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Abstract — Kerr cell measurement systems consist of polarimet-
ric devices that modulate a beam of light according to the volt-
age applied to them. The output consists of a series of intensity
oscillations or “fringes”. Calibration of Kerr cells has been per-
formed in the past through simultaneous measurements of the
Kerr cell and voltage divider outputs using analog oscilloscopes.
The evaluation of the Kerr cell constant was then made by com-
parison of the peak voltages as measured by the two systems.
Digitized data is ideal for the application of curve-fitting tech-
niques and arc now used for the evaluation of the Kerr cell con-
stant (or alternatively, for the determination of the ratio of the
voltage divider). The fitting techniques utilize the entire wave-
forms rather than comparing them at the peak voltage only.
This paper describes the application of curve-fitting techniques
to digitized waveforms for the evaluation of the Kerr cell con-
stant. Results are presented for Kerr cells used to cover the range
from 10kV-300kV. Cell constants for the same cell geometry but
with different Kerr liquids are also reported. The uncertainties
of the evaluated Kerr cell parameters and their dependence on
fringe number are discussed. The effects on the evaluated cell
constants produced by scgmenting the digitized Kerr waveforms
arc also examined.

Keywords: Kerr cell measurements, curve-fitting, high voltage,
impulse measurements, digital signal processing, impulse test-
ing, comparative measurcments.

INTRODUCTION

Kerr cells are clectro-optic transducers whose optical prop-
crties change when high voltage is applied to them. They have
been used at NIST and elsewhere for many years for measure-
ment of high electric fields and high voltages[1,2,3,4,5]. The
uncertainty in the voltage determined by Kerr measurements
depends upon the measuring system uncertainties and on the un-
certainty in the parameter V,,, known as the Kerr cell constant.
This cell constant is usually determined through simultaneous
measurcments made with a calibrated voltage divider connccted
in parallel with the Kerr cell. This paper describes the appli-
cation of curve- fitting techniques to the evaluation of the Kerr
cell constant. Previously, such measurements were made with

analog oscilloscopes and the cell constant evaluated by compar-
ing the output intensity of the Kerr measurement system with
the voltage divider output at the peak voltage only. The mea-
surements that arc reported here are now made with digital
recorders which make the comparison of the two measurements
over the entire waveform much easier than those formerly done
with analog measurements. The results indicate that the fitted
values of V,, have much less scatter than the single-point com-
parisons-do. The following sections contain a description of the
Kerr measurement and curve-fitting technique, a presentation of
the results, and a discussion of their significance.

KERR CELL MEASUREMENTS

A typical Kerr cell and major components of the optical
detection system are shown in Figure 1. The system consists of
a light source (stabilized laser), a Kerr cell with polarizers at its
input and output, a light detector for optical/electrical, and a
voltage recorder (digitizer) to measure the detector output. The
Kerr cell itself is essentially a parallel plate capacitor connected
to the high voltage circuit at the point where the voltage is to
be measured. When high voltage is applied to the electrodes of
the cell, the electric field between them induces a birefringence
in the Kerr liquid in the direction parallel to the field and that
perpendicular to it.

The relation of the measured output light intensity, I, to
the applied voltage, V, for an ideal Kerr measurement system
having polarizers oriented at +45° to the direction of the field
within the Kerr cell is given by [6]:

I/, = sin*(x/2)(V/V.)? (1)
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Figure 1. Kerr cell measurement system including laser,
polarizers, photomultiplier tube (PMT), and digitizer. A
resistive voltage divider is shown connected in parallel to
the Kerr cell.
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I is the light intensity at maximum transmission. The cell
constant, V,,, is defined as:

Vin = d/V2Bl' (2)

where B is the clectro-optic Kerr coefficient, d is the electrode
spacing, and I’ is the effective electrode length. The output
intensity of the Kerr measurement system for an applied im-
pulse voltage is shown in Figures 2a and 2b. The output inten-
sity shown in the figure and described by Equation (1) passes
through a number of maxima and minima called fringes as the
applied voltage changes. The fringe number, n, at any voltage,
V, is defined as the ratio of (V/V,,)?. If the cell constant is
known, then the voltage can be dctermined from the Kerr cell
intensity measurement by solving Equation (1). This can then
be used to calibrate a voltage divider through simultancous mea-
surcments made with the Kerr cell connected in parallel to the
divider.
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Figure 2. Simultaneous measurements made with (a) a resis-

tive voltage divider and (b) the corresponding Kerr intensity
measurement.

