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Abstract
New broadband closed-form expressions for the frequency-

dependent impedance parameters of asymmetric coupled copla-
nar interconnects on a conductive silicon substrate are pre-
sented. The closed-form expressions are based on a complex
image approach that accounts for eddy-current loss in the sub-
strate and incorporates the effect of substrate contacts in the
ground lines. The closed-form expressions for asymmetric
coupled interconnects fabricated in a CMOS process generally
agree well with measurements. To further investigate small dif-
ferences between the model and measurement results, we also
examined the importance of skin- and proximity-effects in the
closely spaced conductors.

Introduction
The nonideal transmission characteristics of on-chip inter-

connects are becoming a significant factor in the overall perfor-
mance of silicon-based integrated circuits operating at gigahertz
frequencies. In particular, the frequency-dependent substrate
loss mechanisms can have a significant impact on the charac-
teristics of on-chip interconnects for heavily doped silicon sub-
strates, as has been shown by extensive full-wave and quasi-
static electromagnetic simulation (e.g., [1] – [5]), as well as by
experimental characterization [6].

It is desirable for computer-aided design (CAD) of silicon-
based integrated circuits to have available fast and accurate
models for the transmission-line parameters of on-chip inter-
connects. Recently, Weisshaar et al. developed simple physics-
based closed-form expressions for the frequency-dependent line
parameters of microstrip-type on-chip interconnects that are
suitable for CAD ([7, 8]). In [9], this modeling methodology
was extended to single coplanar interconnects. The general case
of asymmetric coupled coplanar interconnects has recently been
studied experimentally [6]; however, closed-form solutions for
the line parameters are not available.

In this paper, new broadband closed-form expressions for
the frequency-dependent impedance parameters of asymmet-
ric coupled coplanar CMOS lines are developed and compared
with measurement and EM simulation. The closed-form ex-
pressions for theR(ω) andL(ω) parameters are derived using
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a complex image approach that takes into account the effects
of eddy-current loss in the substrate. The new expressions are
directly given in terms of the interconnect dimensions and mate-
rial parameters. The modeling approach is applied to the struc-
ture that was studied experimentally [6] and compared to mea-
surement results as well as to a quasi-analytical solution devel-
oped at the University of Hannover [3]. The substrate contacts
in the ground lines can have a significant impact on the return
current distribution and are included in the closed-form solu-
tion. The closed-form and quasi-analytic solutions both neglect
conductor skin and proximity effects. The significance of these
effects in the closely spaced asymmetric coupled interconnects
is further studied with an EM solver based on the simultaneous
discretization of conductors and substrate [10], and by compar-
ison with measurements.

Modeling Approach

Figure 1(a) shows the cross section of the asymmetric cou-
pled coplanar CMOS lines of this study [6]. The asymmetric
coupled lines are built in a0.25 µm CMOS technology. The
two coupled conductors are fabricated in metal 2 with widths
of 1 µm and10 µm, respectively, and are separated by a gap
of 1 µm. The thickness of metal 2 is0.7 µm, and the conduc-
tivity is 27.8 × 106 S/m. The coupled lines are surrounded by
20 µm wide ground lines composed of via stacks that connect
all six metalization layers together to the substrate. The silicon
substrate is heavily doped with a resistivity of about0.01 Ω·cm.

The time-varying magnetic fields in the heavily doped sub-
strate give rise to frequency-dependent eddy currents, which are
nonuniform and a function of operating frequency and substrate
resistivity. With increasing frequency, the eddy-current density
in the substrate becomes larger and more concentrated near the
interconnects. This can result in a significant reduction in series
inductance and a substantial increase in series resistance.

The frequency-dependent complex inductance per-unit-
length (p.u.l.) L(ω) + R(ω)/(jω) can be efficiently deter-
mined by applying a complex image theory [11] combined with
closed-form expressions for partial inductance [12]. In the com-
plex image theory, the complicated conductive substrate is re-
placed by a conducting image plane located at acomplexdis-
tanceheff from the coupled lines, as illustrated in Fig. 1(b).
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Figure 1: (a) Test structure cross section and (b) equivalent con-
figuration using complex image method.

