
Vxuylydelolw| ri VRQHW2ZGP Ulqj Qhwzrunv zlwk Rswlpxp Qxpehu

ri Vsduh Frpsrqhqwv

W1 G1 Qgrxvvh}/ O1 H1 Khvwhu|/ V1 U1 Nxpdu}

}QLVW/ ;53 Zhvw Gldprqg/ Jdlwkhuvexuj/ PG 53;<<
|HFH Ghsduwphqw/ Qruwkzhvwhuq Xqlyhuvlw|/ Loolqrlv 9353

Devwudfw

Wklv sdshu dgguhvvhv wkh rswlpl}dwlrq dqg shuirupd0

elolw| ri vxuylydelolw| vwudwhjlhv xvhg lq wkh qh{w jhqhu0

dwlrq ri kljk0fdsdflw| rswlfdo wudqvsruw qhwzrunv edvhg

rq Zdyhohqjwk Glylvlrq Pxowlsoh{lqj +ZGP, whfkqrorj|1

Wkh iudphzrun ri vxuylydelolw| suhvhqwhg lv edvhg rq wkh

vhoi0khdolqj phfkdqlvp xvhg lq VRQHW2VGK1 Wkh nh|

lvvxh dgguhvvhg lv krz wr ghwhuplqh wkh qxpehu ri uh0

gxqgdqw frpsrqhqwv dqg zdyhohqjwk xqlwv qhfhvvdu| wr

dfklhyh d jxdudqwhhg ohyho ri vxuylydelolw|1 D pxowl0prgdo

idloxuh suredelolw| prgho lv ghyhorshg dqg xvhg lq wkh uh0

oldelolw| prgho ri rswlfdo frpsrqhqwv1 Wkh pxowl0prgdo

uholdelolw| dqdo|vlv lv xvhg lq frqmxqfwlrq zlwk d uholdelolw|

rswlpl}dwlrq whfkqltxh wr ghwhuplqh wkh rswlpxp qxpehu

ri uhgxqgdqw frpsrqhqwv dqg zdyhohqjwkv qhfhvvdu| lq d

VRQHW2ZGP qhwzrun wr dfklhyh d jlyhq ghjuhh ri vxu0

ylydelolw|1

41 Lqwurgxfwlrq

Wkh lqfuhdvlqj ghpdqg iru jxdudqwhhg Txdolw| ri Vhu0

ylfh +TrV, dqg qhwzrun dydlodelolw| kdv pdgh qhwzrun

vxuylydelolw| dq duhd ri vljql�fdqw lpsruwdqfh lq wrgd|*v

qhwzrun ghvljq dqg pdqdjhphqw1 Xvhuv duh ghpdqglqj

dqg duh zloolqj wr sd| iru jxdudqwhhg vhuylfh dydlodelo0

lw|1 H!flhqw dqg urexvw vxuylydelolw| pxvw wkhuhiruh eh

hqjlqhhuhg lqwr hphujlqj kljk0fdsdflw| qhwzrunv vxfk dv

ZGP qhwzrunv zklfk fduu| wud!f djjuhjdwhg ryhu d zlgh

jhrjudsklfdo duhd1 Idxow0wrohudqw ihdwxuhv kdyh ehhq vxf0

fhvvixoo| lpsohphqwhg lq VRQHW2VGK wr dgguhvv qhw0

zrun vxuylydelolw| frqfhuqv ^4`1 Vljql�fdqw h�ruwv duh eh0

lqj pdgh dw DQVL2W4 dqg dw LWX0W ^5`/^7` wr lqfoxgh

vxuylydelolw| ihdwxuhv lq wkh hphujlqj gudiw uhfrpphqgd0

wlrq iru rswlfdo qhwzrunv1 Dv qhwzrun vxuylydelolw| lq0

fuhdvlqjo| ehfrphv dq lpsruwdqw ghvljq dqg pdqdjhphqw

frqvlghudwlrq/ wkhuh lv dq lqfuhdvlqj qhhg wr ghyhors txdo0

lwdwlyh phdvxuhv ri qhwzrun vxuylydelolw| wr jxlgh ghvljq0

huv wr exlog frvw h�hfwlyh idxow0wrohudqw rswlfdo qhwzrunv1

Idxow0wrohudqw fdsdelolwlhv surylgh qhwzrunv zlwk dxwr0

pdwlf wud!f uhvwrudwlrq ihdwxuhv dfwlydwhg gxulqj fulwlfdo