KERR CELL CONSTANT DETERMINATION

The Kerr cell and voltage divider are connected in paral-
lel to the high-voltage impulse generator as shown in Figure 1.
The voltage divider provides a scaled replica of the high-voltage
waveform applied to it. The high voltage, V, is related to the
divider output, veu:, by:

YV =D v (3)

where D the divider ratio, which is ideally a constant. Equation
(1) is then fitted to the measured Kerr output intensity using
the voltage determined from the divider output voltage from (3).
Analog measurcments have previously been used to determine
Kerr cell constants with an estimated relative uncertainty of
0.3% in the measurcment of the peak voltage[7].

For the digital measurcments, the following method is used
for the fitting the measured curves. Given data pairs (V,, ;) for
i=1,...,M, we consider the problem of fitting a model y(V;p) to
the data; p is the vector of the unknown parameters. The prob-
lem is to compute estimates of those parameters which minimize
the quantity Q over a suitable region, where Q is given by:

Q=Y {L-y(V;p)) (4)

=1

The algorithm employed to estimate the optimal values of
the parameters is a modification of the Levenberg-Marquardt
algorithm, which is an iterative scarch procedure for finding the
minimum value of the sum of squares of M nonlinear functions in
N variables. It is essentially a combination of the Gauss-Newton
and steepest descent methods, and is designed to avoid both
the divergence problems associated with the Gauss-Newton al-
gorithm and also the progressively slower convergence frequently
encountered in the steepest descent method. The starting point
in the search is determined by initial estimates of the optimal
parameters. A new search direction is chosen by a suitable in-
terpolation between the scarch directions provided by the two
algorithms. At points where the objective function, Q, is rapidly
changing (usually these arc far from the optimal solution), the

search direction is close to that provided by the method of steep-
est descent. Near the optimal solution, where the gradient of the
objective function is small and the function is approximately lin-
ear, the search direction is close to that provided by the Gauss-
Newton method.

Another feature of the Levenberg-Marquardt algorithm,
as  implemented in the public-domain software
package employed in this study[8], is the use of implicitly-scaled
variables in order to achieve scale invariance of the method and
to limit the size of the correction in any direction where the ob-
Jective function is changing rapidly. Under reasonable conditions
on the objective function, this optimal choice of the correction
enhances global convergence from starting points far from the
solution and has a fast rate of convergence for problems with
small residuals.

The available data consisted of 2048 measurements of V;
and I;, with each data pair simultaneously measured at equally-
spaced time samples taken at 10 ns intervals. The V; are the
voltages measured with the voltage divider and the J; are the
corresponding intcnsitics measured with the Kerr cell system
connected in parallel with the divider.
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To eliminate the effects of random noise in the V; measure-
ments, these data were smoothed using a least squares cubic
spline fit with 100 equally- spaced knots. The smoothed volt-
ages were those used in Equation (5) to obtain the fits shown in
Figures 3 and 4. An examination of the residuals between the
measured and smoothed voltages showed that the fitting proce-
dure had the desired effect of removing the random noise without
distorting the voltage waveform. Figure 5 demonstrates the re-
sult of using the noisy voltage data when fitting Equation (5)
to intensity data under the conditions shown in Figure 4. The
rms error of the difference of the fitted and measured curves is
reduced by about half when the voltage data are smoothed.

The model used in this study for fitting of the measured
Kerr waveforms is a modification of Equation (1):

I= I, sii?((x/2)(V = V.)/V. ) +¢)+ I, (5)

The phase angle, ¢, in this equation is used to account for con-
stant birefringences in the Kerr measurement system, such as
those produced by stress in the glass windows of the Kerr cell.
Equation (5) also contains a term, [, to account for background
light intensity in the measurements. This term arises from room
light entering the photodetector and from nonideal polarzers
that may pass a small amount of light even when their axes are
orthogonally aligned.

