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Noise Characterization of Multiport Amplifiers

J. RandaSenior Member, IEEE

Abstract—This paper addresses the issue of the definition and  This paper suggests a description of noise in differential am-
measurement of the noise figure and parameters to characterize plifiers and other multiports based on a wave description of the
multiport devices, particularly differential amplifiers. A parame- noise matrix [4], [5]. Our interest is in multiple (especially two)

terization in terms of the noise matrix appears to be the most prac- . . .
tical. The noise figure for a given output port is defined and re- input and output ports, at a single frequency, with all ports at the

lated to the noise matrix and scattering parameters of the device, Same frequency. A definition of the noise figure for a given port
as well as the correlations between different input noise waves. The is suggested, and that noise figure is expressed in terms of the
degradation of the signal-to-noise ratio is obtained from a special noise matrix and th&-parameters of the amplifier, as well as
choice of the input correlation function. Two examples are consid- ha reflection coefficients of the terminations and the correlation

ered in detail: a three-port differential amplifier and a four-port tri the incident noi The d dati fh
mixed-mode amplifier, both with reflectionless terminations. The matrix among the inciaent noise waves. 1he degradation of the

noise figures, effective input temperatures, and gains are related to Signal-to-noise ratio for the general multiport case is expressed
the results of a series of hot—cold measurements, as in the familiar in terms of this general framework. Two simple examples are

two-port case. considered in detail: a three-port differential amplifier with re-
Index Terms—Amplifier noise, differential amplifier, multiport ~ flectionless terminations and uncorrelated incident noise, and
amplifier, noise, noise figure, noise matrix, thermal noise. a four-port mixed-mode amplifier, also with reflectionless ter-

minations and uncorrelated incident noise. For these cases, the
noise figures, effective input temperatures, gains, and degrada-
tions of signal-to-noise ratio are related to the results of a series
HERE ARE several equivalent parameterizations for th§f hot—cold measurements, as in the familiar two-port case. Sec-
noise characteristics of two-port amplifiers and transigon |1 reviews the noise matrix formalism, as applied to multi-
tors, including the well known IEEE noise parameters [1], [3}orts, and goes on to develop a definition of the noise figure for
and their variants, the noise matrix in either its voltage—Cugach output port of a linear multiport device. Section Il treats
rent [3] or its wave amplitude [4], [5] incarnation, and the terthe special case of a three-port differential amplifier with re-
minal-invariant set of Engen [6]. The noise figure or effectivRectionless terminations. Section IV contains the four-port ex-
input noise temperature of a two-port amplifier as a functiofmple, and Section V is devoted to a summary. An earlier ab-

of source impedance or reflection coefficient can be expressg@viated version of this work can be found in [9].
in terms of any of these sets. For more than two ports, or for

more than one mode in a port, the situation is not so well de-
veloped. The basic multiport noise-matrix formalism was intro-
duced long ago [3], but the expression of multiport noise figuregs Noise Matrix

in terms of a common set of parameters has not been developeq. . - R

U . T : hroughout this paper, the term “noise temperature” denotes
Even the definition of multiport noise figures is not well estabt—he available noise power spectral density divided by the Boltz-
lished. The IEEE definitions [7] allow for multiple input ports, P P y y

as well as different input and output frequencies (since the wergn constantt. A port will refer to a single mode in a single
P P q y hysical port. Ani/-port will refer to a multiport withM ports,

developed with receivers in mind), but they are restricted to o . : . !
. will be reserved to denote the noise matrix, andill be used
output port and, even for that case, they stop short of defininga . . . . :
or noise powers. Multiple modes in a single physical port are

noise figure. Differential amplifiers present two complication%:, .
. . o _ reated as multiple ports. Thus, a four-port may refer to an am-
not included in the two-port noise-figure definition and parame-

N oo . : lifier with two input and two output ports or to an amplifier
terization: multiple input ports and a signal input channel that is. : ; : ; .

