN separate single-junction
processes. Also, for a givenK, the single-junction events
must be distributed in all possible ways among theK cotun-
neling processes. Finally, the sum includes all initial sta
n0, but, to avoid double counting, terms are only included
the probabilities of all intermediate states,n1 , . . . ,nK21, are
less thanPn0

. This restriction is necessary because the sta

of a through transfer form a cycle,n0→n1•••→nK21→n0,
and only one state can be chosen as the initial/final st
Thus, while evaluation of the absolute leakage currentI A
5I 11I 2 is somewhat complicated, the only data requir
are the steady-state probabilitiesPn and the rate matrice
Gn8n

1 andGn8n
2 for forward and reverse tunneling.

To illustrate the distinction between the net and abso
leakage currents, we plotuI Lu5uI 12I 2u and I A5I 11I 2 as
a function of the bias voltageVE in Fig. 3 for a seven-
junction pump at 25 mK. For bias voltages greater than ab
5 mV in magnitude, the current is dominated by leakage
either one direction or the other, anduI Lu'I A . At VE50, on
the other hand, leakage is equally likely in both directions,
I 15I 2 , I L50, and I A52I 1 . Thus, in contrast toI L , the
minimum value ofI A is nonzero and provides a useful me
sure of the minimum error rate of a pump in its hold mod
The quantityI A(VE50) is also easily measured experime
tally because the voltage onCE automatically settles to the
value for which I 15I 2 , as illustrated in Fig. 2, and th
resultingVE is presumably near zero. In the remainder of t
section, we thus focus on the absolute leakage current at
voltage bias.
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B. Asymptotic formulas

While leakage rates can be determined for the gen
case only numerically, the bare model possesses suffic
symmetry that asymptotic formulas can be derived in t
low-temperature limits. Both formulas require that the th
mal energy be much less than the basic Coulomb ene
kBT!EC5e2/2CJ , and their regions of validity are sepa
rated by a crossover temperatureTc!EC /kB . In the extreme
low-temperature limit,T!Tc , thermal processes play n
significant role, and leakage occurs only byNth-order cotun-
neling, in which allN junctions are traversed in one tunne
ing event. In the intermediate temperature range,Tc!T
!EC /kB , thermal processes are dominant, and leakage
curs primarily through a sequence ofN single-junction tun-
neling processes.

A simple analysis of the bare model is possible beca
the energy changesdEi and DEi in a through transfer are
independent of the order in which the junctions tunnel wh
each junction participates exactly once. As shown by Jen
and Martinis,8 these energies are given by

dEi5EC~N22i 11!/N, DEi5ECi ~N2 i !/N, ~12!

in the absence of initial island charges and voltage or cha
biases. The absolute leakage current forT!Tc then follows
directly from Eqs.~5!–~8!, since we expect leakage to occ
only by Nth-order cotunneling in this limit. That is, if we
consider Eq.~10! and assume that the initial staten0 is al-
ways the zero-charge state (Pn0

51) and that through trans

fers occur only byNth-order cotunneling processes, then t
absolute leakage current is given byI A52eGn0n0

(N)1 , where we

have used the fact that forward and reverse tunneling r
are equal by symmetry. Without further approximatio
Gn0n0

(N)1 can be evaluated from Eqs.~5!–~8! using the above

dEi andDEi to yield

FIG. 3. Net leakage currentI L and absolute leakage currentI A

as a function of the pump bias voltageVE for a seven-junction
pump at 25 mK, computed within theCg model. The circuit param-
eters areRJ5470 kV, CJ5220 aF, andCg550 aF. All gate
charge biases are zero.
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I A5
2ekBTN2

h~2N21!! S RK

RJ
D NS NkBT

EC
D 2N22

,

~T!Tc , VE5Qi50! . ~13!

Because electron pumps are typically operated in this l
temperature limit, the above equation specifies the minim
leakage rate that can be expected under ideal conditions

A formula for I A at intermediate temperatures,Tc!T
!EC /kB , is obtained by detailed analysis of Eq.~10!, as-
suming that leakage is dominated by through transfers
volving N single-junction or first-order tunneling processe
Thus, we consider only the caseK5N in Eq. ~10! and again
assume that the initial state is the zero-charge state. Bec
the energiesdEi and DEi are the same, regardless of th
order in which the junctions tunnel, the sum over throu
transfers in Eq.~10! is N! times the rate for a given proces
Finally, adding the equal contributions from forward and
verse tunneling, we obtain

I A52eN!Gn1n0

(1)1 )
j 52

N Gnjnj 21

(1)1

(
n

Gnnj 21

(1)
, ~14!

where the intermediate states correspond to any one o
N! equivalent through transfers.

In order to explicitly evaluate Eq.~14!, we note that, ac-
cording to Eqs.~5!–~8!, the rate for a first-order process is

G (1)5
2dE/e2RJ

12exp~dE/kBT!
, ~15!

which can be usefully approximated in various regimes b

G (1)55
udEu

e2RJ

~dE,0, udEu@kBT!

kBT

e2RJ

~dE50!

dE

e2RJ

exp~2dE/kBT! ~dE@kBT!

. ~16!