The single-point estimate that has been used in the past
to calculate the cell constant from the peak voltage, V;, using
analog measurcments of the Kerr intensity and divider output
¥s

Vo = (V, = Vo) /72y (6)
The peak voltage, V;, is determined from the voltage divider
measurement and from n,, which is the Kerr fringe number
corresponding to the voltage peak. The voltage offset, V;, is
found from the divider data and is usually taken as the average
of several hundred data points preceding the rise of the volt-
age impulse. In this study, the value of V, found from fitting
Equation (5) to the Kerr waveform was used for the single-point
calculation, Equation (6).
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Figure 3. Measured and fitted Kerr intensities for ¢ and V,
sct to zero. The mecasured intensity appears as individual
points. The fitted intensity curve is the solid curve. The
difference of the two intensities is shown as the dashed curve.
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Figure 4. Measured and fitted Kerr intensities for fitted
V.. The mecasured intensity appears as individual points;
the fitted intensity curve is the solid curve. The difference
between the two intensities is shown as the dashed curve.
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Figure 5. Fitted Kerr intensity curve found wusing un-
smoothed voltage data. The measured intensity appears
as individual points; the fitted intensity curve is the solid
curve. The difference between the two intensities is shown
as the dashed curve.

RESULTS AND DISCUSSION

The function given in Equation (5) was used to fit the mea-
sured intensity curves to a point slightly beyoud the peak volt-
age. Initially, the curve-fitting was performed with only the
adjystable parameters for the intensity maximum, [, intensity
ofiset, I,, and cell constant V,,; the phase angle, ¢, and offset
voltage, V,, were set to zero. A typical curve fit using only these
parameters is shown in Figure 3. Fitting the phase angle, ¢,
resulted in fits that were somewhat better: the mean differences
between fitted and measured curves and the total rms error were
reduced. The values determined for the fitted phase angle were
small, as was expected since this parameter accounts for fixed
birefringences in the optical measurement system. These bifre-
fringences, such as stress birefringence in the cell windows, have
been found in other investigations to be small[9]. When the
offset voltage, V,, was fitted and ¢ was set to zero, further im-
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provements in the fits were realized, as shown in Figure 4.The
differences between the fitted and measured curves were in the
worst case less than 5% of I, and the rms error was reduced to
less than half of that when V, was not a fitted parameter.

It is useful to compare the fitted values of V,, to those es-
timated from the single point V, as described in the previous
section, Equation (6). The results given in Table 1 show that
the scatter in the value of V,, is reduced by an order of magni-
tude over that resulting from the calculated single-point values.
These values were determined as the average of V,, determined
from fits of impulse voltage waveforms having peak voltages over
a range from 1.73V,, (3.5 fringes) to 5.96V,, (35.5 fringes). The
error reported in the table represents three standard deviations
(#£30). It should also be noted that the comparison of V,,’s
also includes a correction for temperature, since the data were
taken at slightly different temperatures and the cell constant
varics with temperature. The temperature correction method
has been reported elsewhere[10]. The V,,’s reported in Table 1
are all corrected to 22.6°C. The largest differences between the
fitted and the measured curves, as shown in Figure 4, typically

“occur at the points midway between the minimum and maxi-
mum intensitics, where the intensity changes most rapidly with
the voltage.

Table 1 - Kerr cell constants found with curve-
fitting technique and calculated at a single point.

Polarizer Position Vi sie(V) Vi (V)
Orthogonally 19530430 19470+360
aligued

Misadjusted 19520440 195834470

All numbers reported are 3o
Values are temperature-corrected to 22.6°C

* corrected for voltage offset

The values of the fitted and calculated cell constants for
fringe numbers, n,, between 3.5 and 35.5 are shown in Figure 6.
The fringe number n,, is an indicator of the peak voltage, since
they are related through Equation (6). The V,,’s detcrmined
from the fitted curves are essentially indcpendent of the fringe
number. The corrected single-point estimates of V,, fall below
the fitted values at low fringe number, but the two curves con-
verge to nearly the same value for fringe numbers greater than
25. This dependence of the values of the calculated V.,.'s on
fringe number is in agreement with theory, which predicts that
the random error 8V, [V, is:

Vi /Vin = [(8V/V)? + (8n/n)?)]'/? @)

The relative error §V/V in the measured output voltage from
the divider is approximately constant while the relative error
én/n in fringe number decreases with increasing n. According
to Equation (7), the random error in the calculated V,, also de-
creases as the fringe number increases. This is characteristic of
Kerr cell measurements: their sensitivity increases with increas-
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Figure 6. Decpendence of fitted and calculated values for
the Kerr cell constant V, on fringe number corresponding
to the peak voltage, n,.