The complex effective height for a coplanar structure on a sin-
gle conductive substrate layer of thicknesshsi is given by [9],
[8]

heff = hox + (1− j)δ/2 coth[(1 + j)hsi/δ], (1)

whereδ = 1/
√

πfµ0σsi is the skin depth of the bulk silicon.
The height of the complex image plane can be derived from the
Taylor-series expansion of the corresponding Green’s function,
similar to the derivation for the microstrip case with ground
plane given in [8]. Extensions of the complex height formula
for multilayer conductive substrates are also available.

Using the complex image approach, the asymmetric coupled
coplanar CMOS lines are represented in terms of the intercon-
nect conductors and their images located in free space at a com-
plex distance2heff , as illustrated in Fig. 1(b). The resulting
complex4× 4 inductance matrix for the coplanar asymmetric
coupled line system may be expressed as

[Lcf ]4×4 =




L∗11 L∗12 L∗13 L∗14
L∗12 L∗22 L∗23 L∗24
L∗13 L∗23 L∗33 L∗34
L∗14 L∗24 L∗34 L∗44




(2)

=




L11 − L15 L12 − L16 L13 − L17 L14 − L18

L21 − L25 L22 − L26 L23 − L27 L24 − L28

L31 − L35 L32 − L36 L33 − L37 L34 − L38

L41 − L45 L42 − L36 L43 − L37 L44 − L48


 ,

where the effect of the image conductors at complex distance
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Figure 2: Equivalent circuit model for the series impedance of
asymmetric coupled coplanar lines on silicon, whereM12 =
L∗12(ω)∆z, M13 = L∗13(ω)∆z, M14 = L∗14(ω)∆z, M23 =
L∗23(ω)∆z, M24 = L∗24(ω)∆z, M34 = L∗34(ω)∆z.

2heff has been incorporated into the inductance elements corre-
sponding to the four interconnect conductors. In (2) the com-
plex inductance elementsL∗ij(heff) = L∗ji(heff) = Lij −
Li,j+4(heff), (i, j = 1, . . . , 4) can be readily expressed in
closed form by extrapolating the closed-form formulas for par-
tial self and mutual inductances of finite-length conductors (e.g.
Grover’s formulas [12]). Each complex inductanceL∗ij repre-
sents a real inductanceRe{L∗ij} and resistance−ωIm{L∗ij}.
Note that each partial inductance divided by length is divergent
with increasing length; i.e., p.u.l. partial inductance does not
exist. However, because of the subtraction of two partial induc-
tances in (2), p.u.l. inductance elements are obtained.

To derive the final2× 2 inductance matrix for the asymmet-
ric coupled CMOS lines, an equivalent circuit representation is
used. The effects of the substrate contacts in the ground lines,
which can significantly affect the return current distribution, are
also included in the model. The equivalent circuit model for the
series impedance of the asymmetric coupled coplanar CMOS
lines with the ground lines directly connected to the substrate is
illustrated in Fig. 2. Here,Rii(dc)∆z (i = 1, . . . , 4) is the dc
resistance of conductori, andL∗ii is the corresponding complex
self inductance of conductori including its image.L∗ij is the
complex mutual inductance between linei and linej including
images (refer to Fig. 1(b)).Rsub is a substrate DC resistance
that models the effects of the substrate contacts in the ground
lines.

By solving the equivalent circuit model for the complex loop
inductances of lines 2 and 3, the2× 2 p.u.l. inductance matrix
[Lcf (ω)]2×2 and 2 × 2 p.u.l. resistance matrix[Rcf (ω)]2×2

are obtained in closed form. Note that the resistance matrix
includes the DC resistances for all metal conductors and the
substrate.

