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Input impedance and gain of a gigahertz amplifier using a dc
superconducting quantum interference device in a quarter wave resonator
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Due to their superior noise performance, superconducting quantum interference devices (SQUIDs)
are an attractive alternative to high electron mobility transistors for constructing ultra-low-noise
microwave amplifiers for- cryogenic use. We describe the use of a lumped element SQUID
inductively coupled to a quarter wave resonator. The resonator acts as an impedance transformer and
also makes it possible to accurately measure the input impedance and intrinsic microwave
characteristics of the SQUID. We present a model for input impedance and gain, compare it to the
measured scattering parameters, and describe how to use the model for the systematic design of
low-noise microwave amplifiers with a wide range of performance characteristics. © 2008
American Institute of Physics. [DOL 10.1063/1.2970967] :

The superconducting quantum interference device

(SQUID) is a very-low-noise and low power-dissipation gain
element that has been used for amplification of signals from
dc to microwave frequencies. The challenge in the use of
SQUIDs above 100" MHz is to overcome the stray reactance
of the SQUID," which makes it difficult to effectively couple
in microwave power. This is a very important application of
SQUIDs, however, because microwave SQUID amplifiers
have been shown to have much better noise performance
than the quietest available semiconducting amplifiers. Cryo-
genic semiconducting amplifiers are often the limiting factor
in the overall performance of microwave quantum measure-
ment experiments, which has created a significant demand
for lower noise solutions.

Previous workers in the field have constructed shunted
dc SQUID amplifiers by using the stray capacitance to their
advantage to create a microstrip resonator out of the input
coil.> This approach yields significant gain and noise near the
quantum limit;® however, it has proven difficult to accurately
model in detail, and the gain of such amplifiers diminishes
significantly for frequencies above 1 GHz.* We follow the
approach of shrinking the physical size and stray capacitance
of the SQUID to the point where it may be treated as a
lumped element component at microwave frequencies.s’6 We
then use a resonator to measure the input impedance and
gain of that SQUID and compare with a simple theory.

Our overall design philosophy is to make the different
elements of our amplifier as independent from one another as
possible, so each part can be optimized and mass produced.
By using a lumped-element SQUID with a separate imped-
ance transformer, we have deconstructed the problem of mi-
crowave SQUID amplifier design into separate problems of
SQUID design and transformer design. .

The experiments described in this paper consist of a se-
ries of S-parameter measurements on SQUID:s at the end of a
quarter wave resonator built into our fully modular amplifier

design mentioned above. The SQUIDs used in this work are -

resistively shunted niobium dc SQUIDs in a second-order
gradiometer configuration that reduces sensitivity to environ-
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mental flux changes, with a slotted washer that minimizes
the stray capacitance from the input coil to the SQUIDs
(Refs. 7-9) (see Fig. 1). The mutual inductance from the
input coil to the SQUID was 40 pH, the SQUID geometric
self inductance was 18 pH, and the input coil inductance
was calculated to be approximately 600 pH. In addition, the
SQUIDs have flux bias coils that allow for dc flux biasing
without having dc access to the main input coil. The shunt
resistors were 2.3 ) each, and the junctions had critical cur-
rents of 60 uA each. In typical operation, these SQUIDs
dissipate approximately 10 nW of power.

While construction of wide bandwidth SQUID amplifi-
ers is our final goal, we used narrow-band quarter-wave reso-
nators both to characterize the input impedance of our
SQUIDs at various microwave frequencies and to impedance
match to 50 ) in order to demonstrate microwave power
gain. These resonators consisted of overlap capacitors
coupled to lengths of 50 () coplanar waveguide transmission
line terminated in the input coil of the SQUID (see Fig. 1).
The overlap capacitors used were 25, 47, and 115 fF, and the
resonators were 16 and 25 mm in length. By having a small
capacitor coupled to a 50 ) line at one end and an inductor
coupled with a small mutual inductance to the low imped-

FIG. 1. (Color online) Schematic of experiment (a) with transformer model
(c) and SEM of SQUID (b). A 50 {) transmission line is interrupted by a
25-115 {F overlap capacitor and terminated in the input coil of a lumped
element SQUID to create a quarter wave resonator. Our naive circuit model
for how. power is coupled into the SQUID is shown in the bottom right(c).
Ryoep is the real component of the impedance around the loop. Two dc
current supplies at room temperature fix the flux bias and the current bias of
the SQUID, and an integrated bias tee at the output allows for simultaneous
dc and rf measurement. The SEM (b) shows the 1.5 turn input coil and the
half-turn flux bias coil on the slotted washer of the SQUID.
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ance SQUID loop at the other end, the quarter-wave resona-
tor is able to match a very low impedance to a very high
impedance by having a current antinode at one end and a
voltage antinode at the other end. A resonator in this configu-
ration has resonances at all odd multiples of the quarter wave
frequency with appropriate shifts in frequency for the reac-
tive elements at the ends.