The task that remains is to combine these approximate r
to evaluate all of the factors appearing in Eq.~14!. This task
is facilitated by Fig. 4, which plots the energiesDEi of in-
termediate states for pumps with even (N54) and odd (N
55) numbers of junctions. For a four-junction pump,dE is
positive for the first two tunneling events (j 1 and j 2) and
negative for the final two (j 3 and j 4), so the ratesG (1)1

appearing in the numerator of Eq.~14! can be approximated
by the expressions for eitherdE,0 or dE.0 in Eq. ~16!.
For a pump with an odd number of junctions, on the oth
hand, the middle tunneling event (j 3 for N55) requires the
rate fordE50. In both even and odd cases, the sums app
ing in the denominator of Eq.~14! are dominated by term
with dE,0, since the primary way of leaving a given state
always ‘‘downhill.’’ Thus, the first denominator in Eq.~14!
can be approximated by the rate of transitions from staten1
to staten0, the reverse of the initialj 1 tunneling event. Simi-
larly, the second denominator can be approximated by
-
m

-
.

use

h

-

he

es

r

r-

e

rate of reverse tunneling from staten2, but in this case we
must include two equal terms because eitherj 1 or j 2 can be
reversed. Based on such considerations, we arrive at the fo
lowing approximate formula for the absolute leakage current

I A55
N!

2@~N/2!! #2

EC

eRJ
exp~2DEmax/kBT! ~N even!

2N!

$@~N21!/2#! %2

kBT

eRJ
exp~2DEmax/kBT! ~N odd!

.

~17!

Here the energyDEmax is the barrier energy of the Coulomb
blockade~cf. Fig. 4!, which is given by

DEmax5H NEC/4 ~N even!

~N221!EC/4N ~N odd!
, ~18!

within the bare model. Equation~17! is valid for VE5Qi
50 in the temperature rangeTc!T!EC /kB and provides a
useful check on numerical evaluations ofI A . As expected,I A
is thermally activated in this regime, with an activation en-
ergy equal to the pump’s Coulomb barrier.

The crossover temperatureTc , defining the transition be-
tween the dominance ofNth-order cotunneling and that of
single-junction processes, can be calculated by equating th
expressions forI A given in Eqs.~13! and ~17!. For an even
number of junctions, we find

Tc5
NEC

4akB
, ~N even! ~19!

wherea is defined by

FIG. 4. Energy of intermediate states of a through tunneling
process within the bare model of a four-junction~a! and a five-
junction ~b! electron pump. Energies are normalized to the basic
Coulomb energyEC5e2/2CJ .
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exp~a!5
24N24N! ~2N21!!

N4N21@~N/2!! #2 S RJ

RK
D N21

a2N21, ~N even!

~20!

while for N odd,

Tc5
~N221!EC

4NakB
, ~N odd! ~21!

with

exp~a!5
N! ~2N21!!

$N@~N21!/2#! %2 S 4

N221D 2N22

3S RJ

RK
D N21

a2N22 ~N odd! . ~22!

Although Eqs.~20! and~22! must be solved iteratively fora,
these expressions allow a direct evaluation of the cross
temperature.

C. Model parameters

Under the assumption thatRJ andCJ are the same for al
junctions andCg is the same for all islands, the bare a
ground-capacitance models of the pump are described by
these three parameters. The particular seven-junction p
considered here has been the subject of several prev
studies,4,5,21 and its performance has been characterized
detail. We takeRJ to be 1

7 of the total pump resistance me
sured at low temperature and high voltage. For the grou
capacitance model, the ratio ofCg to CJ is determined by the
relative changes inVE observed when a single charge
transferred through each of the seven junctions.~Tunneling
in junctions farther fromCE produces a smaller change inVE
due to voltage division by the intervening capacitance l
der.! Given this ratio,CJ is then chosen for both models t
match the thermal broadening of single-electron transitio
rs
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Because a single value ofCJ describes the transition width
over the full range of mixing-chamber temperaturesTmc, the
electron-temperatureT of the pump is assumed to equalTmc.
The transition widths of individual junctions also indica
that the junction capacitances are nearly uniform, differ
by no more than about 10%. Based on these measurem
the parameters inferred for the bare and ground-capacita
models are listed in Table I.

The values ofCJ andCg derived for the bare and ground
capacitance models are generally larger than the physica
pacitances of the junctions and gates because they are ch
as optimum fitting parameters and tend to compensate for
stray capacitances explicitly omitted from these models
more accurate physical picture of the pump is provided
the full model, which includes stray capacitances. To de
mine parameters for the full model, we first estimate t
stray capacitances based on the geometry of the pump.4 The
validity of such estimates is confirmed by the fact that t
values of gate capacitance obtained from the geom
proved to be in good agreement with values derived from
periodicity of the pump’s response to gate voltages. Th
geometric calculations provide all of the required capa
tances except the capacitanceCJ8 of the bare junctions. As
with the other models,CJ8 is chosen to fit the measured widt
of single-charge transitions. On this basis, the capacita
matrix C for the full model is21

TABLE I. Circuit parameters for the bare and ground capa
tance models of the seven-junction electron pump. For compari
average values ofCJ andCg are listed for the full model, with stray
capacitances included.

Model RJ ~kV) CJ ~aF! Cg ~aF!

