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Abstract—We propose a non-coherent receiver for the fixed
detect-and-forward relay channel and derive a closed-form tight
upper bound on its bit error probability in Rayleigh fading
channels. Using this upper bound, we show that the receiver
achieves nearly full, second-order diversity, and the gap from
full diversity is quantified. While the general receiver depends on
the source-relay channel statistics, we show that similar diversity
performance can be achieved when only first-order statistics of
the source-destination channel are known. The receiver is derived
using the generalized likelihood ratio test to eliminate dependence
on the channel gains, applies to )/ -ary orthogonal signal sets, and
is independent of the fading distribution. The results demonstrate
that low-complexity transceivers, such as those used in some
sensor networks, can benefit from cooperative diversity.

I. INTRODUCTION

The relay channel, over which a destination receives infor-
mation directly from a source as well as a relay, has garnered
renewed interest as a means to obtain spatial diversity in
wireless communications over fading channels.

Previous work has shown that certain relaying schemes
obtain diversity benefits while others do not. For example,
when the relay amplifies what it receives (i.e., amplify-and-
forward), diversity can be achieved provided the destination
has channel state information (CSI) of all three links [1], [2].
However, when the relay fully decodes the source’s message
(i.e., fixed decode-and-forward), there is no diversity gain [2].
More sophisticated decode-and-forward protocols can recover
the diversity gain by adapting to the channel state, such as
selection relaying in which the relay is only utilized when
the source-relay channel is of sufficient quality [2]. It was
also observed in the case of coherently-detected binary signals
that when the relay performs symbol-by-symbol detection of
the source’s transmission, what we refer to as fixed detect-
and-forward, diversity gain can be achieved provided the
destination knows the relay’s probability of error [1].

Motivated by the desire to place the benefits of cooperative
diversity within reach of low-complexity wireless devices, we
investigate the potential for achieving spatial diversity gain
with fixed relaying protocols and very limited CSI. In this
paper, we consider fixed detect-and-forward relaying with non-
coherent reception at the relay and destination.

In related work, a non-coherent detect-and-forward receiver
derived for Rayleigh fading channels was shown to pro-
vide diversity gains [3]. This receiver requires knowledge of
the average relay-destination and source-destination signal-to-
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Fig. 1. Sample topology of source, destination and relay

noise ratios (SNRs) and the error probability at the relay.
Non-coherent decode-and-forward space-time processing is
proposed in [4], [5] where a cyclic redundancy check is
required at the relays. Other work has considered non-coherent
amplify-and-forward reception using on-off keying and binary
frequency shift keying [6] as well as differential modulation
[7]. However, detect-and-forward imposes at the relay neither
the memory requirements of amplify-and-forward nor the
complexity of decode-and-forward.

This work differs from previous work, first, in that our
proposed detect-and-forward receiver requires knowledge of
only the destination’s average noise energy and the source-
relay transition probabilities. Second, the general form of the
receiver is not specific to any fading distribution. Third, for the
special case of Rayleigh fading and binary signals, we derive a
tight upper bound on the bit error probability in closed form.
Using this bound, we precisely quantify the diversity order
of the receiver, showing that it approaches full, second-order
diversity with increasing SNR. Finally, we show that even if
the destination only has the average source-destination SNR
instead of the average source-relay SNR (a significant com-
plexity reduction), similar diversity performance is achieved.

Section II describes the system model for the analysis.
Section III derives the detector using the generalized likelihood
ratio test. The bit error probability is analyzed in Section IV,
and numerical results are presented in Section V.

II. SYSTEM MODEL

The source transmits a message which is received by a
relay and a destination (see Fig. 1) using a constellation of
M orthogonal signals (e.g., M-ary frequency shift keying).
The relay detects the transmitted signal using an optimal
non-coherent receiver and forwards its hard decision to the
destination. All transmissions are assumed to be orthogonal to
one another so that there is no multiple access interference.
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The destination employs non-coherent reception and combines
the received signals from the source and relay to make a
decision using the decision rule derived in Section III.