This circuit also allows for the characterization of the
input impedance of the SQUID at the various resonant fre-
quencies above 1 GHz (SQUID input impedance at lower
frequencies and in the rrucrostnp SQUID amplifier have
been studied elsewhere'®'!). Looking at Sy;, the reflection
coefficient from the input of the device, we observe that

almost all microwave power is reflected off resonance, but’

that there are deep resonances that absorb power. The Q’s of
these resonances are determined primarily by the input cou-

pling capacitor, the shifts of the resonances relative to a-

quarter-wave resonator with no SQUID at the end are deter-
mined by the imaginary component of the input impedance,
and the depth of the resonance is determined by the real
component. This information is critical both to understanding
gain as discussed below in this work and to designing next-
generation lumped-element SQUID amplifiers with targeted
operating parameters. By having two differént fundamental
frequencies with multiple higher harmonics, we were able to
extract the input impedance over a whole range of five dis-
crete frequency values from 1 up to 5.5 GHz. By varying the
capacitance value, we were able to compare power matching
to a range of different effective source impedances, giving a

higher level of certainty in the final calculated SQUID im-

pedance.

We now discuss the input impedance model of our dc
SQUIDs at microwave frequencies. Our approach is to con-
struct a simplified model with the intent of being able to
predict input impedance well enough to design amplifiers at
targeted frequencies in the gigahertz range. To this end, we
use the simplified circuit shown in the inset of Fig. 1 and
make the approximations that wlLgy, where Ly, the self-
inductance of the SQUID loop, is small compared to the
effective loop resistance Ry, (see Fig. 1), and that
(M2?/ Rloop)(LSQ/ L;;)<<1. These approximations lead to the
following approximate formula for input impedance:

2342
o M
Zin ~ iwLin + . (1)
loop

This impedance is the lumped element equivalent to the cir-
cuit on the lower right inset of Fig. 1.

The values of the real component of the input impedance
as extracted from the depths of measured S;; resonances are
shown in Fig. 2. It is clear from examining this plot that
impedance matching becomes an easier problem at higher
frequencies than at lower frequencies due to the smaller mis-
match from 50 ). The extracted loop resistances are lower
than four times Ry, the low frequency dynamic resistance,
as presented in Ref. 12 but are not unreasonable in compari-
son to the resistances in the SQUID. The expected factor of
4 originates from calculating the series resistance of two par-
allel resistors. The input inductances measured from the fre-
quency shifts of the resonances do not all agree on a single
value, but agree with a range of inductances from approxi-
mately 400 to 600 pH.
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FIG. 2. (Color online) Plot of the real component of the input impedance of
the SQUID as a function of frequency and return loss of the input resonator
for various current bias points(b). The dotted and dashed lines represent
calculated values from Eq. (1) for maximal and minimal observed values of
observed impedance, respectively, and the triangular markers represent ob-
served impedances corresponding to approximately =7 dB power coupling,
which is typical of both optimal gain biasing and of asymptotic behavior at
high current biases. All observed input impedances other than those on the
supercurrent branch fell between the dotted and dashed lines, and the bias
points which generated optimal gain were generally on or close to the tri-
angular markers. The return loss plots(a) show the raw data from which
input impedance is extracted for different bias points of the SQUID.

In order to understand the gain in this amplifier, we trace
the path of incoming microwave power incident on the input
of the device on match. To calculate the gain with imperfect
match, we multiply by the power-coupling factors at the in-
put and output, 1—|S;;|? and 1-|Sx[%. To compute the gain,
we must find how much flux through the SQUID loop the
incoming power generates by finding the current through the
input coil. This is found from the real component of the input
impedance by using the fact that the power delivered to Z;; is
P Re[Z,], where I is the rms current driven through the in-
put coil. From the current through the SQUID input coil, the
flux through the SQUID is calculated by multiplying by the
input mutual inductance M. This flux signal constitutes the
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FIG. 3. (Color online) Typical gain curves at 1.68 GHz (b) and typical
measured transfer curve at fixed current bias of 440 uA (a). Gain plotted
here is as measured from the input SMA copnector to the output SMA
connector of the amplifier box. Colored arrows show which gain curve in (b)
corresponds to which point on the transfer curve in (a).
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actual input signal to the SQUID as a gain element, and the
intrinsic gain of the SQUID is characterized by the parameter
dV/d¢, the flux to voltage conversion, which has units of
hertz. In the SQUIDs discussed in this paper, dV/d¢ was
generally in the range from 200 to 300 uV/®,, (100-150
GHz). Finally, to calculate the gain when the input is
matched and the output is out of match, we multiply by 1
— |85/, the measured output coupling. This can be calculated
approximately from the impedance mismatch from the out-
put impedance of the dc SQUID, which is about 1.5-2 ,
leading to a loss in gain due to impedance mismatch of ap-
proximately 10 dB.

Putting all this together, we can finally express our for-
mula for the power gain of the full amplifier as follows:

2 1% 2
G=ﬁ&:(i) (1=1811 (1 =S, )

99

where R, is the real component of the output impedance.
We have measured the gain experimentally, as well as
S11 and 59, Ry, and dV/ 3¢, so that we may compare them
with theory. Although theory agrees with. the data qualita-
tively, there is much work remaining to fully understand the
behavior of the gain under different bias conditions. The
gains measured in the present generation of devices are ap-
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proximately 30 dB maximum gain at 1.7 GHz and about 19
dB maximum gain at 5 GHz. Figure 3 shows gain for some
representative bias points. '

In conclusion, we have presented a general model for the
input impedance and gain of a lumped element dc SQUID
and described how to achieve an appropriate trade-off be-
tween gain and bandwidth for optimal use as a microwave
amplifier in a variety of applications.

We thank Konrad ILehnert, Michel Devoret, Dan
Schmidt, Michael Elsbury, and Rob Schoelkopf for useful
discussions.
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