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Abstract. The paper studies the joint distribution of frequencies of overlapping words in a
Markov sequence. Usually characteristics of this distribution are expressed in terms of a so-called
pattern correlation matrix. A more direct approach allows for explicit formulas which involve the
fundamental matrix of the Markov chain whose states are words of a given length. These formulas
lead to the probability generating function of the asymptotic joint distribution of pattern frequencies
corresponding to a new multivariate discrete distribution.
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1. Introduction. Consider a random text formed by realizations of letters cho-
sen from a finite alphabet. For a given set of patterns (or words) it is of interest to
determine the probability of the prescribed number of their occurrences in the text.
This problem appears in different areas of information theory (source coding, random-
ness testing) and in molecular biology (DNA analysis, gene recognition). Chapter 7
of [18] reviews some information-theoretic aspects. Applications of occurrence counts
distributions in DNA analysis are discussed at an elementary level in [13]. Under an
independence assumption, the formulas for such probabilities depend on the so-called
correlation polynomial introduced by Guibas and Odlyzko [9].

In section 2 we discuss the pattern correlation matrix definition for a regular
Markov chain and look at its relationship to the fundamental matrix of the Markov
chain whose states are the patterns of the given length. The form of the probability
generating function of word frequencies is derived. It leads to the asymptotic dis-
tribution of these frequencies which is shown to be a special multivariate compound
Poisson law in section 3. That law, the multivariate Polya—Aeppli distribution, is
discussed in section 4. The concluding section 5 contains some examples.

The mentioned asymptotic distribution is derived under the assumption that the
pattern length m as well as the order of the Markov chain increase to infinity. A
similar condition has been used in [19], [20], [8], and [3].

2. Pattern correlation matrices. Let a random text X,, = (e1,...,¢,) be
formed by a stationary series of discrete random variables ¢;, taking possible values in
the alphabet Q = {1,..., ¢} for some positive integer ¢ > 2. We start with a Markov
chain of fixed order m,m > 1. Many statistical procedures designed to analyze
such a series are based on the observed counts of overlapping m-patterns (words or
templates), like 4™ = (i1 ...%m).

*Received by the editors October 6, 2007; revised December 30, 2008. This work was supported
by NSA grant H98230-06-1-0068.

http://www.siam.org/journals/tvp/54-2/98411.html

fNational Institute of Standards and Technology SED, Gaithersburg, MD 20899, and
Department of Mathematics and Statistics UMBC, 1000 Hilltop Circle, Baltimore, MD 21250
(andrew.rukhin@nist.gov).

246

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



JOINT DISTRIBUTION OF PATTERN FREQUENCIES 247

Denote the set of all these patterns (of cardinality ¢™) by Q™. It will be assumed
that for « = +™ € Q™, the probabilities P(z) = P((e1,...,6m) = (i1 ...4m)) are pos-
itive. Let P(jr41 - Jml|t) = P(tjk+1---Jm)/P(2) denote the conditional probability
of the word jx41...Jm, kK = 1,...,m, preceded by the pattern 2. Also denote by I
the identity matrix, by e the ¢"*-dimensional vector with all coordinates equal to one,
by p the ¢™-dimensional vector with coordinates P(2),2 € Q™, and let the ¢™x ¢™
matrix P = P, be formed by the entries

(1) Py = 0(iz.in),G1orjm-1) P (Entm = Jm | €n =11, -+, Engm—1 = im).

Here and below d;, = Hszl 01, 1s the Kronecker symbol for two K-indices £ =
(l1,....0lg) and kK = (K1,...,KK).

The pattern correlation matrix C(z) can be defined for all complex z, for which
[[—2(P — ep?)] ! exists:

Clz) =[I—2(P—ep")] 7" + (2 -+ + 2" Nep”
m ~1

2 —I—2Pp — T
(2) i P 4
This matrix has been used in [18] for Bernoulli random sequences. It leads to the form
of generating functions for the probabilities of joint pattern occurrences in a random
text [16], [17].