qhwzrun frpsrqhqw idloxuhv1 Lq d w|slfdo qhwzrun ehlqj

frqvlghuhg/ wkh ghjuhh ri idxow0wrohudqfh ghshqgv rq wkh

qxpehu ri uhgxqgdqw xqlwv doorfdwhg wr hdfk frpsrqhqw

wr surylgh idloxuh wudqvsduhqf|1 Lq wklv sdshu/ uholdelolw|

prgholqj dqg lqwhjhu surjudpplqj whfkqltxhv duh xvhg

wr hvwlpdwh wkh qxpehu ri uhgxqgdqw xqlwv uhtxluhg wr

dfklhyh d ghvluhg ghjuhh ri idxow wrohudqfh1

51 Vxuylydelolw| Ihdwxuhv ri VRQHW2ZGP

Qhwzrunv

Wkh wud!f fduu|lqj fdsdflw| ri ZGP qhwzrunv lv sur0

mhfwhg wr eh rq wkh rughu ri pdjqlwxgh vhyhudo wlphv kljkhu

wkdq wkdw ri VRQHW2VGK1 Dw wklv wud!f fduu|lqj fdsdf0

lw|/ wkh idloxuh ri d ZGP frpsrqhqw eh fdq fdwdvwursklf/

uhvxowlqj lq wkh orvv ri d odujh yroxph ri gdwd djjuhjdwhg

ryhu d zlgh jhrjudsklfdo duhd1 Wklv srwhqwldo orvv ri

kljk yroxph ri gdwd khljkwhqv wkh qhhg iru urexvw idxow0

wrohudqw fdsdelolwlhv lq VRQHW ryhu ZGP qhwzrunv1

VRQHW2VGK surwhfwlrq vwudwhjlhv duh h{dpsohv ri idxow0

wrohudqw fdsdelolwlhv ghvluhg lq ZGP qhwzrunv1 Lq lwv

vlpsoh irup/ wkh VRQHW2VGK surwhfwlrq phfkdqlvp xvhv

+4 = 4,/ +4 . 4,/ dqg +4 = q, Dxwrpdwlf Surwhfwlrq Vzlwfk0

lqj +DSV, vfkhphv1 Wkhvh vfkhphv/ zkhq dxwrpdwhg wr

ghwhfw idxowv dqg uhurxwh wud!f dxwrpdwlfdoo| zlwkrxw rs0

hudwru lqwhuyhqwlrqv lq VRQHW2VGK ulqj qhwzrunv duh uh0

ihuuhg wr dv vhoi0khdolqj phfkdqlvpv1 VRQHW2VGK*v vhoi0

khdolqj xvhv dq h!flhqw wud!f uhvwrudwlrq dojrulwkp wr

uhurxwh wud!f ryhu uhgxqgdqw ru vsduh frpsrqhqwv lq wkh

hyhqw ri qhwzrun frpsrqhqw idloxuhv1 D ixoo| uhgxqgdqw

xqlgluhfwlrqdo vhoi0khdolqj VRQHW ulqj +XVKU, qhwzrun

lv ghslfwhg lq Iljxuh 41 Lw vkrzv wkh zhdnqhvv ri XVKU lq

d pxowlsoh dqg vlpxowdqhrxv frpsrqhqw idloxuhv vfhqdulr

vlqfh prvw ri wkh wud!f fdqqrw eh uhfryhuhg xvlqj orrs0

edfn1 Wklv lv ehfdxvh uhgxqgdqw frpsrqhqwv duh glvwule0

xwhg xqlirupo|1 Wkh doorfdwlrq ri vsduh xqlwv xqlirupo|

lq wkh qhwzrun dvvxphv wkdw doo qhwzrun frpsrqhqwv kdyh

wkh vdph idloxuh udwhv1 Wklv dvvxpswlrq pd| qrw eh wuxh

lq qhwzrunv lq zklfk vrph frpsrqhqwv duh ghsor|hg lq

krvwloh hqylurqphqwv vxfk dv xqghuvhd lqvwdoodwlrqv zkhuh

wkh idloxuh udwh frxog eh kljkhu1 Wr dfklhyh d uhdvrqdeo|

xqlirup ghjuhh ri vxuylydelolw| lq wklv w|sh ri qhwzrunv/

frpsrqhqwv zlwk kljkhu idloxuh udwhv pxvw kdyh pruh uh0