. L N with two different modes in a single input port and two in an

a linear combination of the two physical input channels. Other L . .

utput port (or to some combination of these). Our primary in-

multiports, such as mixed-mode two ports [8], introduce the aﬁ_rest is in three- and four-port amplifiers, but in principle, the

ditional complication of multiple output ports. The Widespreafgrma“sm applies to anyd greater than one. All the work in

use of such components in cell phones and other applications o . .
: . . .. this paper is in terms of wave amplitudes. They may be defined
makes it desirable to have a convenient standard description O
erms of voltages and currents [4], [8], [10] or they may be

their noise characteristics. Such a description should be simp e% .
. . . . .inffoduced and used with no reference to voltage and current
have a physical basis or interpretation, and reduce to a famil

B{ [11]. Details of the modes and waves are not of concern.
form for the two-port case. . :

What are important are two general properties. In order for the
formalism of this paper to be valid, the modes must be power

. INTRODUCTION

Il. FORMALISM
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where the bar indicates either an ensemble or time average (as-
sumed equal) and thieindicates a Hermitian conjugate. Diag-
onal elements of the noise matrix give the power spectral density
of the output noise in the respective port, while off-diagonal el-
ements are the correlations between the output noise in different

e " ports. We can use (3) to write the noise matrix in terms of the
generator waves

Fig. 1. lllustration of notation.

terms between the modes, it s possible to regain power orthod= b = [1 — ST|~*Saa’S™[1 — SI‘ET
r_1a|ity by a linear transformation, at least for lossless or low-loss - SI‘]A%T [1- ST (6)
lines [12]. The second general property that we assume about

the waves is that they can be physically generated in practi¢@{ere we have used the fact that the generator waves from the
applications, otherwise the discussion of measurements baggghiifier are uncorrelated with those from the terminations. The
on these waves is purely academic. first term is due to the noise (and signal) from the sources and
A linear M -port amplifier can be represented by #5 x M tarminations connected to the ports, and the second term is due
scattering matrix§) and an/ vector ofinternal (noise) sourcesyq the noise generated by the amplifier itself, suitably modified
(b) by reflections from the terminations. In the absence of any ex-
b= Sath 1) ternal noise¢ = 0), the first term vanishes, and we are left with
only the amplifier noise represented by the second term. Con-
wherea andb are M vectors of the usual incident and outgoingersely, for a noiseless amplifibr= 0, and only the first term
wave amplitudes. Thih element ob, b;, is the amplitude of the is present.
generator wave at pott which would be the output noise am- Theintrinsic noise matrix is defined by
plitude for reflectionless terminations and no input noise. The e
normalization is such that the spectral power density is given N =bb . )
by the square of the absolute value of the wave amplitude. The
noise amplitudes are assumed to be approximately constang i the noise matrix that would occur if all terminations of the
a small bandwidth (e.g., 1 Hz) around the frequency of intereginplifier were reflectionless and noiseless. Since the intrinsic
and we have divided out that bandwidth. Bold characters in(ﬁoise matrix (Supp|emented by the Scattering matrix) contains
cate vectors or matrices. The incident wave vector can be Writm information on the intrinsic noise parameters of the amp”_
as fier, we find it useful to introduce a more physical parameteri-
N zation of it. It will also be convenient to have a more compact
a=Tb+a (2) : : .
notation. For the diagonal elements, we associate a character-
wherea is the vector of generator waves of the sources cotgtic or reduced noise temperature with each port
nected to thé\/ ports, and’ is the M x M matrix of reflection _
coefficients. In simple casdsis diagonal, and'; is the reflec- |b;|2 = kp1; (8)
tion coefficient from the termination on porti. More generally, .
has off-diagonal elemenky; corresponding to a wave emergingvhereky is Boltzmann’s constant. The quantiky7; is the
from port or mode j and being reflected back (at least in pafipise power per unit bandwidth that would Beliveredto a
in port or mode i. The general configuration and notation is iRoiseless, reflectionless load attached to pdrall other ports
lustrated in Fig. 1. Combining (1) and (2) in the usual mann#€re also terminated in noiseless reflectionless loads. The ac-
yields the expression for the outgoing wave vector in terms #fal noise temperature of parts related to thevailablenoise

>

the generator waves power, and for the case of all noiseless reflectionless termina-
ten tions, the noise temperature is givenBy, = 7; /(1 — |S:|?).
b=[1-ST|"'[Sa+b|. () The off-diagonal elements of the intrinsic noise matrix are

The noise matrix (or noise correlation matrix) can then baeoproprlately scaled correlation functions

defined and expressed in terms of the intrinsic parameters of the — —
M-portand the properties of the terminations on its ports. We bib; = kp\/ TiT;pij- )
can define two distinct noise matrices: an intrinsic noise matrix ]
which depends only on the properties of the amplifier itself, arkhe absolute values of the; can range from 0 to 1, as befits

anin situ noise matrix, which depends on the characteristics gcorrelation function. For the discussion that follows, it is also
the circuit in which the amplifier is embedded. The finllsitu useful to define a correlation matrix for the incident noise waves.