The pattern correlation polynomial, C;,(2), was introduced for words ¢ = (41 .. . )
and 3= (J1...Jm) in [9] as

m—1

(3) CU(Z) = Z 6(1}4.1...im),(j1...jm_r)P(jmeJrl .. .jm | Z)ZT.
r=0

With C(z) denoting the matrix formed by the pattern correlation polynomials
Cy,(2), one gets for 0 < z < 1 the following formula for the pattern correlation
matrix,

o0

Cz)=Cl2) + 3 2P —epT]F = [I - 2P| ! — 1z

—Zz

" T
ep,

k=m

as PTp = p, and Pe = e. Notice that C(z) = C(z) in the case of independent and
identically distributed variables. In this situation all eigenvalues of P are 1 (with
multiplicity one) or 0 (with multiplicity ¢™ — 1), so that C(z) is defined for all z.
According to the definition,

Cc) = {]I P+ %epT} - .

While the pattern correlation polynomials C,,(z) suffice for the pattern analy-
sis for independent and identically distributed random variables, the general case of
Markov dependence demands the pattern correlation matrix. Indeed the matrix C(1)
plays a crucial role in the Markov process Y,, of order one, whose states are words of
length m, i.e., Y, = if (e,...,€ntm—1) = (41 .. .4m). For this process the transition
probabilities have the form (1). We assume that the transition matrix P has a unique
eigenvalue of modulus 1, so that the chain is ergodic or regular. This condition holds
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248 A. L. RUKHIN

if all probabilities P(:™*1) are positive, and then p(P — ep”) < 1 with p(A) denoting
the spectral radius of a matrix A. The frequency, w, = w,(n), of the pattern ¢ in the
original sequence equals the number of occurrences of the state ¢ for the process Y,,.

It is well known that the asymptotic joint distribution of these frequencies is
normal. For our matrix P, the probability vector of the stationary distribution is p,
i.e., is formed by coordinates P(:1) = P(e; = i1,...,6m = im). The fundamental
matrix Z of the Markov chain Y, is defined by the formula, Z = (I — P + ep?) 1. Tt
admits a simple expression through C(1),

(4) Z =C(1) - (m—1)ep’.

An important property of the fundamental matrix is that it determines the limiting
covariance matrix of the frequencies distribution. According to Theorem 4.6.1 in [10]
when m is fixed, the limiting covariance matrix ¥ = lim,,_,oo ™! cov (w,, w,) is formed
by the elements

(5) 0y = =00, P(1) — P(1)P() + P(1)Zyy + P())Zy,.
Because of (4), ¥ can be written as
Y =-D— (2m— 1)pp’ +DC(1) + C(1)"D,

where D = diag(p) is a diagonal matrix.

Thus the limiting covariance matrix of the joint distribution of empirical frequen-
cies of all m-patterns in a random, order m Markov text admits a simple expression
through the pattern correlation matrix C.

3. Probability generating functions of frequencies and their asymptotic
behavior. We start with the following result which gives a convenient representation
of the probability generating function of frequencies w,(n), 1 € Q™.

LEMMA 1. Let X,, = (€1,...,€n) be a Markov chain of order m with w,(n),
v € Q™, denoting the frequencies of overlapping m-words, >, w, =n—m+1= N.
The joint probability generating function of these frequencies has the form

EJJu =14+N> (u—1)P(0)
2 4

N—-1 s
+ 303 T e, — )P (e, @+ @er, )T

s=1 £y,....05 k=0

(6) X Tn(s)(ee, @+ Rey,),
where the sum with regard to Co, ..., Ll is taken over the set Q™5+ e, denotes the
Lth basis vector, £ € Q™, and

W1, ig=1
i1+ FisSN

with the matriz P defined in (1), and Py ® Py denoting the tensor product of the
matrices (or vectors) Py and Ps.