gxqgdqw xqlwv wkdq wkrvh zlwk orzhu idloxuh udwhv1 Wkh

h{dfw qxpehu ri uhgxqgdqw xqlwv doorfdwhg wr wkh frpsr0

qhqwv lq wkh krvwloh hqylurqphqwv fdq eh rewdlqhg wkurxjk

d uholdelolw| rswlpl}dwlrq whfkqltxh suhvhqwhg lq wklv sd0

shu1

61 Pxowl0Prgdo Idloxuh Uholdelolw| Prgholqj ri

Frpsrqhqwv

Lq wklv vhfwlrq/ zh ghyhors wkh uholdelolw| dqdo|vlv ri

ZGP frpsrqhqwv e| dvvxplqj wkdw d w|slfdo frpsrqhqw

fdq idlo lq rqh ru pruh prghv1 Zh ixuwkhu dvvxph wkdw

hdfk ZGP frpsrqhqw frqvlvwv ri lqwhufrqqhfwhg sduwv

vxfk dv odvhuv dqg uhfhlyhuv/ hdfk ri zklfk idlov lqghshq0
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Iljxuh 4= XVKU qhwzrun zlwk frqfxuuhqw idxowv dqg frp0

srqhqwv ghsor|hg lq d krvwloh hqylurqphq

ghqwo|1 Zh vkdoo dovr frqvlghu rqo| wzr jhqhudo fodvvhv ri

d frpsrqhqw idloxuh/ wkh �0fodvv zklfk ghvfulehv doo sdu0

wldo idloxuhv/ dqg wkh �0fodvv zklfk ghvfulehv wrwdo idloxuhv1

Vhyhudo prghv ri idloxuh duh ixuwkhu gh�qhg zlwklq hdfk

fodvv ri idloxuh1 Doo uhgxqgdqw frpsrqhqwv duh vxemhfw wr

wkh vdph fodvvhv dqg prghv ri idloxuh1 Doo frpsrqhqwv duh

vxemhfw wr wkh � dqg � fodvvhv ri idloxuh gh�qhg dv iroorzv=

� Fodvv � idloxuhv= Wklv lv d vhyhuh fodvv ri idxowv zklfk

d�hfwv wkh sulpdu| frpsrqhqwv dqg uhgxqgdqw xqlwv1

Lq sduwlfxodu/ wkh hqwluh vxev|vwhp idlov li rqh frp0

srqhqw idlov1

� Fodvv � idloxuhv= Wklv lv d fodvv ri idloxuhv zklfk uh0

txluhv doo wkh frpsrqhqwv lq wkh vxev|vwhp wr idlo

ehiruh wkh hqwluh vxev|vwhp idlov1

Hdfk fodvv ri idloxuh pd| lqfoxgh rqh ru pruh prghv ri

idloxuh/ hdfk zlwk dq dvvljqhg suredelolw| ri idloxuh1 Wr

fdswxuh wkh gh�qlwlrq ri wkhvh idloxuh prghv/ zh xvh orjlf

gldjudpv/ vkrzq lq Iljxuh 51 Wkh orjlf flufxlw zlwk vhulhv

frpsrqhqwv prghov wkh � fodvv ri idloxuh1 Wklv lv ehfdxvh

flufxlw rshqv li dw ohdvw rqh frpsrqhqw idlov1 Vlploduo|/

wkh orjlf flufxlw zlwk sdudooho frpsrqhqwv prghov wkh �

fodvv/ ehfdxvh wkh flufxlw sduwldoo| ixqfwlrq li rqh ru wzr

frpsrqhqwv idlo1 Wkh dqdo|vlv dvvxphv wkdw wkh idlo0

xuh suredelolwlhv ri doo frpsrqhqwv/ lqfoxglqj uhgxqgdqw

xqlwv/ duh vwdwlvwlfdoo| lqghshqghqw1 Uhgxqgdqw xqlwv duh

frqqhfwhg lq sdudooho1 Wkh fodvvhv dqg prghv ri idloxuh iru

wklv frpsrqhqw duh gh�qhg dv iroorzv=

� Fodvv � idloxuhv

(a)

(b)