The channel attenuates each transmission with a random
gain and phase rotation and adds noise. Using a discrete-time
model representing the sampled outputs of the non-coherent
quadrature correlators, the received signals at the relay and
destination are

Ysd Asdxm + Zsq
Ysr Asrxm + Zsr
Yra = Arde,. + Zyrq

where the subscripts sd, sr, and rd refer to the source-
destination, source-relay and relay-destination links, respec-
tively. The elements of the M x 1 vectors y;; are complex
numbers corresponding to the M non-coherent correlators—
one for each signal—and whose real and imaginary parts
represent the phase quadrature outputs of the correlators. The
transmitted symbol with phase offset ¢ is represented by the
M x 1 vector X,,, m = 1,..., M, having /E,;e’? as its mth
element and O as its other elements. The relay’s transmitted
signal is denoted by X5 ., where the m,th signal is detected
by the relay based on the source-relay channel output, y,.

The channel gain of link ij, A;;, is an M x M matrix
containing random complex channel gains on its main diagonal
and O at its other elements. Modeling additive white Gaussian
noise at the output of each correlator, the elements of z;;
are independent zero-mean, circularly symmetric complex
Gaussian random variables with variance ajz. Furthermore, the
channel gains A;; and noise vectors z;; are assumed mutually
independent over all three links.

III. GLR TEST RECEIVER
A. General Case

The destination uses channel outputs y,; and y,q and a
decision rule to decide which signal the source transmitted.
The maximum-likelihood decision rule would be

mgq = arg m:HllaXIL[f (y$d|xm) f (yrd|xm) (D

where f (y;;|X.,) is the conditional density of channel output
yij given that the source transmitted x,,. Since, conditioned
on X,,, the channel outputs are independent, the joint condi-
tional density f (ysd,¥rd|Xm) can be expressed as the product
of the marginal conditional densities in (1).

The conventional approach to obtaining these conditional
densities requires knowledge of the distribution of the channel
gain. In some cases, such as when the fading is Rayleigh (i.e.,
the elements of A;; are complex Gaussian), these densities
can be written in closed form. Even then, however, they will
depend on some statistical information (e.g., the variance of
the complex Gaussian channel gains).

To avoid these dependencies and to generalize the detector
beyond a given fading distribution, we consider the use of the
generalized likelihood ratio test to derive the decision rule.
In a GLR test, the likelihood function for each hypothesis

is evaluated using the maximum-likelihood estimate of the
unknown parameter [8, p. 92] (the channel gain, in this case).
In other words, the likelihood function is maximized over the
unknown parameter.

To apply the GLR test to our problem, we begin with
the density of the channel output conditioned on both the
transmitted signal and the channel gain. Since the noise is
Gaussian, the conditional density of the source-destination
channel output, y.q, is

1
f (ysd|xma Asd) = (2)
(mog)
|ysd,m — Olsd,mV E‘sej.¢)|2 + Z |ysd,k|2
k#m

xexp | — 5
04

where o4, is the mth element of the diagonal of Ag,.
Maximizing (2) over asq,,, gives

. 1 Dok w2dk
f(yedlxm) = ———exp _%
(mo?) 04
1 lysall® = wly .,
= ——exp|——"5—""—1] Q)
(o)™ < 7
where wsqr = |Ysdk| is the magnitl}de output of the kth

non-coherent correlator. The notation f (-) is used to refer to
the maximized likelihood and is sometimes referred to as the
profile or concentrated likelihood.

Following a similar procedure for the relay-destination
channel output, the profile likelihood of y,4 conditioned on
the relay’s transmitted signal is

2

R 1 [yrall® — w2y .
[ (yralxm,) = o\ | “)
(ro3) 0g
To obtain the profile likelihood of y,.; conditioned on the
source’s transmitted signal, we must average (4) over the
probability distribution of the relay’s transmitted signal:

M
Flyralxm) =D f (yralxm,) p X, [xm) . ()
=1
Using the product of (3) and (5) in place of the conditional
densities in (1) and eliminating non-contributing factors yields
the following GLR test receiver for non-coherent detect-and-
forward:

M
2 2 2 2
Wiy /o § Wy ] O N
e sd,m d e rd,my dp (er‘xm) .

p=1

Md = atg 77L=Hll?‘.x.,M

The above GLR decision rule is in a general form that is
not specific to any particular channel fading distribution. It
requires knowledge of the noise variance at the destination
as well as the transition probability matrix of the equivalent
discrete-input, discrete-output source-relay channel. Typically,
these probabilities depend on the channel statistics of the
source-relay link. In the following, a special case is considered
that is amenable to further analysis.
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B. Special Case: Rayleigh Fading, Binary Signals

We now apply the GLR test receiver to the special case
of Rayleigh fading channels and binary signals (M = 2).
We consider the receiver’s performance in the diversity-poor
scenario of flat Rayleigh fading channels, or when each
channel’s gain matrix can be expressed as A;; = «;;1y,
where I, is the M x M identity matrix.