noise matrixV is defined as Let

N =bb @) ;= kpThAsy (10)
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whereTy is a reference temperature (290 K). Diagonal elemera$ A from the noise figure with the reference valdg. Conse-
of the matrix A are then the ratios of the noise temperaturepiently, we choose to treat the noise figure as a functiad,of
incident on the different ports divided 1. the (complex) correlation matrix of the input noise waves.

With multiple ports, there may be several different useful For the terminations of the output ports, we follow the spirit
choices for the set of basis waves (e.g., common and differentiithe two-port definition, namely, that the noise figure measures
modes or ports 1 and 2). The noise matiixgitu or intrinsic) the noise added by the amplifier for a given choice of reflection
will be different for different choices of basis waves. Under eoefficients for the input terminations, but it should not include
change of basis represented by the makri® — & = Lb, the noise contributions from the various output loads. (Note, how-

noise matrix transforms according to ever, that the IEEE definition of the operating temperature does
L include such contributions [7].) We will (tentatively) adopt the
N—-N =LNL™". (11) convention that no noise source is connected to the output ports.

In practice, it should make little difference since the isolation
. ] o between the different output ports should be great enough that
B. Noise-Figure Definition the output of a given port would be insensitive to whetfigr
We are now prepared to consider the definition of the noisgapplied to some other output port, especially considering that
figure and its expression in terms of the intrinsic parameters 6§ is applied to the input channels, which are being amplified.
the amplifier and its terminations. We deal only with the noise The definition of the noise figure for a given output channel
figure at a single frequency, i.e., the spot noise figure. The IEEEthen complete. In terms of the notation introduced in the pre-
definition of operating noise temperature and effective noiseding section, it takes the form
temperature for multiple input ports [7] stops short of defining

a noise figure for multiple inputs. For a two-port, the IEEE def- {[1 _ SI‘]*1N[1 _ SI‘]*lT}
inition [1] is that the noise figure (or noise factor) at a givenE(r A =1+ 1 i
frequency is the ratio of total output noise power per unit band- kpTo {[1 — SI‘]—lsAST - SI‘]—IT}__

width to the portion of the output noise power that is due to the
input noise, evaluated for the case where the input noise power
is kgTy (To = 290 K). Equivalently, it is one plus the ratio of
the output noise due to the amplifier to the output noise due
1} input noise. We wish to extend this definition to thé-port
case. In principle, we can define a noise figiréor every port

(12)

gere the subscripts indicate the element of the matrix within
the braces.
The definition of (12) reduces to the usual definition for the
i, but, in practice, we will consider noise figures only for outpu o-port case and embodies _the |ntU|t|ve_|_dea that the noise
P g y pCﬁNure measures how much noise the amplifier adds to a 290-K

orts. As in the two-port case, the noise figure of a given . . . o
P P 9 g P 8ference signal. If it seems rather formal at this point, it should

should be the ratio of the total output noise in that port to t)‘% | i the followi i h Kth h
output noise power that is due to the input noise for the ca geome clearerin thetoflowing sections, when we work throug

when the input noise i%. two simple examples in detail.

Complications and ambiguities arise immediately however. Besides defining the noise figure, (12) also consitutes a pa-
Is T, input to all the input ports and, if so, is the input noise téameterization of its dependence on the reflection coefficients

different ports correlated? How are the other output ports ternf. the sources and loads and on the incident noise correlation

nated; islp input to them as well? For differential amplifiers, ismat[ixi The ?ois]cetr?arapetgrs of the artn_pIh;i:er arf[ahthe indipen—
the noise input to the physical ports 1 and 2 or to the differenti PNt €lements ot the INtrNSIC NoISe matrix. For a three-port am-
and common modes? plifier, there would be nine real parameters: three characteristic
The most significant complicating factor is the correlatiof@ise temperatures and three complex correlation functions. In
inciple, one could develop a parameterization analogous to

matrix of the incident noise waves. In actual use, the input o L )
the amplifier will come from other parts of the circuit, and thdhe IEEE parameterization for two-port noise figure or effective