( )432113 ,,, λλλλχ

( )432111 ,,, λλλλχ

( )432112 ,,, λλλλχ

( )432112 ,,, λλλλχ( )432111 ,,, λλλλχ ( )432113 ,,, λλλλχ

Iljxuh 5= Orjlf Flufxlwv= +d, � fodvv idloxuhv/ +e, � fodvv

idloxuhv

41 Prgh 4= Rshudwlrqdo whpshudwxuh h{fhhgv wkh

vhw olplw1

51 Prgh 5= Srzhu idloxuh

� Fodvv � idloxuhv

41 Prgh 6= Idloxuh ri wzr ru wkuhh uhfhlyhuv1

51 Prgh 7= Idloxuh ri wzr ru wkuhh wudqvplwwhuv

Qrz/ ohw slm eh wkh suredelolw| ri wkh l
wk prgh idlo0

xuh lq wkh mwk frpsrqhqw/ zkhuh l @ 4>5 ghvljqdwhv wkh

prgh ri idloxuhv lq fodvv �> dqg bl @ 6>7 ghvljqdwhv wkh

prgh ri idloxuh lq fodvv � idloxuhv1 Wkh orjlf gldjudpv

vkrzq lq Iljxuh 5 duh sdudooho dqg vhulhv frq�jxudwlrqv

ri wkuhh frpsrqhqwv lqwhufrqqhfwhg wr irup d vxev|vwhp1

Wkh suredelolw| wkdw wkh mwk frpsrqhqw zloo idlo lv jlyhq

e|

sm @
7[

l@4

slm +614,

Wkxv/ wkh suredelolw| wkdw wkh vxev|vwhp zloo idlo lv wkh

vxp ri wkh suredelolwlhv ri lwv idloxuh lq hdfk ri wkh irxu

prghv1 Iru � prghv/ xvlqj 51d/ wkh idloxuh suredelolwlhv

iru prghv 6 dqg 7 duh jlyhq e|

t6 @ s64s65s66> +615,

t7 @ s74s75s76s=

Vlploduo|/ iru prgh � idloxuhv/ xvlqj Iljxuh 51d/ wkh sure0

delolwlhv iru prgh 4 dqg 5 idloxuhv duh jlyhq e|

t4 @ 4� +4� s44, +4� s45, +4� s46, > +616,

t5 @ 4� +4� s54, +4� s55, +4� s56, =

Wkh suredelolw| ri d frpsohwh ru wrwdo idloxuh lv wkh vxp

ri wkh suredelolwlhv ri idloxuh ri hdfk frpsrqhqw lq hdfk

5



ri wkh irxu prghv ri idloxuh1

T @ 5�
5[

l@4

+4� sl4, +4� sl5, +4� sl6, +617,

.
7[

l@6

sl4sl5sl6=

Wklv uhvxow fdq eh hdvlo| h{whqghg wr d qhwzrun zlwk p

uhgxqgdqw frpsrqhqwv dqg v prghv ri idloxuh/ k ri zklfk

duh lq ��prgh dqg wkh uhpdlqlqj +p� k, lq �0prgh1

Xqghu wklv jhqhudol}dwlrq/ wkh frpsrqhqw idloxuh sured0

elolw| ehfrphv

T @ k�

k[

l@4

p.4\

m@4

+4� slm, .
v[

l@k.4

p.4\

m@4

slm = +618,

Li wkh frpsrqhqwv duh dolnh/ wkh suredelolw| ri idloxuh jlyhq

e| +618, ehfrphv

T @ k�

k[

l@4

+4� sl,
p.4

.
v[

l@k.4

s
p.4

l = +619,

zkhuh l @ 4> 5>6= = = = > k ghqrwhv wkh �0qrgh idloxuhv dqg

l @ k . 4> k . 5> k . 6> = = = > v ghqrwh wkh �0prgh idloxuhv1

Erwk wkh zrunlqj frpsrqhqwv dqg wkh uhgxqgdqw xqlwv

duh vxemhfw wr wkh vdph prghv/ dv ghvfulehg lq vhfwlrq

51 Lq wkh qh{w vhfwlrq/ zh zloo xvh wkh uhvxowv lq +618, dqg

+619, wr rewdlq wkh rswlpxp qxpehu ri uhgxqgdqw xqlwv lq

d VRQHW2ZGP ulqj qhwzrun zlwk Q frpsrqhqwv frq0

qhfwhg lq vhulhv1

71 Uholdelolw| Rswlpl}dwlrq ri ZGP Ulqj

Qhwzrunv

Wkhuh lv dq lqfuhdvlqj qhhg wr uhqghu ZGP qhwzrunv

idxow0wrohudqw zlwk ihdwxuhv vxfk dv wkh VRQHW2VGK*v

vhoi0khdolqj fdsdelolwlhv1 D nh| frpsrqhqw ri idxow0

wrohudqw qhwzrunv lv wkh dxwrpdwlf doorfdwlrq ri uh0

gxqgdqw qhwzrun frpsrqhqwv lq wkh hyhqw ri idloxuhv1

VRQHW2VGK vhoi0khdolqj phfkdqlvpv xvh +4=4,/+4.4, >
dqg +4 =q, vfkhphv iru �ehu idloxuh surwhfwlrq1 Gxdo0