Proof. To derive this representation, we use a known formula for generating
functions of frequencies in Markov chains (see [6, p. 41]), according to which, with U
denoting the diagonal matrix formed by elements u,, 1+ € Q™,

(8) My (U) =E [Juy = p"U@PU)N e
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JOINT DISTRIBUTION OF PATTERN FREQUENCIES 249

One has with P = P(U — I,

N-1
POVt =@+P)V =Y > PP .. PPt
s=0 i1 ig4120

so that the terms in the sum over ¢;,...,7541 have the matrix P entering exactly s
times. Therefore, as P“+1e = ¢, and Pe = Y, (us — 1)Pey,

le = Z | Z PiP. .. PPiPe

T seees LS
i1+ +15<N 1—s

Z ug — 1) Z Z Pilﬁ---ﬁPiSJrleg

i1, 2
i1+ +7,S<N 1—s

Since pTIP’il]I~” = pTIAETj =pT (U -1,

pT(]P’U)N_le =1+(N-1) Z(w — 1)pTeg
¢

N-1
+ Z(ui_l)z (N—S—iz—'-'—is)pTﬁDPwﬁD-uﬁPiﬁleE
s=2 09, is20

igt-F+igSN—1—s

—1)> (ug— 1)P( Z 1)(ug — 1)P(9)

¢
N—2
X > (N=1—s5—ip— —ig)el PhP.. . PP He,

s=1 i1y 520

i1+ +isSN—2—s

Similarly,
pT(U Z ug — 1)P
¢
N—1 L
D (=D —DPQ) Y. > el PP PPt
2, £ s=1 1 is20

i1+ +igsSN—1—s

Thus,

PTUPU)YN te =1+ N> (uy—1)P(0) + Y (ue — 1)(u, — 1)P(y)
Y 2, ¢
N-1 e o
X > (N —s5—iy— - —ig)el PP - PPTe,
s=1 IS is=0
i1+ +igSN—1—s
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250 A. L. RUKHIN

For k=1,...,s—1, replace the kth factor P in this formula by >4, (we, — 1)1?’6@6%2,
put ¢op = 3, ¢s = ¢, and plug in (8) to obtain

My(U) =1+ N> (u — 1)P(£)
14

+ Z > H ug, = 1)P(lo)(ery @ - ®@er, ) Tr(s)(er, @~ @ex,).

s=1 £y,....05 k=0

In our application of Lemma 1 the patterns belong to a given set ©,, C Q™, in
which case the sum in (6) is taken over £, ..., 05 € Q,p,

Our main result (Theorem 1) refers to a sequence of m-patterns, and to the
joint asymptotic distribution of their frequencies w,m = w,m(n),2™ € Q™, when n —
oo, m = m(n) — 0o, so that N/n — 1. In this theorem we assume that €2 is a finite set
of fixed cardinality formed by infinite sequences ¢+ = (21, ..., %n,...). The set Q,,,m =
1,2,..., is a restriction of Q, i.e., is composed by m-patterns, " = (21, ..., %n).

To simplify notation, now let PP be the submatrix of the matrix defined by (1)
formed by rows and columns corresponding to patterns in £2,,; I will be the identity
matrix of the appropriate size, with a similar agreement for vectors e and p.

THEOREM 1. Let {X,, = (e1,...,6n), n = 1,2,...} be a sequence of ergodic
Markov chains with X,, of order m = m(n). Assume that n — oo, so that m — oo,
m/n — 0, and for all 1 € Q,

9) lim nP(™) = A

o0 B,
with positive A and B,. Suppose further that
(10) sup p(P —ep”) < 1,
(11) Cq,, (1) » I-1)~"

for some substochastic matriz I1 such that with the diagonal matriz B formed by (3,
BII"B~"' is also a substochastic matriz, and

(12) eIBHI - e = 1.

Then the joint distribution of frequencies w,m 1™ € Q,,, converges to the multivariate
compound Poisson distribution (Polya—Aeppli law)

(13) E JJuom — exp{A[e"B (I - I)(I — UIL)~'U(I — M)e — 1]}
1€Q
Proof. To employ Lemma 1 notice that for a given m, s, and ¢, ..., ¢s € (2,

T mi _ T TVi m
EZZL]P) k41 eezzrl = ezz” (IP — €ep ) k41 ezzzrl + P( k+l)
for any positive integers i1, ...,7s, i1 +---+1is < N — 1, and

(em @ -+ @ egm. )Tpil ®"'®]P)i3(€g§n ® - ®ewm)

= Z Z H eem —ep” “"+1€£;’;+1P(€g+1+1)"'P( 1)
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where tq,...,ts, t1 < --- < t,, is a permutation of integers 0,1,...,s — 1. Because
of (11), for any j and ¢ from €,
Q@
Zegm —ep?)leym = efm(I—P+ep’)™ 16jm—5gmjm—>£,
i>1 ﬁ]

with ay, denoting entries of the matrix A = (I—-II)"'B—B = II(I—II)"'B. According

o (10), as i — oo, el (P — epT)ie,m tends to zero uniformly in m, so that the series
above converges uniformly in m.