Bare 470 325 0
Ground capacitance 470 220 50
Full 470 215 48
C51
0.0 218.8 5.8 2.7 1.7 1.2 1.0 0.0

218.8 0.0 213.7 3.3 1.1 0.6 0.4 46.7

5.8 213.7 0.0 213.6 3.3 1.0 0.6 46.8

2.7 3.3 213.6 0.0 213.6 3.3 1.1 47.2

1.7 1.1 3.3 213.6 0.0 213.6 3.3 48.1

1.2 0.6 1.0 3.3 213.6 0.0 213.7 51.3

1.0 0.4 0.6 1.1 3.3 213.7 0.0 264.4

0.0 46.7 46.8 47.2 48.1 51.3 264.4 0.0

2 aF, ~23!
ic-

the
the
whereCi j is the capacitance between nodesi and j in Fig.
1~b!. Thus,C125218.8 aF is the total capacitance of the fi
junction, including a bare capacitance ofCJ85200 aF and a
stray capacitance of 18.8 aF. Similarly,C28546.7 aF is the
capacitance of the first gate plus the stray capacitance
tween the first island and ground. Having determined
t

e-
e

parameters of all three models, we now explore their pred
tions for the leakage current without further adjustments.

D. Experiment

Because stray charge in the dielectric materials of
pump usually creates an unknown offset that adds to
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applied gate voltages, leakage currents have often been
sured for pumps or junction arrays in which the bias stat
uncontrolled. In the experiments reported here, care
taken to determine offsets and accurately control the b
state of the pump. The problem of accurate control is co
plicated by the existence of stray capacitances, which co
some fraction of the voltage applied to a given gate lead
all islands of the pump. As detailed elsewhere,3,4 such cross
coupling can be electronically cancelled using a matrix
amplifiers adjusted to apply suitable correction voltages
the cross-coupled gates. When cross coupling is cancelle
this way, a charge bias can be applied to one and only
island, as idealized in the ground-capacitance model.
compensate for gate bias offsets due to stray charge,
zero-bias setpoints are adjusted to minimize the error rat
the pumping mode. Spot checks, based on the obse
thresholds for single-charge transitions,5 reveal that adjust-
ment for minimum pumping error yields zero-bias setpoi
within 0.1 e of the actual zero charge bias. Finally, becau
the charge onCE adjusts itself until the rates of forward an
reverse leakage are equal, leakage experiments are natu
performed near zero voltage. Thus, the bias state of the p
during our leakage measurements is well described byVE
5Qi50.

Experimental and theoretical results for the absolute le
age current of a seven-junction pump are plotted as a fu
tion of inverse temperature in Fig. 5 to create an Arrhen

FIG. 5. Absolute leakage current as a function of inverse te
perature for a seven-junction electron pump in the absence of
age or charge biases,VE5Qi50. Circles show experimental re
sults, whileI A is plotted for the full, ground-capacitance, and ba
models with a solid line, long dashes, and short dashes, res
tively. Dotted lines plot asymptotic formulas, Eqs.~14! and ~17!,
applicable to the bare model. The inverse crossover temperatu
also indicated for the bare model.
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plot. Experimental values ofI A are derived from records o
the charge onCE , like that shown in Fig. 2, simply by count
ing the number of single-charge jumps observed over an
terval of time. As Fig. 5 shows, the experimentalI A is ther-
mally activated at temperatures above about 140 mK
approaches a plateau at lower temperatures.

Figure 5 also shows values of leakage current compu
for the bare, ground-capacitance, and full models of the e
tron pump. The utility of theCg model is apparent here in
that the predictedI A is virtually indistinguishable from tha
of the full model. While the bare model is in rough agre
ment with the full model, there are significant quantitati
differences. This discrepancy is to be expected, howe
given that the bare model does not explicitly account for
gate capacitance. On the other hand, the asymptotic form
for I A , Eqs.~14! and ~17!, are in excellent agreement wit
the bare model from which they derive. This agreement c
firms that leakage is dominated byNth-order cotunneling
below the crossover temperature and by first-order~single-
junction! processes aboveTc . Contributions by processes o
intermediate order are apparently not important at any te
perature.

In the thermally activated region above 140 mK, expe
ment and theory are in good agreement. Here, the exp
mental leakage is about two orders of magnitude larger t
the theoreticalI A , but the activation energy~slope of the
Arrhenius plot! agrees within the accuracy of the experime
Given that this comparison involves no adjustment of para
eters, we take the agreement as confirmation of the theor
the high-temperature regime. As the temperature of the m
ing chamber is lowered below 140 mK, however, direct m
surements confirm that the electron temperature of the pu
continues to equalTmc ,5 but the leakage current fails to fol
low the theoretical prediction. At 35 mK the experiment
leakage is almost nineteen orders of magnitude greater
theory. As noted previously, this discrepancy clearly in
cates that the theory presented here omits an impor
source of leakage that dominates at low temperatures. W
the excess leakage might be due to environmental noise
suggested by Martinis and Nahum,19 the case for this mecha
nism is not proven, and the cause remains open to spec
tion.

Although the leakage rate observed at low temperature
orders of magnitude higher than predicted by theory, the
at 35 mK corresponds to leakage of just one charge in
min on average. Fortunately, this rate is low enough to all
capacitance calibrations of high accuracy. Thus, while
understanding of leakage mechanisms is incomplete, leak
does not present a practical barrier to metrological appl
tion of the pump.

To further explore leakage in the electron pump, we ha
measuredI A as a function of a charge biasQJ4 applied to the
central junction. By definition, a charge biasQJi is obtained
on junctioni by applying a gate biasQi 215QJi to the island
on the junction’s left and a gate biasQi52QJi to the island
on its right. WhenQJi50, the Coulomb blockade is maxi
mally effective in preventing tunneling through junctioni,
and we expect to observe a minimum in the leakage r
However, whenQJi56e/2, the Coulomb blockade is effec
tively eliminated, and the leakage rate is expected to
maximum.