In the case of Rayleigh fading, channel gain o«;;, like
the noise, is zero-mean complex Gaussian, and the squared-
magnitude correlator outputs are therefore exponentially dis-
tributed. Let 77 and Tp be the signal-bearing and non-signal
bearing squared-magnitude correlator outputs at the relay with
means )\1_1 and Ay !, respectively. Then, the probability that
the relay makes a correct (incorrect) decision is the probability
that 77 > Ty (11 < Tp), and the transition probabilities of the
source-relay channel are easily shown to be

Ao
p(Xl‘Xl) - p(x2|x2) - )\0+>\1
(xifxo) = plelx) = —
p12—p21—)\0+>\1-

Consequently, the GLR decision rule for the special case of
binary signals and flat Rayleigh fading is to decide mq = 1 if

ewid,l/a?i ()\Oewsz/ff?i + )\lewgd,z/oi)

2 2 2 2 2 2
> ewsd,Z/Ud (Alew'r'd,l/ad + )\Oew7-d,2/a<i) (6)

and decide 74 = 2 otherwise. If we normalize Ay and \;*
by the noise energy of the source-relay channel, we have

Ao = 1 (7)
M= e+l ®)

where -, is the average SNR of the source-relay channel.
Thus, the side information required by the destination for
decision rule (6) is the average noise energy at the destination
(02) and the average source-relay SNR. We shall observe in
the performance analysis only a small penalty when the more
readily available source-destination average SNR is used in
place of the source-relay SNR.

IV. BIT ERROR PROBABILITY

In this section, we derive an expression for the exact bit
error probability of the non-coherent binary GLR detect-and-
forward receiver in Rayleigh fading channels. We also derive
a tight upper bound of the bit error probability in closed
form and use it to examine the asymptotic performance of
the receiver for large SNR.

A. Exact Bit Error Probability

The bit error probability given that the source transmitted x;
can be expressed in terms of the error probabilities conditioned

on the relay’s transmission as

P2 (5|X1) = p(X1|X1)P2 (5|X17mr — 1)
+p (xa|x1) P2 (E]x1, 702, = 2)
Ao
= P. N, =1
)\0+)\1 2(5|X13m )
A R
7P 7,:2 .
ooy 2 Exue=2). O

For equal energy signals, (9) is also the error probability given
X9 was sent, and for equiprobable signals, it is equal to the
overall bit error probability.

Beginning with the error probability conditioned on 1, = 1
(i.e., that the relay correctly detects and forwards x), we have
from (6)

A A e(V1—V2)
Py (Ex1,7, = 1) = Pr |U) — Uy < log 20121 l
)

Al + )\06(‘/17‘/2)
(1

where we have used the substitutions U; = w?dqi / 03 and V; =
w?, ;/0; to simplify notation. Due to the Rayleigh fading and
Gaussian noise assumptions, the channel outputs ysg and y,q
are complex Gaussian, and the variates in (10) are independent
and exponentially distributed with means

prt & B[] =qma+1 (11)
pyt = E[lh]=1 (12)
vt 2 EVi]=9a+1 (13)
vyt 2 EW)=1 (14)

where v,4 and ~,4 are the average source-destination and
relay-destination SNRs, respectively. Equalities (11) and (12)
are a result of the condition that the source transmitted xi,
and (13) and (14) are a result of the condition that the relay
detected m, = 1 (i.e., the relay made a correct decision).

To assist with evaluating (10), we first present the following
lemma.

Lemma: If Z; and Z5 are independent and exponentially
distributed with means (; ! and Cy ! respectively, then the
density of the difference Z; — Zs is

Gé G >0
e T
f@h{%%c P (15)
C11+226 e z <0
and its distribution function is
1— =52 G+ 2>
F(z)= { ¢ Citee ’ - (16)
_G1 ¢ .
C1Ji<2 22 ;o x <0

The proof is omitted for brevity but can be easily shown by
convolving the densities of Z; and —Z5.