For fixed s and 1 < r < s,

T
lim E H et (P — ep”)itrt1iepm
n—00 Tk

1
Gty 415 mitp 121 k=1

T
. Qiey* " O,
= lim (e{T(H—P—I—ep )~ ezszrl—(ngngszrl) = f1r2 el

nee k=1 * ko ﬁ€2 T Bér+1

Therefore, for a given s, with Ty (s) defined by (7),
N_l(eeg)n ® - ® 63;';1)TTN(8)(62T ® - @ em)

=Ny N > (N =gy 41—+ =g 41)

r=01%t1,...,ts TS R it 121
ity 41t tig b1 SN—1

X H e%;n; (P — epT)it’”lee;';“P(é?:H-pl) PG )

Ns Ns—r+1 Z Z H ﬁgtk+1

r=0 t1<--<tr Lk=pr41
tpyq <o <ts

N—iyp1—-—i
% § : ( t1+1 tr+1
>1

» - s—r+1
R R 2
'it1+1+«~+'it7‘+1§N73+7‘71

x H e;ﬂ"}c (P — ep”)'k* egp

tp+1

_>§ E Qpy by g " Oy Ly q
S—T—|—1'Hk 1Bfkt1 14ty rttr

<<ty

AS—T
= < Sr(Qgeyy- -0, 1e.),
7;0 (s =r+D!I_q Be, (Atots tomsts)

where S, is the rth elementary symmetric function,

Sr(a,...,as) = Z ai, - a;

1501 <+ <irSs

r*

Indeed, if @y,,...,%,, , denote indices different from 4;,41,.
(i 1+ i),

> (N—I—iul—---—ius_r):(N_I )

21

.y it,+1, then for I =

g sees dug_ .
duy i 7SN I—1
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252 A. L. RUKHIN
and by uniform convergence of the series, Zitﬁhwmﬂy [Tizy EZ”; (P—epT)itn+t e s

_ (s—r+1) N —ig g1 — - — s 41
1 S T T
dim 2. sl

TR R i 121
it1+1+---+itr+1§N—s+r—1

T
T T'\it, +1
X Hezy;(]?—ep )t ey,

1 N_s .
~ lim N NX: N—-i—71
C nseo [\s—r+1 = s—r
Oégt7

T
) aé é ... ‘g
> E : H ez"m (P _ epT)“k'H e = t1 bt 41 bl
. L k=1 tk k Bét1+1 e ﬁftr+1
ity oot Sihr—1 k=

It follows from (6) that lim,, o (My(U)/M(U)) = 1, where with v, = 8; " (ug — 1),

S AS— r+1

_1+Z Z vakz s—r—|—1 ST(OQOZU'--’O‘ZS_MS)

s=0{g,...,Ls k=0 TO
A5 r+1

—1+ZZ 1) ZHWk (CTN TN TN

rOsr Lo,....0s k=0
x© X )\errl

(14) =1 Z Z S —7r+ 1 Z H Ve Z ag‘lgtlJrl T aé‘rétr*l'

r=0 s=r Lo,....ls k=0 ty<--<tp

In the sum in (14) lo, ..., ¢s € ; to evaluate it, we partition the set {t; < --- < t,.}
according to the number of successions of given lengths. More precisely, let us call
the string ¢;, < --- <t;, a succession of length pif¢;,  , =t;, +1fork=1,...,p—1,
but t;,,, # t;, +1 and t;; # t;; 1 +1. (If 1 = 0 or t, = 7, these inequalities
hold automatically.) Enumeration of strings with a given number of successions is
discussed in [7, section 2.3.15].

The sums over the indices forming a succession of length p can be readily evalu-

ated,

> Oy, Lo o1 Ol oy vr " Oy e 2V, Voo "V, Vs

'p p 'p
tig <-o<ti,

(15) =vTA(VAP 1y = 2,
where V is the diagonal matrix formed by the vector v with the coordinates v, =
By Hue = 1).