-
lt-

c-

is



n

od
,

r

on
w
t
er
t

-
re

le
in

y

ps

e
with

as
.

or

ore
s in

has

s at
e

ied
are

lude
s for

that

on

s
he
e

s a
n

s

n
te-
and

8206 PRB 60R. L. KAUTZ, MARK W. KELLER, AND JOHN M. MARTINIS
These expectations are met in part by the data show
Fig. 6. Here, we plotI A as a function ofQJ4 for an experi-
ment performed at 120 mK and for the three theoretical m
els evaluated at a variety of temperatures. As anticipatedI A
is always greater atQJ456e/2 than atQJ450. Indeed, the
experimental points can be connected by a smooth cu
with a minimum at QJ450 and maxima atQJ456e/2.
Thus, we were surprised to discover that the full andCg
models predict minima nearQJ4560.13e. While our lim-
ited experimental data are consistent with this predicti
confirmation would require additional experiments. Ho
ever, overall agreement between theory and experimen
good, given that the experiment was performed at a temp
ture somewhat below that for which the theory is thought
apply.

Why do the full andCg models predict minima in the
leakage current nearQJ4560.13e? To answer this ques
tion, we look more closely at leakage processes in the
evant temperature range,Tc!T!EC /kB , where through
transfers are dominated by thermally activated, sing
junction ~first-order! tunneling. Since tunneling can occur
either direction and in any order among theN junctions,
there are a total of 2N! through processes involving onl
first-order tunneling. According to Eqs.~14! and ~16!, each
such process contributes toI A in proportion to an Arrhenius
factor exp(2EA /kBT), whereEA is an activation energy given
by

FIG. 6. Absolute leakage currentI A as a function of a charge
biasQJ4 applied to the central junction of a seven-junction electr
pump. In this case the applied biases areVE5Q15Q25Q55Q6

50, Q35QJ4, andQ452QJ4. Circles show experimental result
for T5120 mK, while solid lines, long dashes, and short das
plot I A for the full, ground-capacitance, and bare models, resp
tively, at a variety of temperatures. The two experimental point
QJ450 were taken at the beginning and end of data acquisitio
verify that charge offsets had not changed in the interim.
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N

dEiu~dEi !. ~24!

Here, u is the unit step function, and only tunneling ste
with positivedE add toEA . BecauseEA is generally much
larger thankBT, the leakage rate is very sensitive to th
activation energy, making the dominant processes those
the smallestEA . Thus, we expectI A to scale roughly as
exp(2EA,min /kBT), whereEA,min is the minimum activation
energy over all processes. This minimum energy is plotted
a function ofQJ4 in Fig. 7 for all three models of the pump
As expected,EA,min shows a single maximum atQJ450 for
the bare model but symmetric maxima atQJ4'60.13e for
the full andCg models. Thus, the minima inI A directly re-
flect maxima in the minimum Coulomb barrier energy f
each model.

To understand the differences between these models m
completely, we examine the dominant leakage processe
greater detail. For the bare model atQJ450, thedEi are the
same for all 2N! 510 080 processes, so that each process
the sameEA and contributes identically toI A . This symme-
try is broken foruQJ4u.0, and atuQJ4u50.1 e the minimum
EA is attained by only 4 320 processes, while atuQJ4u
50.5 e the processes with minimumEA are reduced to
1 440. As might be anticipated, the dominant processe
uQJ4u50.5 e are those in which tunneling first occurs in th
central junction, creating a dipole that offsets the appl
charge bias. In the bare model, such dipole processes
energetically favorable at all charge biases. In the full andCg
models, on the other hand, the minimumEA at QJ450 is
represented by only 16 processes, and these do not inc
dipole processes. In these models, the activation energie
the processes dominant atQJ450 increase with increasing
uQJ4u while those for dipole processes decrease, such
some dipole processes become dominant foruQJ4u.0.13e.
Thus, the minima in leakage atQJ4'60.13e result from a

s
c-
t

to

FIG. 7. Minimum activation energyEA,min for leakage processe
in the intermediate temperature regime (Tc!T!EC /kB) as a func-
tion of charge biasQJ4 on the central junction of a seven-junctio
electron pump. Calculated results are shown for the full, ga
capacitance, and bare models using solid lines, long dashes,
short dashes, respectively. The applied biases areVE5Q15Q2

5Q55Q650, Q35QJ4, andQ452QJ4.



ro

fu
l
at
t

th
nt
tit
d

n
tili
I
a
l

iv

ce
a
su

np

a

is
th

hu
t
tli
th

this
r of

ent

ted
tta

a
ge-
tion
, a
tate

oved
th
ffect
ter

-
ed
c-

oth
ror
rs
rrent
et
ing,
0,
.

olt-

e,

arge
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competition between different processes that is absent f
the bare model due to its greater symmetry.

Having explored the bare, ground-capacitance, and
models in some detail, we conclude that the bare mode
useful as a basis for asymptotic formulas and rough estim
of basic pump operation. However, the bare model fails
account even qualitatively for some effects predicted by
more complete models. Also, at least for the case prese
here, the ground-capacitance model is in excellent quan
tive agreement with the full model, in spite of its simplifie
capacitance matrix.