Applying (16) to (10) and conditioning on W = V; — V5,
we have

P2(5|X1,mr = 1,W:’U.))

1 — —H2 —pilogp
— Pt
1 op2logp

1t ’

p=>1
O0<p<l1

M1
M2 A1+Xoe® .
_ 1 p1t+pe (/\o+)\16“’) ; w<0 (17)
1 Ao+ e” Hz C w>0
pi+p2 \ Ar+Aoe? ’
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where p = (Ao + A1e®) /(A1 + Xoe?). Since \g > Aj,
negative w implies p > 1.

Next, using (15) to obtain the density of W, we take the
expectation of (17) with respect to W, giving the probability
of error conditioned on a correct relay decision as

P2 (5|X17m7« = 1)

oo
= / Py (Elx1,my = 1, W =w) fw (w) dw
—o0
/0 1 M2 A1+ xoe” 1 v
—oo p1 + p2 \ Ao + Are? )
+/Oo H1 (/\o—I—)qew)“2 212
e
o M1+ p2 \ A1+ Aoe¥ v + v
When the relay makes an error and transmits X2, given that
the source transmitted x;, the values of 17 and o in (13)
and (14) are reversed. Thus, the error probability conditioned
on a relay error, P (E|xy,7m, =2), can be obtained by
swapping v1 and vs in (18). The overall bit error probability,

then, is evaluated by using these two conditional probability
expressions in (9).

(18)

e dw

W dw

B. Upper Bound

Because evaluation of the exact bit error probability requires
numerical integration, we develop below a closed-form upper
bound. Numerical examples in Section V demonstrate this
bound to be very tight and a good approximation for the exact
error probability.

Beginning with the error probability conditioned on a cor-
rect relay decision, let us denote the integrals over negative
and positive values of w in (18) as A and B, respectively.
Then, the first of these is equivalent to

128 1 U2 0 A1+ Aoe¥ s Vow
- _ - e”?" dw
vi+uvy [va pr+pe J oo \ Ao+ Ae?
19)
By substituting the following lower bound for the expression

in parentheses in (19)
/\1 + )\Oew /\16“) + )\Oew
)\0 =+ )\1 ew )\0 —+ )\1

then an upper bound for (19) can be easily evaluated as

1 1
acn (Lo LY
vi+ve \V2 12 g1+
Next, after recalling from (12) that po = 1, the integral over
positive values of w in (18) can be expressed as

B = Vive . o /OO <>‘061u+>‘1) e % dw. (21)
0

;0 w<0

(20)

vi+ry pr+1 Are? + Ao
Upper-bounding the quantity in parentheses with
e Y+ A AeTV+ N
Arem% 4 Xy Ao
yields the following upper bound for (21):
V19 1 1 A1
B<u1+1/2.u1+1(y1+1+1/1)\0>' 22)

Summing (20) and (22) provides the upper bound for the
error probability conditioned on a correct relay decision as

PQ (S‘Xl,ﬁlr = ].)
1Z40%) |:1 1 1
vitve v i+l gt

1 A
4 M1 ( T 1” :
pr+1\vi+1 o

Recalling that the error probability conditioned on a relay
error can be obtained by swapping the values of v and v»,
this conditional error probability can be upper bounded by (23)
with 1 =1 and v 1 — vra + 1. However, for this value of
V9, a tighter upper bound than (20) can be obtained by using
the lower bound

)\1 + )\oew )\1
Ao+ Ae? T Ao+ Ag

in place of the expression in parentheses in (19), giving

.A < 1Z40%) i _ 1 )\1 e i '
vi+uvy lva pr+1\ Ao+ XN 2]
Summing (22) and (24) provides the following upper bound
for the error probability conditioned on a relay error:

P2 (5‘)(1,7;17« = 2)
141 1 1 )\1 H
v+ 1y w1 +1\ Ao+ XM
1 A
+ Va1 n 1 :
H1 +1 V1 + 1 1241 /\0
Using (7), (8), and (11) to express these upper bounds

directly in terms of the average channel SNRs, (23) and (25)
can be written, respectively, as

P2 <€|X1,mr = 1)

(23)

V1_1:7Td+1
1/221 ’

;o w<0

(24)

(25)

1/121
U;1:7Td+1 .