krplqj lv dovr xvhg wr surwhfw rwkhu fulwlfdo frpsrqhqwv

vxfk dv Dgg2Gurs Pxowlsoh{huv +DGPv, dqg Rswlfdo

Furvv Frqqhfw +RF[,1 Wkh +4=4, dqg +4.4, surwhfwlrq

vfkhphv lq zklfk hdfk frpsrqhqw lv surwhfwhg e| d uh0

gxqgdqw xqlw surylghv d kljk ghjuhh ri idxow wrohudqfh

exw fdq eh frvw surklelwlyh lq odujh vfdoh qhwzrunv1 Rq

wkh rwkhu kdqg/ wkh +4=q, vfkhph/ lq zklfk rqh uhgxqgdqw

frpsrqhqw surylghv surwhfwlrq wr q frpsrqhqwv r�huv d

frvw h�hfwlyh rswlrq dw wkh h{shqvh ri d ohvvhu ghjuhh ri

idxow0wrohudqfh1 Lq wklv vhfwlrq/ zh xvh d uholdelolw| rs0

wlpl}dwlrq whfkqltxh wr rewdlq wkh rswlpxp qxpehu ri

uhgxqgdqw xqlwv lq +4=q, > surwhfwlrq vfkhphv1 Wkh remhf0

wlyh lv wr rswlpl}h wkh uholdelolw| ri qhwzrun frpsrqhqwv

jlyhq e| +618, dqg +619,/ vxemhfw wr vrph ghvljq dqg frvw

frqvwudlqwv1 Wkh irupxodwlrq lv edvhg rq +324, lqwhjhu

surjudpplqj whfkqltxhv xvlqj wkh dssurdfk sursrvhg lq

^9`1

Vwdjh Idloxuh slm jm

Prgh

4 � s44 @ 3=4563
� s45 @ 3=3578 ;

� s46 @ 3=3<3<
� s47 @ 3=5<<3

5 � s54 @ 3=3<4;
� s55 @ 3=3489
� s56 @ 3=3;56 <

� s57 @ 3=3<4:
6 � s64 @ 3=36;5

� s65 @ 3=3884
� s66 @ 3=4333 9

� s67 @ 3=4734
7 � s74 @ 3=37<:

� s75 @ 3=394<
� s76 @ 3=39<4 :

� s77 @ 3=5:55
8 � s84 @ 3=37<:

� s85 @ 3=394:
� s86 @ 3=39<4 ;