noise incident on different ports may well be correlated to sonqg's_e temperature. .Th'?. would a:§o rlequ|re|n|ne rleal p;ara}[rr?e-
degree. Also, each input port may have a different incident noitse%s' a minimum noise figure, optimal complex values for the
temperature. Both these complications are contained in the flection coefficients of the two sources, and four parameters

cident noise correlation matrix (10). The output noise powef scribing the rate of variation of the noise figure as the reflec-

will be given by the appropriate elements of the noise matrB?n coefficients deviated from their optimal values. This set of
(6), which depend on the incident noise waiigs® and, there- nine parameters could be expressed in terms of the elements of

fore, on A. There are two possible strategies for dealing Witwe noise matrix and the-parameters of the amplifier, but that

the correlations between incident noise waves. The noise figL'JSréNe" beyond the scope of this paper.

can be defined to be a function of the incident noise correlation ) i )

matrix, just as it is a function of the reflection coefficients of- Signal-to-Noise-Ratio Degradation

the terminations; or a reference value (e.g., the identity matrix)For a two-port amplifier, the noise figure is a direct measure
can be chosen for the incident noise correlation matrix, muofithe degradation of the signal-to-noise ratigu(). In general

as we choose a reference noise temperdigréHowever, un- the noise figure of (12) is not the ratio of inpsn to output
like the case with the reference noise temperafyret would s/n, but it is not difficult to obtain the expression for that ratio.
not be possible to compute the noise figure for some other valuet the wave amplitude of the signal bg,, and assume that
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the signal channel is port 1. The input signal power density @ represents an amplifier's noise properties. The noise figure
sin = |asig|?, and the output power density in port i is given bywith reflectionless terminations is often used for this purpose
in the two-port case, and we expect that the noise figure with

Sout = {[1 — ST A1 - SI‘]_”} Sin reflection!es_,s terminations and yncorrelatgq incident noise can
% serve a similar purpose for multiport amplifiers. Consequently,
1 0 0 --- theI' = 0 examples considered in this and the following sec-
00 0 .- tion should be of some practical use, as well as clarifying the
Asig = 0 0 O ’ (13) multiport noise-figure definition.

A differential amplifier is a three-port device with a single
output port whose signal (ideally) is proportional to the differ-
The input noise power density is taken tofggtimes the refer- ence between the signals at the two input ports. Let the output
ence temperature;,, = kgZp and the output noise power denport be port 3, and define input waves afigparameters to de-

sity in port i is scribe the commonf) and differential £) modes
o, = {kBTo[l _ ST]~15AS'[1 - ST]~1f ax = (a1 £ ap) /V2 an
. = + 2.
+ [1 _ Sr]—lN[l _ SI\]—IT} (14) S3:|: (531 532) /\/_
* We can then write the output amplitude at port 3 as
where A is the incident noise correlation matrix for the actual
configuration, except thatl;; = 1. The degradation of the by = Ss_a_ + Ssyaq + bs (18)
signal-to-noise ratio for output port i, which will be denoted
F/™ is then given by where ideallySs,. = 0. One immediate, important conse-
guence of the definitions of (17) is that if the noise waves
s/n _ (s/n);, represented byi; and a, are uncorrelated, then the noise
ENT, A)=——n _ : .
’ (s/1) ut temperatures input to the common and differential modes are

B o a equal (, = |at|?/ks = |a_|?/ks = T_). Therefore, to
{[1— ST [kpToSAS'+N][1 - ST }ﬁ obtain different input noise temperatures for the common and
= - differential modes requires correlated noise sources for ports 1
ksTh {[1—51“]—1sf15igsT [1—SI‘]—1T}ﬁ iy
(15) We consider the simple case of all ports terminated with
matched (reflectionless) loads or sources. Since there are no

The difference between this form and (12) is that (12) hégflections from the terminati_ons, the off-diagonal .elements of
the full A in the denominator, whereas t#&/™ of (15) has the noise matrix do n.ot.cont.rlbute to the output noise at port 3,
only A,;, . The noise figure of (12) takes the total noise out arfgPr do the characteristic noise temperatures of the input ports
divides it by the noise out due to all the incident noise, whereds @nd 7> Only T3, the characteristic noise temperature of
/7 divides by the noise out due to the incident ndisehe port 3, contributes to the output noise, just as in the case of a

signal channel onlyFor thel’ = 0 case, (15) reduces to two-port amplifier with reflectionless terminations.
The average noise power per unit bandwidth emerging from

port 3 is given by

i (16) .
IfF)'TO|Sl7‘,|2 ng = |5316L1 =+ 5320/2 + b3|2. (19)