III. COUNTING ERRORS

Although leakage in the hold mode is an important co
sideration for capacitance standards, the fundamental u
of an electron pump is determined by counting errors.
principle, a pump transfers a single charge between input
output in response to a sequence of gate charge biases
those shown in Fig. 8. Here, each gate in succession rece
a triangular pulse of duration 2t and amplitude2e, which
usually moves one charge from the input through the suc
sive islands to the output. However, this process occasion
fails to transfer a charge or transfers an extra charge, re
ing in a counting error.

To measure counting errors experimentally, the pump
used to shuttle a single charge back and forth between i
and output while the chargeQE on the external capacitorCE
is monitored using an electrometer. In this experiment, g
pulses are applied alternately as shown in Fig. 8~to move a
charge from input to output! and in reverse order~to move a
charge from output to input!. Because charge shuttling
typically driven at a few megahertz, much faster than
response time of the electrometer, the measuredQE appears
to be constant except when the pump makes an error. T
experimental traces ofQE , like that shown in Fig. 9, do no
record the rapid changes in charge associated with shut
but do reveal when the pump fails to transfer a charge, in

FIG. 8. Charge biases applied to theN21 gates of an
N-junction pump to transfer a chargee through the pump.
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instance about once every 3 seconds on average. While
error rate may seem high, it corresponds to a shuttle erro
aboutES5531028 or 50 errors in 109 pump cycles. Thus,
the shuttle test provides a sensitive measure of infrequ
errors.

A. Simulation

Calculation of the charge errorEQ5uuQu/e21u is based
on accurate evaluation of the chargeQ transferred by the
pump during a single bias cycle. In the procedure adop
here, Eq.~1! is integrated using a fourth-order Runge–Ku
algorithm to determine the probabilitiesPn for occupation of
the charge statesn as a function of time, andQ is evaluated
by integrating the current given by Eq.~2!. Although the
charge on each island is restricted to the values of 0 and6e,
this yields a total of 365729 possible charge states for
seven-junction pump. To reduce the calculation to a mana
able size, charge states are included only during the por
of the bias cycle when they are active. During integration
charge state is added when the rate of transition to the s
exceeds a specified bound and a charge state is rem
when its probability drops below another bound. Bo
bounds are chosen to be small enough that they do not a
the results. Integration is continued for a brief period af
the bias cycle is complete to assure thatQ is fully converged.
Finally, becauseEQ is determined by a small difference be
tween two numbers close to 1, calculations are perform
using 33 digit arithmetic. This extended precision allows a
curate evaluation ofEQ for errors as small as about 10225.

Because the errors in a shuttle experiment are of b
signs, we might anticipate that evaluation of the shuttle er
ES5(Q11Q2)/e requires that positive and negative erro
be tabulated separately, as for the absolute leakage cu
I A . However, ES can usually be computed from the n
charge errors computed for forward and reverse pump
E Q

1 and E Q
2 . The reason can be understood from Fig. 1

which plotsE Q
1 andE Q

2 as a function of bias voltage. As Fig
10 shows,E Q

1 goes to zero at a voltage nearVE546 mV,
where positive and negative errors exactly cancel. For v
ages somewhat less than 46mV virtually all of the errors in
forward pumping result from a failure to transfer a charg

FIG. 9. ChargeQE on external capacitorCE as a function of
time for a seven-junction pump being used to shuttle a single ch
back and forth once every 350 ns. The ramp timet of the applied
charge bias is 25 ns and the temperature is 33 mK.
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8208 PRB 60R. L. KAUTZ, MARK W. KELLER, AND JOHN M. MARTINIS
while for voltages somewhat greater than 46mV the errors
result from transfer of an extra charge. That is, except a
voltages within a few microvolts ofVE546 mV, E Q

1 repre-
sents either almost purely positive or purely negative error
Given thatES is an average over forward and reverse pump
ing cycles, we can writeES'(E Q

11E Q
2)/2, sinceE Q

1 andE Q
2

each contribute significantly to this sum only at voltage
where they represent errors of predominantly one sign. Th
approximation is valid as long as the voltages at whichE Q

1

50 andE Q
250 are not too close toVE50.

In experimental measurements of the shuttle error, th
chargeQE on the external capacitor adjusts itself until the
rates of positive and negative errors are equal. This balan
is illustrated by the data presented in Fig. 9 and results in
bias voltage nearVE50 ~cf. Fig. 10!. Thus, our shuttle error
data was taken near zero voltage bias using applied ga
charge biases like those plotted in Fig. 8, and we focus o
this case in the remainder of the paper.

B. Asymptotic formulas

As with leakage errors, asymptotic formulas can be de
rived for counting errors within the bare model of the elec
tron pump. We consider three types of error investigate
previously by Jensen and Martinis:8 errors due to failure to
tunnel in the limit of short pulse widths, errors due to ther
mally activated, single-junction tunneling at intermediate
temperatures, and errors due to cotunneling in the limit o
low temperature. The resulting asymptotic formulas provid
a useful check on our simulations and help identify the erro
mechanisms active in each regime.