� s87 @ 3=5:55
9 � s94 @ 3=3568

� s95 @ 3=3595
� s96 @ 3=3497 7

� s97 @ 3=4<35
: � s:4 @ 3=3657

� s:5 @ 3=38<4
� s:6 @ 3=3:54 9

� s:7 @ 3=4<5<
; � s;4 @ 3=3496

� s;5 @ 3=3878 6

� s;6 @ 3=3489
� s;7 @ 3=3;:<

Wdeoh 4= Frpsrqhqw Idloxuh Suredelolw|

7141 Sureohp Irupxodwlrq

Uhgxqgdqw xqlwv rswlpl}dwlrq lv d jrrg h{dpsoh ri d

sureohp wkdw uhtxluhv dq lqwhjhu ydoxh ghflvlrq yduldeoh1

Li wkh sureohp remhfwlyh dqg frvw ixqfwlrqv duh ri wkh irup

Z @
SQ

m@4 im +pm, wkhq wkh sureohp lv d vhsdudeoh olqhdu

rswlpl}dwlrq sureohp zlwk Q vwdjhv1 Wkh vwdjhv duh frq0

qhfwhg lq vhulhv dqg wkh uhgxqgdqw xqlwv duh frqqhfwhg lq

vhulhv1 Wkh uholdelolw| rswlpl}dwlrq ri d VRQHW2VGK ryhu

ZGP ulqj qhwzrun fdq eh irupxodwhg dv dq Q0vwdjh rswl0

pl}dwlrq sureohp e| frqvlghulqj hdfk qhwzrun frpsrqhqw

dv d vwdjh1 Iru vlpsolflw|/ zh dvvxph wkdw wkh pd{lpxp

qxpehu ri frpsrqhqwv wkdw fdq eh xvhg lq wkh qhwzrun dw

hdfk vwdjh lv olplwhg wr 71 Ilqglqj wkh rswlpxp qxpehu ri

uhgxqgdqw frpsrqhqwv uhtxluhg wr dfklhyh d ghvluhg vxu0

ylydelolw| ohyho ehfrphv d frqvwudlqhg uholdelolw| rswlpl}d0

wlrq sureohp1 Hdfk vwdjh uhtxluhv dq lqlwldo ru sulpdu|

frpsrqhqw dqg pm uhgxqgdqw xqlwv1 Wkh remhfwlyh lv wr

6



ghwhuplqh pm > zkhuh 4 � m � 71 Wkh sureohp lv irupx0

odwhg dqg vroyhg zlwk dq lqwhjhu0surjudpplqj dssurdfk

dv iroorzv=

rswlpl}h=

Z @
Q[

m@4

im +pm, > +714,

vxemhfw wr=

QS
m@4

jlm +pm, � el l @ 4>5>6> = = = > u> +715,

PS
m@4

Um � oq P

dqg

pm @ 3> 4> 5>6> > = = = > �pm m @ 4> 5>6> = = = >Q >

zkhuh Z dqg pm duh wkh xqnqrzqv dqg wkh uhpdlqlqj

whupv lq +714, duh gh�qhg dv iroorzv=

Z = wkh remhfwlyh ixqfwlrq ri wkh v|vwhp wr eh plqlpl}hg

Q = wkh qxpehu ri vwdjhv lq wkh v|vwhp

im +pm, = wkh remhfwlyh ixqfwlrq ri wkh lwk frpsrqhqw dv

d ixqfwlrq ri pm/ wkh qxpehu ri uhgxqgdqw xqlwv

jm +pm, = wkh dprxqw ri uhvrxufhv frqvxphg dw vwdjh m dv

d ixqfwlrq ri pm/ wkh qxpehu ri uhgxqgdqw xqlwv

el = dprxqw ri uhvrxufhv dydlodeoh dw wkh lwk vwdjh

u = wkh qxpehu ri frpsrqhqwv

Um = uholdelolw| dw wkh mwk vwdjh zlwk pm . 4 +uhgxqgdqw
. lqlwldo , xqlwv

P = wkh plqlpxp dffhswdeoh uholdelolw| ri wkh v|vwhp

pm = wkh qxpehu ri uhgxqgdqw xqlwv xvhg dw vwdjh m

�pm = wkh pd{lpxp qxpehu ri uhgxqgdqw xqlwv doorzhg

dw vwdjh m

Ohwwlqj pm eh wkh qxpehu ri frpsrqhqwv xvhg lq vwdjh

m> wkh rswlpl}dwlrq sureohp jlyhq e| htxdwlrq +716, fdq

eh vroyhg dv wkh iroorzlqj lqwhjhu surjudpplqj sureohp=

Rswlpl}h

i @
Q[

m@4

pm[
n@4

�imnpmn>

vxemhfw wr=

PS
m@4

pmS
n@4

�jmnpmn � el l @ 4>5>6> = = = > u > +716,

PS
m@4

pmS
n@4

�oqUmnpmn � oq P +717,

dqg

pmn @ 4 n @ 3 +718,

pmn �pmn�4 � 3>
n @ 4>5>6> = = = > u
m @ 4> 5>6> = = = >Q

+719,

pmn � 3 m dqg n > +71:,

zkhuh Z dqg pm duh xqnqrzq dv lq +715, dqg wkh qhz

whupv duh gh�qhg dv iroorzv=

n = lqgh{ xvhg wr ghqrwh d jlyhq uhgxqgdqw xqlw dw vwdjh

m

pmn = wkh nwk uhgxqgdqw xqlw dw vwdjh m> zkhuh pmn @�
4 n �pm

3 pm � n � �pm

7imn = fkdqjh lq wkh remhfwlyh ixqfwlrq im +pm, e|

dgglqj wkh nwk uhgxqgdqw xqlw/ zkhuh 7imn @�
imn n @ 3
imn � imn�4 n @ 4> 5> = = = > �pm

7jlmn = fkdqjh lq jlmn +pm, e| dgglwlrq ri wkh

nwk uhgxqgdqw xqlw dw vwdjh m/ zkhuh 7jmn @�
jlmn n @ 3
jlmn � jlmn�4 n @ 4>5> = = = > �pm

7 oqUlmn = fkdqjh lq Ulmn +pm, e| dgglwlrq ri wkh

nwk uhgxqgdqw xqlw dw vwdjh m/ zkhuh 7 oqUmn @�
Ulmn n @ 3=
Ulmn �Ulmn�4 n @ 4> 5> = = = > �pm

zkhuh Um > lv jlyhq e| wkh uholdelolw| dw wkh mwk vwdjh

zklfk lv=

Um @ 4� +k�

k[
l@4

+4� sl,
pm.4 .