{[kBTOSAST + N]}

F™Ir =0, 4)=

and|Sy;|? is the gain from the incident signal channel (1) to th

- ft two uncorrelated noise sources with noise temperatﬂif@s
output channel i.

andTQ(i) are input to ports 1 and 2, (19) becomes

[ll. EXAMPLE—DIFFERENTIAL AMPLIFIERT = 0 i i .
n3y = kg |:G31T1( ) + G32T2( ) + T3:| (20)
A. Characteristic Noise Temperature, Gains, and Effective

Input Temperature whereGs;, = [Ss1 .

In order to completely characterize the noise properties of aThe unknown parameters in (20) can be determined from a
multiport amplifier, or to determine its noise figures for genseries of hot—cold measurements similar to the two-port case.
eral terminations and input noise correlations, it is necessanitet 7;,; denote the noise temperature of the hot source con-
determine the complete intrinsic noise matrix. There are, howected to port 1, etc. In principl&;; andZ32 could be equal,
ever, specific configurations or choices of terminations that aa@d7.; and7., probably will be equal to the ambient temper-
of interest in their own right. In particular, the case in which atture and, therefore, to each other, but we begin with the gen-
ports have reflectionless terminations is often a useful approgral case. There are then four different measurements that can
mation to the exact actual configuration. Also, it is often usefide performed. Lets 5. be the output noise power per unit fre-
to have a single number, or a figure-of-merit, that summarizgaency measured at port 3, for a hot source on port 1 and a cold
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source on port 23 x1, 13, ch, @aNdng, .. are definedinasimilar ~ The discussion in this section has not yet treated the differen-
manner. The results of the four measurements are then givertiyor common mode, nor has it mentioned noise figure. From

N3 1 = kp[Gar Tt + GazThs + T3] G3+ = |S3+|? and (17) and (18), it follows that
na, e = kp[Ga1Tn1 + GaTer + T3] (21) Gay + Ga_ = Ga1 + Gaa. (29)

na, on = kp[Ga1Te + GaoTz + T L . .
3l BlGaTe 2o 2l SinceT; is the same no matter how we describe the input ports

n3,ce = kp[Ga1Te1 + Gaalea +13]. and since the sum of the gains is the same, the effective input
There are only three unknowns in (21), 641, Gss, andTy: NOise temperature in the differential and common modes is the

and, consequently, the equations are not allindependent. Indé&ine as for ports 1 and 2. The hot-cold measurements with

one notes that uncorrelated sources, described above, are therefore sufficient
to determinel3, 1, andGsy + G- for the differential and
N3, hh 13, cc = N3, he T N3, ch- (22)  common modes, but na¥;.,. or G5_ individually. SinceG_

Therefore, it is sufficient to measure only three of the fouf designed to be much larger théh,, we might use the ap-
hot—cold combinations to determine the gains ahid (In ProximationGs_ ~ Gs; + Gsz, but it would be useful to mea-
practice, it may be preferable to measure all four combinatiofdré(s+ or Gis— independently. Using noise to measGrg;. or
and fit for a best solution.) The set A, ch, andcc may give (s requires correlated noise inputto ports 1 and 2 I= ay,
slightly better accuracy, and it requires only one hot noi¢g€na— = 0 anda = \/2a1, which, in turn, leads td = 0
source; thus, we begin with that set. The measured values #d 73 = 271. If the measured noise power out of port 3 in

the gains are then such a measurement is calleg ;. , then
n e T N3 ce -
Goy = —ohe e n3, 4 = kp[2Ga4T1 + T3] (30)
kB (Thl - Tcl) (23)
Gy = 12ch N3, cc from which it follows that
kB (ThQ - Tc?) be G
and the intrinsic output noise temperature for port 3 is given by Gsp = % [T.Y, +T.(Yy —1)]  (31)
1
kT = (ThiThe — TerTe2) T N3, 1o