Denote for a fixed s by Cq(v1,...,v,) the number of sequences, t; < -+ < t,,
formed by integers 0, ...,s — 1 with v, successions of length p, p = 1,...,r. Clearly,
> pvp, =17, and

S
E H Ve, E Qlyy by 11" Oly, by

00yl k=0 t1<--<ty
= Z (wTe) = 2ve =L O (b, .. pp) 2 2
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We now prove that

(16) Colvns ) = <S _erj 1) <y12”’;>

Indeed, if )" v, = h, to construct the set of r numbers ¢; < --- < ¢, from {0,1,...,s},
first choose h + 1 positive integers ag, as, ..., ap, whose sum is s — r + 2. There are
(87;“) ways to do this. Replace ag and ap by one less, so that the numbers now
add up to s — r, with ag and a,, possibly being zero. Next, arrange v ones, vy twos,

., Vp 7’s in order, as a sequence (b1, ...,b,). There are (Vl _}_I_UT) different sequences of
this sort. Finally, get the set of » numbers as follows: skip 1,...,ag; put the next by
numbers in the set; skip the next a; numbers; put the next b, in the set; and so forth.
The product in (16) counts all such sets.

Therefore, with z, defined by (15),

W13y

/\s r+1 ’U e)s r+1

== (s—r+1)!
X E (vTe)™ E”szl~-~z;’TC’s(y1,...,VT)
v
S pup=r
oo vy V1 v, St T \Ns—> v,4+r+1
RS Y R 3 (AoTe) 2w
vl (s=>vp+r+1)
r=1 f;;ﬂ;zr s=r+3 vp—1
& Vp SV1 -
_ eAvTe § § )\Z pzl 2y
!yl
r=0 V1 v 1
S prp=r
The sum,
h V1 Vr
Z Avrlzft e 2)
— vl
Zup,h > prp=r

represents the Bell polynomial Y,.(\; z1,212a,...,rl2,.). Since 22021 zpth = tvT Al —
tVA]~ 1o, one gets from formula (45) in [12],

>vp vy
Z Z /\zl—'zr =exp {MTAT - VA) 1}

r=0 Y1 vy Up:

Zp'p r
The definition of V = (U —I)B~! gives

I-VA=I1+B (I -1)"'B-B U -1I)"'B
=B 'TI-1I)"'B-B U —II)"'B =B~ (I - U)(I - II)~'B.

Therefore, since v = (U —1)B~te = B~1(U — I)e, we have

vTA(I - VA) 1o = TB~1(U - DI — U)~Y(U - De
=B 11— U)e + "B~ (I — I)(I — UT) "' U(T — I)e
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254 A. L. RUKHIN

and
M(U) = exp {/\vTe + M AL - VA]‘lv}
(17) =exp {A[J]B*l(n —T)e + B~ (I — I)(I — UI)~'U(I — H)e]}.
Condition (12) now shows that
log M(U) = M[e"B=(I — IT)(I — UI) " 'U(I — I)e — 1].

The matrix II has nonnegative elements, and all coordinates of the vectors d = (I—1II)e
and ¢ = (I — II7)B~'e are nonnegative. Thus, (13) corresponds to a compound Pois-
son distribution, i.e., log M (U) = A[®(U) — 1], where ®(U) = /(I — U)~'Ud =
Yoo T (UI)*Ud is the probability generating function of the compounding proba-
bility distribution.

4. Discussion. When = {2}, Theorem 1 has been proven in [3] for indepen-
dent and identically distributed variables. The condition there, C,, (1) = p=1/8, >
1, means that I = 1 — 3,, and (10) holds automatically. See also [19] for a related
result, which is employed in the overlapping template matching test of randomness
in [15]. The existence of the limit in (9) is a classical condition on rare events whose
probabilities are of the order O(n~!) or whose length m is of the order logn.

Condition (11) means that with C,,(1) denoting the restriction of C(1) in (2) to
Qm7

. 11
nh_)ngo(cm(l)—(]l Im=—.

The probability generating function of the compounding discrete vector, which
determines the multivariate Polya—Aeppli law in (13), can be written as

®(U) = (1 - UI)~'Ud.
For this distribution the mean vector is B~ e, and the covariance matrix is
G=B'(I-I) ' '+10-0)"'B ! +B ! —B lee"B .