v[
l@k.4

s
pm.4

l , +71;,

Wkh uholdelolw| ri idloxuh jlyhq e| +4�Tm, lq +71;, dv0

vxphv wkdw ZGP frpsrqhqwv lq rxu ulqj wrsrorj| dqg

wkh uhgxqgdqw xqlwv dw hdfk mwk vwdjh duh lghqwlfdo1

81 Qxphulfdo H{dpsoh

Frqvlghu wkh XVKU qhwzrun vkrzq lq Iljxuh 41 Lw frq0

vlvwv ri d zrunlqj dqg d surwhfwlrq ulqj/ hdfk vxssruwlqj

irxu zdyhohqjwkv1 Wkh qhwzrun eh ylhzhg dv d v|vwhp

zlwk d uhgxqgdqw xqlw frqqhfwhg lq sdudooho1 Wkh qhw0

zrun frpsrqhqwv frqvlvw ri irxu DGPv dqg irxu �ehu

olqnv/ zklfk wrjhwkhu pdnh xs hljkw vwdjhv ghqrwhg e|

+V4> V5> � � � > V;, = Wkh frvw ri d frpsrqhqw dw wkh ; vwdjhv

lv +;> <> 9>:>:>7> 6, > dqg wkh wrwdo frvw ri frpsrqhqwv lq

wkh qhwzrun vkrxog qrw h{fhhg 4371 Hdfk vwdjh kdv wzr

sulpdu| frpsrqhqwv +pm3 @ 4> pm4 @ 4> 4 � m � ;, vxfk

wkdw

p4 @ 5 p8 @ 5
p5 @ 5 p9 @ 5
p6 @ 5 p: @ 5
p7 @ 5 p; @ 5

+814,

7



dqg pm @pm3 . pm4/ 4 � m � ;= Wkh ZGP frpsrqhqwv

xvhg lq wkh qhwzrun duh dvvxphg wr eh dolnh dw hdfk vwdjh

dqg duh vxemhfw wr irxu prghv ri idloxuh1 Wkh idloxuh sure0

delolwlhv ri hdfk frpsrqhqw dw ydulrxv prghv duh jlyhq lq

Wdeoh 41 Wkh wrwdo qxpehu ri idloxuh prghv/ v> iru doo wkh

frpsrqhqwv lq wkh v|vwhpv lv dvvxphg wr eh 7 +v @ 7,1
Hdfk frpsrqhqw kdv d vlqjoh � prgh ri idloxuh +k @ 4,/
dqg wkuhh � prghv ri idloxuh1 Dv d uhvxow/ htxdwlrq +71;,

uhgxfhv wr

Uml @ 4� +k�Tm, +815,

@ 4�

#
4� +4� sl,

pm.4 .

7[
l@5

+sl,
pm.4

$
>

dqg wkh fkdqjh lq wkh uholdelolw| ri wkh mwk frpsrqhqw

rewdlqhg e| dgglqj d uhgxqgdqw frpsrqhqw lv jlyhq e|

7 oqUmn @

�
oqUmn n @ 3
oqUmn � oqUmn�4 n @ 4> 5> = = = > �pm

=

+816,

Iru n @ 3

7 oqUm3 @ oqUmn +817,

@ oq

#
4�

#
4� +4� sl, .

7[
l@5

sl

$$
=+818,

Iru n @ 4

7 oqUm4 @ oqUm4 � oqUm3 +819,

@ oq

#
4�

#
4� +4� sl,

5

.

8[
l@5

s5l

$$
=

� oqUm3

Wklv surfhvv lv uhshdwhg iru n @ 5>6>7 wr rewdlq

pmn n @ 3 n @ 4 n @ 5 n @ 6 n @ 7

m @ 4 4 4 3 3 3
m @ 5 4 4 3 3 3
m @ 6 4 4 3 3 3

m @ 7 4 4 4 3 3
m @ 8 4 4 4 3 3

m @ 9 4 4 4 3 3
m @ : 4 4 4 3 3

m @ ; 4 4 3 3 3

Wdeoh 5= Lqwhjhu Vroxwlrq

7Um3>7Um4>7Um5>7Um6> dqg 7Um7 iru m @ 4>5> 6> ===> ;
vwdjhv1 Wkxv/ wkh remhfwlyh ixqfwlrq i +pmn, jlyhq e| +715,
dw vwdjh m>4 � m � ;> ehfrphv i +7 oqUmnpmn, =Wkh vhf0

rqg frqvwudlqw
S

;

m@4

S
;