(Th1 — To1) (T2 — Teo) 118,ce T (Th1 — Te1) whereY, = n3 1/n3 ... All the quantities on the right-hand
T.o side, except’y, can be determined from the uncorrelated mea-
(T2 — Tpo) n3,en- (24) syrements described above, and therefore measuremgnt of
The equivalent input temperature, which is equal for the tV\%e'tI%rgl:rrLerﬁ?;iJrz.e the matched case. with iust one hot source and
input ports [7], is given by ' J
. two equal-temperature cold sources, a set of three measurements
Ty (25) (he, ch, andcc) with uncorrelated input noise will determine
Ga1 + Gay 13, T,, Gs1, G32, andG3z, + G5_. (Obviously, if a second hot
Assuming the two cold temperatures are equal, this can $frce is availabléh could be done as a consistency check or
written as to reduce the measurement uncertainty.) If two equal-temper-
T Ths — (Ti1 Yon + ThoYne) T + Yo T2 ature hot sources and two equal-temperature cold sources are
v . L1 T . ;L 1LT & CY “1 CT (26) available, then just two measuremerits @ndcc) suffice to de-
Yer = DT + (Yoe = DThz = (Yo — DT terminels, 1., Gs; + Gs2, andGsy + Gs_, but not any indi-
whereYy,. = n3,ne/n3, cc, €tc. Althoughns », may not have vidual gain. To determinés_ or G, individually (in a noise
been measured;,;, can be determined from (22, = Ya.+ measurement) requires the noise input to ports 1 and 2 to be cor-
Y., — 1. If we further assume that only one hot noise source jg|ated.
used, so thal},; = Ty = 1}, (26) reduces to

T, =

T, =

T — YT B. Noise Figure
Te — L2 -+ c 27 -
' Yin — 1 27) Once all the relevant parameters have been measured, as in
which is the familiar two-port result, with',,, playing the role the preceding subsection, we can compute the noise figure of the
of the two-portY”. differential amplifier. For two input ports and one output port,

the set of three measurements,(ch, andcc) or from just two the incident noise wavesA = 1), (12) reduces to
measurementsify andcc) if 13,1 = ;2. If only ik andcc are

measured, we can still determine the sum of the gainéi’gnd F=1 |53|2
Tthh — Nee S 2&2+S 2&2
oy + Clay = 1 |S31[?[@1]* + [S32|?|az]
kB(CTh - Tc) Tg
= k TL_YLLTC TL_TC :1+—
3= 5T EDI ) (28) (Ga1 + G32)10
(Y;Lh - 1)(nhh - ncc) Te

but we cannot determine either gain separately, as in (23). =1+ T (32)
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Note that this noise factor does not require separate measwufer; then requires determination %, the characteristic noise
ment of G5 or G3_ and, thus, does not require any measuréemperature for port 3, as well as the sum of the two g&inst
ments with correlated noise input. Gso Or G + Gsy.

Equation (32) gives the ratio of total output noise to output The characteristic noise temperatures and sums of gains can
noise due to all input noise for the particular case considerdx determined by a series of hot—cold measurements, as in the
' = 0, A = 1. As discussed in Section II-C, however, ipreceding section. If we first measure the output noise in port 3
does not give the degradation of the signal-to-noise ratio. Thahile connecting hot and cold loads to the input ports, we again
is given by (15), or (16) fol’ = 0. If the input channel is the obtain the set of equations in (21) and (22), and solvingffpr

differential mode, (16) takes the form again yields (24). Similarly, if we measure the output noise in
. port 4 while connecting hot and cold loads to the input ports, we
Fs/n(r =0, A= 1) _ (G3— +GG3+12T0 + 13 obtain
N kg, = (ThiThe — TorTeo) ot — L Ta -
= <1 + %) <1 + E) . (33 (Thy — Ter)(Tha —Te2) % (T —Tea) °
- T, T T4, ch (36)
This differs from theF" of (32) by the factor { + G /Gs_), (Tho = Te2)

Whic_h makes™*'™ more difficult to measure. I_t does, hovyeverand the gains are given by
provide a better measure of the amplifier's signal-to-noise per-
formance. The gainé/s. and G3_ can be determined from G — N4, he — N4, ce
noise measurements with correlated noise incident on the two a= kp(Th1 — Te1)
input ports or from vector-network-analyzer measurements.