Insight into the operation of the pump is provided by ex
amining the pump’s electrostatic energy for various charg

FIG. 10. Net charge error for forward and reverse pumping,E Q
1

andE Q
2 , as a function of bias voltageVE calculated for the ground-

capacitance model of a seven-junction electron pump. The syste
parameters areRJ5470 kV, CJ5220 aF,Cg550 aF, t540 ns,
andT525 mK.
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and bias states. In Fig. 11, solid lines plot the energy whe
single extra charge is introduced on each island of the pu
in succession. Plots are shown for the bare model at
beginning and end of the pump cycle (t50 and 7t) and at
times t5 j t ( j 51, . . . ,6),when the gate charge bias on i
land j is at its peak. Att50, when there is no applied bias
introducing a charge on any island raises the pump’s ene
and charge transfer is blocked. Att5t, when the charge bias
on island 1 is2e, the pump’s energy is lowered if an extr
charge tunnels onto this island. As time advances tt
52t, . . . ,7t, a charge bias is applied to each island in su
cession, the energy minimum moves from island to isla
and the extra charge is expected to tunnel through succes
junctions until it reaches the output electrode. Dashed li
in Fig. 11 show the energy when a second extra charg
introduced on successive islands of the pump, with the fi
extra charge held on the island of minimum energy, as in
cated by the filled circle. In each case, the second e
charge encounters an energy barrier that blocks it from t
neling onto an island. Thus, the pump is expected to tran

m

FIG. 11. Electrostatic energyE as a function of the location o
an extra charge on the six islands of a seven-junction pump~solid
lines!, calculated within the bare model forVE50. Plots are shown
for the beginning and end of the pump cycle (t50 and 7t) and at
timest5 j t ( j 51, . . . ,6) when thegate charge bias on islandj is at
its peak. Dashed lines show the energy when a second extra ch
is introduced on successive islands of the pump, with the first e
charge held on the island of minimum energy, as indicated b
filled circle. As the figure illustrates, the pump allows a charge
move from island to island as successive gate charge pulses
applied, but a second charge is prevented from entering the p
by the Coulomb blockade. Island number 0 refers to the input
output electrodes.
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PRB 60 8209LEAKAGE AND COUNTING ERRORS IN A SEVEN- . . .
one and only one electron during each bias cycle. Howe
while this expectation is nearly always met, occasional err
do occur.

1. Failure-to-tunnel errors

In examining counting errors, we consider first the case
which the charge bias pulses are so short that tunneling
to occur while it is energetically favorable. This case w
considered by Jensen and Martinis,8 who derive an approxi-
mate error probability under the assumption that an error
result if tunneling onto an island does not happen before
charge bias on the island reaches its maximum. They n
however, that this assumption is unnecessarily restrict
since tunneling remains energetically favorable long after
charge bias peaks. For example, tunneling between islan
and 2 is energetically favorable (dE,0) over the interval
1.5,t/t,5, as shown in Fig. 11, rather than just for 1
,t/t,2. Thus, we can extend the arguments of Jensen
Martinis to derive a more accurate estimate of failure-
tunnel errors by considering the entire window of oppor
nity for tunneling.

We restrict our attention to the seven-junction pump
the limit of zero temperature. In this limit, failure to tunnel
most probable in junctions 2, 3, and 4, and the probabilitP
of failure is the same for each of these junctions. Since
probability of tunneling through all three junctions is (
2P)3, the shuttle error is given by

ES512~12P!3, ~t!tc , VE50, T50, N57!
~25!

which is expected to be valid fort less than some
temperature-dependent crossover halfwidthtc , beyond
which other error processes dominate. The probabilityP can
be evaluated without further approximation using the expr
sions fordE given by Jensen and Martinis. Taking into a
count the fact that the charge can tunnel backward as we
forward during the lastt of its window of opportunity~for
example, a charge on island 1 can tunnel back to the in
electrode as well as ahead to island 2 during the interva
,t/t,5, as shown in Fig. 11!, we obtain

P5~7RJCJ /t!@12exp~2t/7RJCJ!#exp~219t/28RJCJ!.
~26!

In this expression, the final exponential factor accounts
failure to tunnel during the first 2.5t of the window of op-
portunity and the two prefactors account for the finalt. Not-
ing thatES'3P for P!1, we find that failure-to-tunnel er
rors decrease exponentially with increasing pulse width
expected from previous work.8

2. Thermal errors

The dominant thermal errors occur late in the bias cyc
after the possibility of forward tunneling through junction
has been blocked. In particular, for the situation att55t in
Fig. 11, an error can result if thermal energy is available
move the charge from island 5 back to the input electro
Although this is an improbable process, it is likely to pr
duce an error if it happens, because forward tunne
through junction 1 is also improbable. As might be expect
the pump is most susceptible to thermal errors when
r,
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energy barrier for returning to the input electrode is mi
mum. In the seven-junction pump, this minimum occurs
t54.5t, as shown in Fig. 12~a!. The minimum energy barrie
is identified here asDEmin . A detailed analysis of this cas
by Jensen and Martinis yields for the shuttle error,8

ES5
N!

8@~N21!/2#! @~N11!/2#!

tkBT

RJCJEC

3exp~2DEmin /kBT!,

~Cg50, t@tc , VE50, Tc8!T!EC /kB , N odd!,
~27!

where

DEmin5EC~N21!2/4N, ~N odd!. ~28!

This result is expected to be valid at intermediate tempe
turesTc8!T!EC /kB , whereTc8 is a crossover temperature
below which cotunneling processes dominate. As Eq.~27!
indicates, errors at intermediate temperatures are gove
by an Arrhenius factor with an activation energy ofDEmin .