1 1(75(1"‘1)2
Vrd + 2 Ysd + 2
1 a1 g1
+ Jrd T2 Trd 26)
73d+2 7rd+2 75r+1
P2<€|X1,7’hr:2)
o ot vsd+1< 1 )vsiﬂ
77'd+2 ’st+2 757'""‘2
1 1 1 1
+ : s S
'Yrd+1 75d+2<2 787‘—’_1)} ( )

Finally, using these upper bounds in (9) gives an upper
bound for the overall bit error probability.

C. Asymptotic Performance

The previous subsection derived a tight upper bound for
the bit error probability of the binary decode-and-forward
receiver in Rayleigh fading channels. We now investigate
the asymptotic performance of this receiver by analyzing the
behavior of the upper bound with increasing SNR.

Lety = Eg/o3 and ~y;; = v/n;;, so that the average SNR of
channel 7j is a scaled version of . The deterministic scaling
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factor 7;; could, for example, be an increasing function of
the distance of link ij € {sd, sr,rd}. For large -, the upper
bound of the error probability conditioned on a correct relay
decision (26) can be approximated as
(5]
Nrd

(28)

Nsd

Py (E]x1, 170, = 1) & an {el (7) +

a1 <75d+1>2'
VYsd + 2
Using the approximation
1464
1+4

€1 () can be approximated for large 7 as

q(y)l<1+1/vsd)2~ 2 _1
1+2/7sa Yed Vg

which is dominated by the term 2/~;4. Using this dominant
term for €; () in (28) gives the high-SNR approximation for
the error probability conditioned on a correct relay decision
as

where

€1 ()

|01] < 1
|02] < 1

~14+6 -6

~ Msd (lsr + 31ra)

P2,ub (5‘X1»mr = ]-) ~ 72

(29)

As for the error probability conditioned on a relay error,
upper bound (27) can be approximated for large =y as

A~ T S 1 ST
Py (E]x1, 110, = 2) & €5 () + 2rdled ( T 777) (30)

7 \2

Nsd /Y
e(7) 21~ <77;T> :

When (29) and (30) are used in (9), the upper bound of the
overall bit error probability is approximated as

where

€2y

ST + ]-
Pap (Ex1) = L2 Py (Elx1, 102, = 1)
ST + 2
1
+——— Py (Elx1, e = 2 32
P 2,ub (E]X1 ) (32)
Nsd (nsr + 3T]rd) ’flﬁ NsdMrd NsdNsrTrd
BT R + S €2 (7) + 2,7 + v
S ST + 3 ra ST
n Mod (o £30a) | o (33)
y y

where in the last line we neglect the third- and fourth-order
terms as the lower-order terms dominate when + is large.

Clearly, the first term of (33) is second-order. To examine
the behavior of the second term, we evaluate the slope of ez ()
with v in the log-log domain. Denoting the negative of this
slope with €2,, we have

d{loges (7)} _
Qe, (7) _ng} =

_nsd(1+10g ~ ) ( ~

) {1 B (n;T>nsd/’Y]

_ d{logez (7)}
dvy
>nsd/’y

>

(34)

0.95

_______

09t B
0.85| LT |
0.8} / .
= 075} / 1
0.7F »¢ 1

065h," [ .

—__/M =10*

sd 'sr

-==n_/Mm_=16

sd st ul
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Fig. 2. Diversity order of €2 () (31) vs. average source-destination SNR

where the last line was obtained after differentiating log ez ().

Fig. 2 plots (34) as a function of ~ for various 7sq/7s-
The selected values of 7s4/ns, correspond to relay positions
located along the source-destination line at 10%, 50%, and
90%, respectively, of the source-destination distance, and a
scaling of the average SNR with the fourth-power of distance
(i.e., nij = d?j). In general, we observe that (2., () increases
towards unity with increasing SNR, more rapidly for relay
locations closer to the source than the destination at moderate
SNRs. The intuition behind the faster convergence is that as the
relay moves farther from the destination, the harmful impact
of a relay error is reduced.