It is also interesting to considé?s/™ for the case ofd # 1, Gy
which would be appropriate for a circuit configuration in which
the noise incident on the different ports of the differential am- Thusfar, everything is essentially the same as in the three-port
plifier was correlated. In this case, (16) takes the form case. However, a nuance arises when we attempt to compute the
effective input temperature. When there are two output ports,

Ng ch — N4, ce
=== et 37
kp(Tha — Teo) 37)

Fs/n(r = O’AA) the two input ports, in general, cannot have the same effective
g 15+ Ty [Gap Agpq + 2Re(S31.55_AL )] (34) input temperature. The equations that deflhe andT>. are
oG- 13 = Ga1 11 + GaoTe (38)
The only noise parameter of the amplifier that enters (34} is Ty = GuTie + GaoToe.
The other parameters needed are the elements of the correlation .
matrix of the incident noise, coming from other parts of the ci0lving, we obtain
cuit in which the amplifier is embedded, and the scattering pa- . .
rameters of the amplifier, not just the gains. The incident noise Ty, = M
correlation matrix elementl; is taken equal to one, as pre- Ag
scribed by the convention for defining the signal-to-noise noise —GuTs + G Ty
factor. Ty = A
G
IV. FOUR-PORT EXAMPLE Ag = GGz — Ga2Gar. (39)

As a further example of the formalism, we consider an am- For the signal-to-noise degradation, the expressions are sim-
plifier with two input and two output ports (or modes), such aar to the three-port case

the mixed-mode two-port treated in [8]. To make the example
concrete, we take port 3 to be the differential output mode and F?f/“(I‘ =0, A)
port 4 to be the common output mode. Ports 1 and 2 are taken to . )
correspond to two physically separate input ports, though they 14 13+ T [G3+A++ + 2Re(Sg+Sg,A+_)]
could just as well be the differential and common input modes. ToGs-
Again, we treat only the reflectionless case with uncorrelated Fs/n(r —0,A=1)
incident noiseI = 0, A = 0. Equation (12) then reduces to 3 ’ .

(Ga— + G34)Tp + 13

S = 40
- |b3|? Gs-1Tp (40)
214,12 214412
[S31[2]@1]? + [S32|? |Gz The equations for port 4 are obtained:by- 4 in (40).
Ty 3 In summary, the four-port case introduces two complications
(Gar + Gaa)To (35) not present for three-ports. The obvious complication is that

there are two noise figures, one for each output port. Each noise
for the noise figure of port 3. Port 4 has its own noise figurdigure can be measured in a manner similar to the three-port (or
given by a similar equation, but with — 4. Determination two-port) case, with a series of hot—cold measurements. (In fact,
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the two noise figures could, in principle, be measured simultand D. Wait, National Institute of Standards and Technology
neously.) The second complication, which might not have be@XIST), Boulder, CO, for helpful suggestions. The paper has
expected, is that there must be two different effective input noiakso benefited from extensions recommended by the reviewers.

temperatures. These are given in (39) in terms of the gains and
characteristic noise temperatures of the output ports. The ex-
pressions for the signal-to-noise noise figure are similar to theyy;
three-port case.

Relegated to the indefinite future is the definition of the ef- [2]
fective input noise temperature when there are more output thag;
input ports. In that case, the generalization of (38) will usually
not admit a solution for th&;.’'s, and we would have to define a
different effective input noise temperature for each output port.

[5]

(4]

V. SUMMARY

A formalism based on the wave-amplitude form of the noise (6]
matrix has been presented for multiport amplifiers, particularly
differential amplifiers. The noise figure for an output channel [7]
was defined and written in terms of the noise matrix and scat- g
tering parameters of the amplifier, the reflection coefficients
of the terminations, and the correlation matrix of the incident
noise waves in the actual configuration of use of the ampli- 9
fier. The noise figure corresponding to the degradation of theo
signal-to-noise ratio was also defined and expressed in terms of
the same quantities for the general case. Two special cases w
considered, a three-port differential amplifier with reflection-[12]
less terminations and uncorrelated incident noise and a four-port
mixed-mode amplifier, also with reflectionless terminations and
uncorrelated incident noise. For each case, the noise figures, ef-
fective input temperatures, and gains were related to the res
of a series of hot—cold measurements, as in the familiar two-p
case. In both examples, the off-diagonal elements of the intrin
noise matrix, the correlation coefficients;, were not deter-
mined, since they do not affect the noise figure in The= 0
case. To characterize a multiport amplifier for nonzero refle
tion coefficients, additional measurements would be required
measure the;;. That more general case is left for future work
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