Results
The new closed-form expressions for[R(ω)] and[L(ω)] have

been applied to the asymmetric coupled CMOS lines shown in
Fig. 1(a), which were fabricated on a heavily-doped silicon sub-
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Figure 3: Frequency dependence of (a) distributed series induc-
tance and (b) series resistance of asymmetric coupled coplanar
CMOS lines.

strate withρsi = 0.01 Ω·cm [6]. In order to verify the accuracy
of the closed-form expressions, the frequency-dependentR and
L line parameters shown in Figs. 3 (a) and (b) are compared
with a quasi-analytical simulation approach [3] and the exper-
imental data from [6], including the lower and upper bounds
of the 95 % confidence intervals. Note that in theR and L
parameters shown in Fig. 3, index 1 refers to the1 µm signal
line and index 2 to the10 µm signal line. We observe that the
closed-form solutions are almost identical to the corresponding
quasi-analytical results. Both theoretical results are consistent
with the measurement data over the broad frequency range. We
see, however, that some of the theoretical values fall outside the
95 % confidence interval for the measurement data, particularly
in the case of the self inductanceL11 and self resistanceR11 of
the narrower (1 µm) signal line. Possible reasons for the small
discrepancies include uncertainty in the process parameter data
and systematic measurement errors, as well as conductor skin,
proximity, and edge effects in the signal conductors.

To further investigate whether the proximity effect is sig-

5 10 15 20 25
2

4

6

8

10

12

14

16

18

Frequency(GHz)

L(
nH

/c
m

)

Measurement
EM solver with conductors subdivided
EM solver without conductors subdivided
Closed−form expression

L
11

L
22

L
12

(a)

5 10 15 20 25

0

200

400

600

800

1000

Frequency(GHz)

R
(Ω

/c
m

)

Measurement
EM solver with conductors subdivided 
EM solver without conductors subdivided
Closed−form expression

R
11

R
22

R
12

(b)

Figure 4: Results obtained with a modified PEEC-like EM
solver [10]: (a) distributed series inductance and (b) series re-
sistance of asymmetric coupled coplanar CMOS lines.

nificant in this conductor configuration, we have simulated
the asymmetric coupled line structure using a Partial Element
Equivalent Circuit (PEEC)-like electromagnetic (EM) solver
[10] that has been modified for the coplanar geometry and sub-
strate contacts. The EM solver performs the simultaneous sub-
division of the conductor cross section as well as the conduc-
tive substrate to capture the nonuniform current distributions in
the conductors and substrate. A similar approach has also been
used in [13].

The frequency-dependentR, L line parameters of the asym-
metric coupled on-chip interconnects obtained from the EM
solver are shown in Figs. 4(a) and (b), with and without subdivi-
sion of the conductor cross sections. For the case without sub-
division, the results are virtually identical with the closed-form
solutions and the quasi-analytical solutions. This comparison
further demonstrates the accuracy of the closed-form expres-
sions to accurately model the substrate eddy-current loss. With
conductor subdivision the EM solution moves closer to the mea-
surement results, in particular for the conductor with smaller



Figure 5: Relative current distribution in the two signal conductors of the asymmetric coupled coplanar CMOS lines atf =
26.5 GHz.

width. Figure 5 shows the relative current density distributions
in the signal conductors. It can be seen that the current distri-
butions are nonuniform with maximum current density located
at the edges farthest apart, as predicted by the proximity effect.
These results show that some (but not all) of the discrepancies
between model and measurement data can be attributed to con-
ductor skin- and proximity-effect in the signal conductors.

Conclusions
We have developed new broadband closed-form expressions

for the frequency-dependent impedance parameters of asym-
metric coupled coplanar interconnects on a conductive silicon
substrate. We showed that the closed-form expressions accu-
rately account for eddy-current loss in the substrate and incor-
porate the effect of substrate contacts in the ground lines. We
demonstrated excellent agreement with a quasi-analytical solu-
tion as well as with the results of a customized EM solver with-
out conductor subdivision. The theoretical results were shown
to be close to measurement data. Some of the discrepancies
between the theoretical solution and measurement results have
been attributed to nonuniform current distributions in the sig-
nal conductors due to their close proximity. The fast and ac-
curate closed-form expressions for the frequency-dependent se-
ries impedance parameters should be useful for computer-aided
design of silicon-based integrated circuits.
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