When () is a one-element set, the compounding distribution is merely the geometric
law on positive integers, i.e.,

u(l—m)

(18) o) = 2,

so that M (u) corresponds to the classical Polya—Aeppli distribution.

As in the one-dimensional case, the multivariate Polya—Aeppli distribution can
be represented as that of the sum, Ziw Y;, where the random variable M has a Pois-
son distribution with parameter \ and is independent of independent identically dis-
tributed discrete random vectors Y; whose common distribution is the compounding
law. In other words, the number M of clusters or clumps has a Poisson distribution,
while their multidimensional “sizes” follow the compounding distribution.

It follows that Ew, = A/f, and the covariance matrix of pattern frequencies is AG.

An equivalent representation of the p-variate Polya—Aeppli distribution is

(19) Zpkkv kT = (klv"'akp)v

k>0
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JOINT DISTRIBUTION OF PATTERN FREQUENCIES 255

where Py denote independent Poisson random variables with parameters A\vyy. Here
vk are the coefficients of the power series expansion of ®(U), i.e., the probabilities
of the compounding distribution. Clearly, 7o,....1,...0 = ¢,d;. In the general case,

these probabilities can be found from the multivariate Lagrange expansion (see [7,
section 1.2.9]). If Adj(I — UII) denotes the adjoint matrix to I — UII, then

¢T Adj (I — UTUd o
detq—um W= l;)’ykul Cu

According to the mentioned Lagrange formula (see also formula (3) in [6]), if the
diagonal matrix W is formed by the entries x;/(el Ilz), then ~y is the coefficient of
the power z series expansion of the function,

P
Fie(z) = " Adj (T - WIHWd [ [ (e] TT)*,
i=1
of 2T = (z1,...,x,) (which is supposed to admit a power series expansion).

For example, if II = ab” with positive vectors a, b satisfies the conditions of
Theorem 1, then

T
_ ki (3T NS ki TAg: (T xb
Fx(z) = I I a;* (b x) ¢ Adj (H —bTx)Wd

= H afi (0T x) 2 k=2 ((Ty) < Z ailbidixi) ,

as Adj(I — (xbT)/bTz) = (xbT)/bT 2. Tt follows that when > k; > 2,

> ki—2 ) _
e = Zj: (kl k=2 Ky (a1b1)** - (agb))™ =t (apby) e d,

Sk —2 )
2
J<Ze ky-ooky—1--kg—1---kp

X (albl)k1 e (a]bj)k]_1 e (agbg)k"_l e (apbp)kp (ayc;b0ds + apceb,d;).

Parameters A and (3, are determined by (9) only up to a common factor. To
completely specify these parameters one can invoke the normalization condition (12),
which means that ®(0) = 0, or that the support of the compounding discrete multi-
variate distribution does not include the origin. This condition can be violated for the
marginal distributions of the compounding law, although it is clear from derivation
of (17) that this representation is also true for subsets of patterns in §,,. If U; is
the subvector of U, corresponding to the selected patterns, the probability generating
function, ®1(Uy), of the first components of the vector w is ®(Uy, ). Partition

Iy TIo
= < Iy oo ) ’
with similarly partitioned vectors ¢ and d.
Let 117 = II14 —|—~H12(H— HQQ)_1H21, so that II; =1— []I+ (H(H— H)_l)ll]_l. Then
for appropriate ¢, d,
01 (Ur) = ¢5 (T — o) ~'do + (e1 — T3y (T — 1135) ')
x (I — U IL) " Uy (dy — T, (T — T35) " tda)
=1+ & [(1-U M)~y — (1—10) " Yd.
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256 A. L. RUKHIN

It follows that any univariate marginal is a mixture of a geometric distribution on
positive integers and a point mass at zero,

_ L —c¢)+uy(e, —m)
=

(IJ(UJ) — u](l — 7TJ) +1—
1—u,m,
where 0 < ¢, <1,0< 7, < 1.