3. Cotunneling errors

In the limit of low temperature,T!Tc8 , thermal processes
are frozen out, and cotunneling errors dominate. Althou
leakage involvingNth-order cotunneling can occur through
out the bias cycle, there is a brief interval during which c
tunneling of orderN21 is possible, and these lower-ord
processes yield more counting errors. If we consider thT
50 limit, then cotunneling can occur only when the n
change in electrostatic energy is negative. Because the e
charge proceeding through the pump is usually on an isl
at lower energy than the input or output electrode~cf. Fig.
11!, it generally cannot escape by cotunneling. Howev

FIG. 12. Electrostatic energyE as a function of the location o
an extra charge on the six islands of a seven-junction pump~solid
lines!, calculated within the bare model forVE50. Plots are shown
for the bias conditions at~a! t54.5t, when thermal errors are maxi
mum, and at~b! t56.5t, when cotunneling errors of ordern21
first become possible atT50. Dashed lines show the energy whe
a second extra charge is introduced on successive islands o
pump, with the first extra charge held on the indicated island.
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8210 PRB 60R. L. KAUTZ, MARK W. KELLER, AND JOHN M. MARTINIS
near the end of the bias cycle, att56.5t, the energy of the
extra charge on island 6 is equal to the energy it would h
on either the input or output electrode. This equal-ene
condition is illustrated in Fig. 12~b!. As t increases beyond
6.5t, the energy of island 6 rises above that of the input a
output electrodes, and the charge can leave the pump e
by first-order tunneling to the output electrode or by cotu
neling of orderN21 to the input electrode. Although th
latter process is unlikely compared to the former, it is t
dominant error process at low temperatures.

Jensen and Martinis have analyzed cotunneling errors
the general case of finite voltages.8 However, by considering
the special case ofVE50, we obtain a simplified derivation
requiring fewer approximations. To sketch this calculatio
let t85t2(N21/2)t, let P(t8) be the probability that the
extra charge is on islandN21, and letGo(t8) andG i(t8) be
the rates of tunneling from islandN21 to the output and
input electrodes. In the limit of zero temperature, the cot
neling error is then given by

ES5E
0

`

P~ t8!G i~ t8!dt8, ~29!

whereP satisfies the approximate equation

dP/dt852GoP, P~0!51, ~30!

in the limit Go@G i . From Jensen and Martinis we have

Go5
~N21!t8

NRJCJt
, ~0<t8<t/2! ~31!

G i5
K

RKCJ
S RK

RJ
D N21S t8

t D 2N23

, ~0<t8<t/2! ~32!

where

K5
~N21!2N21

p2N24N~2N23!! @~N22!! #2
. ~33!

For these rates we find

P5expF2
~N21!t82

2NRJCJt
G , ~0<t8<t/2! ~34!

and

ES5
~2N!N22~N21!N

p2N24~N22!! ~2N23!!
S RKCJ

t D N22

,

~Cg50, t@tc , VE50, T50! ~35!

where the integrand in Eq.~29! was evaluated using Eqs
~32! and ~34! even for t8.t/2, since the contribution from
large times is insignificant. The functional dependence ofES
on RK , CJ , andt given by Eq.~35! agrees with the result o
Jensen and Martinis, but the prefactor differs by a factor
about 60 forN57. In any case, cotunneling errors fall o
with increasing pulse width as 1/tN22, reflecting the fact
Go /G i is larger for smallert8 and tunneling to the output i
more nearly certain if the pump passes slowly through
equal-energy condition illustrated in Fig. 12~b!.
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C. Experiment

Having developed simulations and asymptotic formu
for the shuttle error, we are ready to compare these pre
tions with experimental measurements. In this section,
examine shuttle error as a function of both temperature
the width of the gate bias pulse.

Figure 13 displays results forES as a function of inverse
temperature for the seven-junction pump driven with b
pulses of 40 ns halfwidth. This figure compares experimen
results with simulations for theCg and bare models and with
two asymptotic formulas. The parameters used in the sim
lations and formulas are identical to those discussed pr
ously, and no adjustments were made to improve the fit w
experiment. At temperatures above about 100 mK, the
perimental data reveal an exponential behavior character
of thermal activation, and there is good agreement w
simulations for theCg model. In particular, the activation
energy~slope of the Arrhenius plot! agrees with that of the
Cg model within experimental error, and the magnitude ofES
exceeds the predictions of the model by only about an or
of magnitude.

At temperatures less than 100 mK, however, there
substantial differences between experiment and simulat
Below 100 mK, the experiment shows a plateau inES near
1028, while theCg model predicts thatES will plateau only
when the temperature drops below 45 mK, where it reac
10220. Because independent experiments confirm that

FIG. 13. Shuttle errorES as a function of inverse temperature fo
a seven-junction electron pump with the halfwidth of the gate b
pulse fixed att540 ns. Circles show experimental results, wh
calculations for the ground-capacitance and bare models are pl
as solid and dashed lines. Parameters for theCg model areVE

50, RJ5470 kV, CJ5220 aF, andCg550 aF, while for the bare
model CJ5325 aF andCg50. Dotted lines show asymptotic for
mulas for the bare model.
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electron temperature of the pump follows the temperature
the mixing chamber, we conclude that the shuttle errors
low temperatures, like leakage errors, are dominated b
mechanism not included in the orthodox theory of the pum
All the same, the experimentally observed shuttle error
1.531028 is small enough to allow construction of a capa
tance standard with an accuracy competitive with the b
available standards.