ing voltage. The sensitivity of the fitting technique to chan-
ges in the relative position of the axes of the polarizers was also
investigated and the results are given in Table 1. For this test,
the polarizers were rotated relative to each other so that they
were no longer oriented orthogonally, but misaligned by approx-
imately 9°. There is exccllent agreement between the values of
the fitted V|, determined from measurements with orthogonally-
aligned polarizers and with slightly misaligned polarizers. The
scatter is small for both cases. The change in the calculated
single-point estimate is greater than for the fitted value of V,,,
but the differences fall within lo for both the fitted and cal-
culated V,.'s. The results indicate that the fitting technique is
insensitive to small misalignments of the polanzers.

In another test, the same Kerr cell was filled with a differ-
ent Kerr liquid, o-dichlorobenzene, and the cell constant V,,, was
again evaluated using the curve-fitting software. With nitroben-
zene, V,, reported in Table 1 is 19530 +30 V. The fitted V,, with
o-dichlorobenzene was 43470 £ 780 V. These cell constants
are evaluated by fitting a section of the Kerr output waveform,
typically from the time at the start of the pulse to a time slightly
greater than that corresponding to the peak voltage, as shown
in Figure 4. The V,, found from fitting the first half of the wave-
form, from start to the voltage peak was found to differ from that
found from the latter half of the waveform (from voltage peak to
zero) by as much as 1-2% for the o-dichlorobenzene data. The
scatter is also considerably greater in the fitted V,,, but this may
be due to the range of fringes over which this average is taken,
which for the o-dichlorobenzene data extended from 3.2 to 7.5
fringes. The significance of the difference in V,,, depending upon
which segment of the waveform is fitted, is also unclear due to
the large scatter in the data. Further measurements at higher
fringe number are required to reduce this variation.

The reduced scatter in the fitted V,,’s was achieved by fit-
ting the voltage offsct V, in Equation 5. The best-fit offsets
were, however, considerably higher than expected. The voltage
offset is ordinarily removed from the voltage waveform during
preprocessing by subtracting the mean of several hundred data
points prior to the start of the voltage pulse from the entire
waveform. It was therefore expected that the fitted V, should
be small, perhaps of the order of 0.02V,,. The actual valucs were
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0.08V,,, to 0.1V;n, and at the highest voltages, 0.01V, to 0.02V,.
The single-point estimates, when corrected for voltage offset ac-
cording to Equation (6), were in excellent agreement with the fit-
ted V,’s, as shown in Table 1. However, the uncorrected single-
point estimates differed from the fitted V.’s by as much as 1-
2%, but this diffcrence still falls within the scatter. The voltage
correction term, V,, in addition to accounting for any residual
offset in the voltage waveform, may also compensate for small
timing delays between the voltage and intensity waveforms. For
an ideal ramp voltage, a voltage offset is equivalent to a time
delay. The voltage pulses used in this study rise monotonically
to V, and can be approximated by a voltage ramp. Also, the
effect of including a voltage offset in Equation (5) is the same as
introducing a voltage-dependent phase angle (with or without
the fixed phase angle ¢). This can be seen if the (V —V,)? term
is expanded:

I = Lnsia®((x/2)(V/Va)* +aV + B) + I, ®)
with:
a=—2V,/V2
B=(Vo/Va) +¢

Further studies are being undertaken to determine the signif-
icance of the correction term, V,, and also to investigate the
systematic errors in the determination of the cell constant with
both the curve-fitting and single-point estimates.

CONCLUSIONS

Preliminary rcsults using the curvefitting technique
described in this paper indicate that this approach may re-
duce the uncertainties in the determination of the Kerr cell con-
stants using comparative digitized measurements. The Kerr-cell
constants resulting from the curve-fitting technique had much
smaller variation with peak voltage than did the corresponding
single-point estimates; the standard deviation of the fitted cell
constants was an order of magnitude smaller than that for the
calculated single-point values over a wide range of voltages. The
best fits to the measured Kerr wavelorms were attained when a
constant correction term to the voltage in the Kerr equation was
included. The correction term was larger than expected and the
significance of this correction will be further investigated. In the
past, analog mcasurements have been limited to evaluating the
cell constant only at single points, typically at the peak of the
voltage impulse. It is only with digitized measurements that the
use of curve-fitting techniques such as the one described in this
paper are possible.
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