As the sum of compounding distribution components does not have to be a
geometric random variable, the asymptotic distribution of the sum of frequencies
S = > ,cqow, may not have the one-dimensional Polya-Aeppli distribution, while
their joint multivariate distribution belongs to this class. However, (18) for S holds
with 7 = bTa if IT = ab” with vectors a, b as above.

Theorem 1 is valid under a weaker version of (12), namely if c’e < 1. However,
then the compounding distribution is given by the generating function,

(20) (I —UM) U~ e+ 1 — cTe.

)
1—u,m,

The proof of Theorem 1 shows that the joint distribution of all frequencies w,, @ €
Q°°, weakly converges to the Polya—Aeppli stochastic process. This process can be
defined by a countably infinite substochastic matrix Il such that I — Il has an
inverse operator in the space of all bounded sequences, with the vector d = (I -1l )e
having nonnegative coordinates, and by a probability vector ¢. The finite-dimensional
distributions corresponding to patterns in €2,,, have the probability generating function
of the form (20) with ¢ and d denoting restrictions onto the corresponding subspace,
and I =1— [[+ (I — ) tg,, ]t

If IT = w=, with a transition probabilities matrix = and a scalar w, 0 < w < 1,
then d = (I — II)e = (1 — w)e and

o0
O(U) =c"(I-U)~'Ud = (1 —w) »_ w ' (UMY 'Ue
N

=(1-w) i wV 1o N (U),
N=1

where @y (U) = T (UI)N~1Ue = ¢TUIIU)V e is the probability generating func-
tion in (8). The latter corresponds to the count vector for the Markov chain of
length N with the transition probabilities matrix =, when the initial distribution is c.
In other words, the compounding distribution itself is a mixture of pattern frequency
distributions in Markov chains of random, geometrically distributed length.

If II is a diagonal matrix, then log M (U) is the sum of log M (u,) in (18) with
parameters \, = A¢,d, and 7, = II,,, provided that 3 ¢,d,(1—1I,))~" = 1. In partic-
ular, if €, is formed by aperiodic, uncorrelated patterns ™, such that C,m,m (1) =1
and Cym,m (1) =0, ¢™ # ™, then Il = 0, and the asymptotic distribution of w,,? € €,
is the product of classical Poisson laws. If II is a block-diagonal matrix, then w, and
w, for ¢ and ) from different blocks are independent (and the reverse is true as well).

Upper bounds on the total variation distance for rare pattern counts converging
to a compound Poisson distribution were originally obtained in [1]. One may hope for
derivation of a stronger version of Theorem 1, which would have a sharp bound on a
distance between the multivariate Polya—Aeppli distribution and the joint distribution
of frequencies possibly by using Stein’s method as discussed in [2]. To employ this
method, the representation (19) may be useful, but there are technical difficulties.
The known results in this direction (e.g., [11], [4], [5], [14]) do not seem to provide
estimates leading to the Polya—Aeppli law convergence under conditions (9)—(11).
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5. Examples. We start this section with uniformly distributed independent
€1,...,En when ¢ = 2, assuming that as n — oo, n/2™ — A/, i.e., B, = 5. This is a
model appropriate for randomness testing. Condition (12) means that 8 = e (I—1II)e.

For an even m = 2k, let «"* = (1,0,1,0,...,1,0), y™ = (0,1,0,1,...,0,1), and
™ =(1,1,1,...,1) be three pattern sequences. Then

z m prs
(szzm (Z) = Z 27 = (ijjm (Z)’ (Cémfm (2) = Z 2_T7
r=0 r=0
ko 2r—1
Clmj (Z) - ijzm (Z) 227“71 ,
r=1

Therefore,
1 1 20
Cp—1— 3 2 1 0 |,
0 0 3
and
1 01 0
0 0 1

= 3. According to Theorem 1,

W, 2A [u1 +us +2ugue — 4  ug—1
E v us’u®t — — .
uT Uy Uy exp{3 { F— +2—u3
Thus, 1, 7 are asymptotically independent of ¢ (which has the classical Polya—Aeppli
distribution).