We observe, then, that the second term of (33) decreases as
A1+ where Q., approaches one, and therefore the proposed
receiver achieves near-second-order diversity in Rayleigh fad-
ing channels.

D. Bit Error Probability Without Source-Relay CSI

A drawback of the proposed receiver is that it depends on
the destination knowing the average source-relay SNR, s,
which is needed to compute A; for the binary decision rule
(6). In practice, the destination does not have direct access
to this channel from which to estimate the average SNR.
However, the destination can directly measure the average
SNR of the source-destination channel, ~s4, which is related
to s, through the transmitted signal energy. In many uniform
channel models, the two differ by a constant scaling factor; for
example, in our channel model, we have vsq = (sr/Nsd) Vsr-

Inspection of the bit error probability upper bound reveals
that using vs4 in place of 7, as side information in the deci-
sion rule does not alter the diversity order, but only shifts the
error probability approximation by a constant factor. Specifi-
cally, making this change replaces 74, with 144 in (28), (30),
and (31), but the near-second-order diversity behavior remains
the same. Thus, provided the average source-destination SNR
is proportional to the average source-relay SNR, near-second-
order diversity can be achieved by the proposed receiver with
only locally measurable first-order statistics at the destination,
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Fig. 3. Bit error probability vs. average direct-link SNR, relay at midpoint;
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namely the average noise energy at the receiver, 03, and
the average source-destination SNR, v,4. The gap from full
second-order diversity decreases with SNR and is quantified
as 1 — Qez (7) with Nsr = Msd in (34).

V. NUMERICAL RESULTS

We present examples of the performance of the proposed
receiver using the probability of error expressions developed in
the previous section as well as results obtained by Monte Carlo
simulation. The channel gain is assumed to be a combination
of flat Rayleigh fading and path loss with the fourth power of
distance, so that 7;; = d?j where d;; is the distance of link
ij € {sd,sr,rd}. Results are given in terms of the average
SNR of the non-relaying system using the same total energy as
the relaying system; that is, the energy transmitted per symbol
by the source and relay is F, = E, ,, /2, where E; . is the
symbol energy in a non-relaying system.

Fig. 3 illustrates the bit error probability versus the average
SNR with binary signaling for the non-relayed direct link as
well as for a relaying system in which the relay is placed
at the midpoint between the source and destination. Shown
are the upper bounds of the error probabilities conditioned
on a correct relay decision (26), on relay error (27), and
the overall unconditional error probability (32). Comparison
with the exact bit error probabilities evaluated by numerical
integration of (18) and plotted with x markers show the
bounds to be very tight. Results obtained by Monte Carlo
simulation are plotted with o markers.

Next, the position of the relay is varied along the line
between the source and destination. Fig. 4 plots the bit error
probability as a function of the source-relay distance when
the average direct-link SNR is 30 dB. The upper bound is
observed to be tight over the entire range, and the optimum
position of the relay is observed to be near 0.4 of the source-
destination distance. Results are also shown for the case when
the average source-destination SNR is used as side information
to the detector instead of the average source-relay SNR, as

10 T T
——DF (32)
- = =DF(n_=n_ (32)
+= = no relay

10’3 ___________________________________________________ -

Probability of bit error
s
i

107 i i i i i i i i 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Position of relay on unit—distance source—destination line
Fig. 4. Bit error probability vs. relay position, Es,nr/ag = 30 dB; X’s

exact, o’s simulation

discussed in Section IV-D. The two detectors differ by a factor
of only 2.3 in bit error rate near the optimum relay position,
and less elsewhere.

VI. CONCLUSION

We have found a non-coherent receiver for the relay channel
that obtains nearly full diversity gain when a fixed detect-and-
forward protocol is used and only locally available first-order
statistics of the channel are available. Specifically, the desti-
nation needs the average noise energy at its receiver and the
average source-destination SNR. The proposed receiver was
developed for orthogonal signal sets (e.g., M-ary FSK), using
the generalized likelihood ratio test to eliminate dependence
on the channel gains. A tight upper bound on the bit error
probability of the binary receiver was derived for the case of
Rayleigh fading channels, and this upper bound was used to
show that the receiver achieves near-second-order diversity.
The gap from full second-order diversity is quantified and is
shown to diminish with increasing SNR.
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