As might be expected, calculations ofES based on simu-
lation of the bare model agree less well with experiment th
those for theCg model. Results for the bare model are i
cluded here primarily to validate the analytic formulas d
rived from it. While agreement is not perfect, Fig. 13 sho
that Eqs.~27! and~35! give good estimates of the simulate
ES for temperatures in the rangesT@Tc andT!Tc , respec-
tively, where the crossover temperature is roughlyTc
560 mK. We conclude that, within the bare model, shut
errors at intermediate temperatures occur primarily by th
mally activated tunneling back to the input electrode and
low temperatures by cotunneling of orderN21. Since the
experimentalES is thermally activated above 100 mK, th
error mechanism is probably the same as that identified
the bare model, and the slope of the experimental Arrhen
plot, about 0.2 meV, can be interpreted as the minimum
ergy DEmin required for the charge to return to the inp
electrode. Thus, shuttle errors at intermediate temperat
appear to be well understood.

Figure 14 shows the shuttle error at 33 mK as a funct
of bias-pulse halfwidth for the seven-junction pump. Aga
we compare experiment with simulations for theCg and bare
models and with two asymptotic formulas. Because the d
are for a relatively low temperature, we do not expect
experimental shuttle error to be governed by mechani
described by the orthodox theory, and the data shown in
14 confirm this expectation. Thus, the experimentalES ex-
ceeds the prediction of the ground-capacitance model by
orders of magnitude in the limit of long pulses. According
experiment, the shuttle error decreases exponentially w
increasing pulse width for values oft up to about 30 ns,
above whichES plateaus at an error of about 1.531028.
While this behavior is superficially similar to theoretical pr
dictions, the quantitative discrepancies are so large that
experimentally observed errors almost certainly involve
effect not included in the theory.

Comparing the bare-model simulation with the associa
asymptotic formulas plotted in Fig. 14, we conclude th
Eqs. ~25! and ~35! reproduce thet dependence of the bar
model with reasonable accuracy. Thus, the exponential f
observed fort less than about 10 ns can be associated w
failure-to-tunnel errors. In this regime, we can define a ch
acteristic timet1 such thatES}exp(2t/t1). According to Eqs.
~25! and ~26!, this time ist154RJCJ/350.20 ns, while the
slope of the ground-capacitance curve in Fig. 14 yieldst1
50.37 ns. By comparison, the slope of the experimen
curve for 6,t,30 ns corresponds tot154.3 ns. Again, the
discrepancy between theory and experiment suggests tha
actual error mechanism differs substantially from that of
orthodox theory.

What mechanisms beyond the orthodox theory might
plain the experimentally observed shuttle errors? While p
vious experiments on this particular device have ruled
of
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the possibility that cosmic rays contribute significantly to t
error rate,4,5 the explanation may involve photon-assist
tunneling produced both by environmental noise and the
clic bias. In particular, the exponential decrease inES ob-
served for 6,t,30 ns is consistent with the strong fre
quency dependence expected for errors due to pho
assisted tunneling driven by the cyclic bias,20 while the
plateau in ES observed for t.30 ns is consistent with
photon-assisted tunneling driven by environmental nois19

Clearly, both of these mechanisms warrant further investi
tion.

IV. CONCLUSION

By comparing experimentally measured leakage a
counting errors with the results of orthodox theory, includi
cotunneling, for three different models of the electron pum
we have established the accuracy of the theory at interm
ate temperatures and shown that the orthodox theory is in
equate to explain errors observed at low temperatures. In
intermediate temperature regime, both leakage and coun
errors are due to thermally activated, single-junction p
cesses that move the pump over an energy barrier. Coun
errors in this regime result during the latter part of the b
cycle, when tunneling from the input electrode to the fi
island is nominally blocked and the extra electron is oc
sionally returned to the input by thermal activation.

FIG. 14. Shuttle errorES at 33 mK as a function of the halfwidth
of the gate bias pulse used to drive a seven-junction electron pu
Circles show experimental results, while calculations for t
ground-capacitance and bare models are plotted by solid and da
lines. Parameters for theCg model areVE50, RJ5470 kV, CJ

5220 aF, andCg550 aF, while for the bare modelCJ5325 aF
and Cg50. Dotted lines show asymptotic formulas for the ba
model.
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Comparison of leakage errors predicted by the ba
ground-capacitance, and full models, indicates that the
and ground-capacitance models are virtually indistingui
able for the cases considered, while the bare model gene
gives good approximate results. However, the bare mo
fails to predict a double minimum in the leakage as a fu
tion of charge bias on the central junction.

The failure of the orthodox theory to explain the erro
observed at low temperatures is a result of primary imp
M
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tance. If counting errors were as infrequent as predicted,
accuracy of the seven-junction pump would far exceed t
required for fundamental metrology. The excess errors
served experimentally, while low enough to allow fabric
tion of a useful capacitance standard, require an explana
if further improvements are to be made. Indeed, full expl
tation of the electron pump presently awaits verification t
the limiting errors are due to photon-assisted tunneling19,20or
some other cause.
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Zh. Éksp. Teor. Fiz.96, 1349~1989! @Sov. Phys. JETP69, 766
~1989!#.

17L. R. C. Fonseca, A. N. Korotkov, K. K. Likharev, and A. A
Odintsov, J. Appl. Phys.78, 3238~1995!.

18M. B. A. Jalil, M. Wagner, and H. Ahmed, J. Appl. Phys.85,
1203 ~1999!.

19J. M. Martinis and M. Nahum, Phys. Rev. B48, 18 316~1993!.
20J. D. White and M. Wagner, Phys. Rev. B48, 2799~1993!.
21M. W. Keller, H. D. Jensen, and J. M. Martinis~unpublished!.