If now ™ = (0,0,1,...,1,1) and y™ = (0,1,1,...,1,1), then for the same ¢ as
above,

=
Il
|
o O O
OO =
== O

and 8 = 3. Thus,

, A +
Euy"uy’ug’ — exp {E <w + 2uy 4+ uz +ugug — 6) }
—u3

If xf = (0,1,...,1), k5 = (1,1,...,1,0) are two words of length p, "™ =
(K1,K1,---,%1) and 3" = (Ka,Ka,...,Ka) are repetitions of these words r times,
so that m = pr, then for Q = {4, 5},

1 1 2r—t
Cm(l)—ﬂ—>2p_1(2 1 )

Thus

o
[es) SIS
N——

= < 9—(p-1)
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With g =2 — 271,

w 2;0—1 -1 (2;0—1 — ﬁ)UﬂLQ
Woy J _
Eui"uq —>exp{)\[ﬁ(2p_u1u2) < T — + uq +u2> 1}}

This example suggests employing Theorem 1 to expand the overlapping template
matching test in [15] by considering several patterns (say, «™ = (1,0,1,0,...,1,0)
and £™) in a new test of randomness.

Consider now a Markov chain for a fixed order, say, one. In DNA applica-
tions ¢ = 4; let Q, for example, be a collection of patterns (motif) for which Q,, =
{(i1, ., 2, . yim), ¢ = a,¢,g,t} for fixed i1,...,95—1,%541,--,0m With p = ¢. As-
sume that the transition probabilities matrix = = =,,, is known (well estimated) and
that the vector £ represents both the initial and the stationary distributions, Z7¢ = €.

A prelimiting version of condition (11) can be verified by evaluating the matrix
C,, via the following formula (cf. (10) in [17]) for the elements of C,,(1):

m—1

(C(Zm,]m) = 5zmjm + Z 5(7;T+1...inl),(jl...jmfr)gjm—rjm—r-#l e gjm—ljm

r=1

+ £j1j2 e gjm—ljm [E(]I -=+ efT)_l]ide - P(]m)
If the matrix K,, is formed by the entries

-1

3

Oiyiremim)s(rdm—r) Sim—rdm—ri1 " Ejm—1m
1

T

then

lim C,,(1) = lim I+K,,).

m—roo m—r o0

Indeed,

Eiga Eimrim BA—E+ ") i — PO™)
= &gz Emrdm Zgimk {(H —=+ egT)I:jll - §j1:| )
k

so that with ( = max &, < 1,
max [Con(1) = 1 = Kot £ ¢V max [(1— 2+ e€T)} = | 0.
J J

Thus, (11) is to be verified for the matrix I4+K,,. If this condition is met and the length
n of the underlying sequence is such that the product nP (1) = n&;, & i, - - &,y _1i,, 1S
sufficiently large, one can put with p = {P(2)},

. P(2) A ny. B, P(2)

N = —eTC;,Llp I q

B

Then the multivariate Polya—Aeppli law can be employed to find regions where the
patterns occur too often or are too rare.
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A straightforward calculation in the example of section 7.1 of [13] shows that with
m=8, il :i4:i5=i7:i8:g,igzif;:t,SZZ,7’L=1,830,140,

A = 55.87,
1/8 = [0.2670,0.2209, 0.1749,0.3456] T,
¢ =[0.2679,0.2217,0.1637,0.3467) 7.

One gets d = 0.9881¢e and with a = [0,0,0.0117, O.OOOl]T,
II=eal.

The discussion of the previous section gives the probabilities yx of the compounding
distribution whose bulk (98.46%) is concentrated at Y k; = 1,

71,0,0,0 = 0.2638, 70,1,0,0 = 0.2183, 70,0,1,0 = 0.1611, 70,0,0,1 = 0.3414.

The expected frequency of the patterns from this motif is the same as under the
Markov chain model (M1) in [13], but in addition the covariance matrix ¥ of the
frequencies can be obtained. The (usual, not pattern) correlation matrix has the
form

1.0000 —-0.3212 —-0.2553 —0.4384
—0.3212  1.0000 —0.2253 —0.3868
—0.2553 —0.2253  1.0000 —0.3074
—0.4384 —0.3868 —0.3074  1.0000

Similar calculations can be performed for much more complicated motifs, e.g.,
when €2,,, contains correlated patterns.

Acknowledgments. The author is grateful to Dr. J. Lawrence for the present
proof of (16). Helpful comments of a referee are also acknowledged.
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