n@37jmnpmn lv rewdlqhg xvlqj d

vlplodu surfhgxuh1 Wkh uhpdlqlqj frqvwudlqwv duh lqwhu0

suhwhg dv iroorzv=

pmn @ 4> n @ 3 +81:,

hqvxuhv wkdw wkhuh lv dw ohdvw rqh frpsrqhqw dw hdfk vwdjh1

pmn �pmn�4 � 3> n @ 4> = = = > �pm> m @ 4> = = = >Q +81;,

Khuh/ �pm lv wkh pd{lpxp qxpehu ri doorzdeoh uhgxqgdqw

xqlwv dw hdfk vwdjh dqg Q lv wkh wrwdo qxpehu ri vwdjhv1

Zh hqvxuh wkdw wkh nwk uhgxqgdqw xqlw lv lqfoxghg rqo|

li +n � 4,
wk

uhgxqgdqw xqlw lv lqfoxghg1 Lq rughu wr jxdu0

dqwhh wkdw hdfk vwdjh kdv dw ohdvw rqh frpsrqhqw/ wkh

yduldeoh pm3> 4 � m � ;/ lv lqlwldol}hg wr 41 Wkh uhpdlq0

lqj pmn/ +4 � m � ;> 4 � n � 7, ghqrwh wkh dgglwlrqdo

qxpehu ri uhgxqgdqw xqlwv dw hdfk vwdjh1 Wkh wrwdo qxp0

ehu ri uhgxqgdqw xqlwv lv wkh ghvluhg xqnqrzq1 Iru d

wudglwlrqdo VRQHW2VGK vhoi0khdolqj ulqj zlwk 4 = 4 sur0

whfwlrq pm3 @ 4> pm4 @ 4> 4 � m � ;/ zkhuh pm3 @ 4
ghvljqdwhv wkh zrunlqj frpsrqhqw dqg pm4 @ 4/ ghvlj0
qdwhv wkh surwhfwlrq frpsrqhqw1 Erwk frpsrqhqwv duh

xqlirupo| glvwulexwhg wkurxjkrxw wkh ulqj1 Wkh vroxwlrq

rewdlqhg zlwk lqwhjhu surjudpplqj xvlqj gdwd iurp Wdeoh

4 lv vkrzq lq Wdeoh 51 Wklv wdeoh vkrzv wkh lqwhjhu vr0

Protection
Ring Working

Ring

High-failure
 Rate region

A
B

C

A
CB

A
B

C

B
A

7S

5S

6S

8S

4S

3S

2S

1S

added
ADM

#1ADM

#4ADM

#3ADM

#2ADM

Iljxuh 6= XVKU lq Iljxuh 5 zlwk rswlpxp qxpehu ri

uhgxqgdqw DGPv dqg olqnv

oxwlrq pmn @ +3@4, > dw hdfk vwdjh1 Wkdw lv / pmn @ 4 li d

frpsrqhqw lv doorfdwhg ru pmn @ 3 rwkhuzlvh1 Wkh dfwxdo

qxpehu ri frpsrqhqwv/ lqfoxglqj wkh uhgxqgdqw xqlwv/ dw

vwdjh m lv wkh vxp ri doorfdwhg xqlwv dqg lv jlyhq e|

pm @

7[
n@3

pmn> 4 � m � ;= +81<,

8



Dsso|lqj +81<, wr wkh lqwhjhu vroxwlrq lq wdeoh 5 zh kdyh

p4 @ 5 p8 @ 6
p5 @ 5 p9 @ 6
p6 @ 5 p: @ 5 . 4 +dgglwlrqdo,

p7 @ 6 p; @ 5=

+8143,

Xsrq frpsdulqj �pm> 4 � m � ;> jlyhq e| +814,

zlwk pm lq +8143,/ zh qrwh wkdw dq dgglwlrqdo uh0

gxqgdqw xqlw lv uhtxluhg lq vwdjhv 7/ 8/ 9/ dqg :

+p76 @ 4>p86 @ 4>p96 @ 4>p:6 @ 4, wr dfklhyh wkh vxu0

ylydelolw| ohyho vshfl�hg lq wdeoh 41 Xvlqj wkh rswlpxp

qxpehu ri frpsrqhqwv dw hdfk vwdjh jlyhq e| +8143,/ zh

rewdlq wkh rswlpxp vxuylydeoh ZGP ulqj qhwzrun vkrzq

lq Iljxuh 61 Wkh frpsxwhg ydoxhv iru p96 dqg p:6 duh

wkuhh dqg wzr/ uhvshfwlyho|1 Vlqfh hdfk �ehu lq vwdjh 9

pxvw eh whuplqdwhg e| dq DGP lq vwdjh :/ p:6 pxvw eh

dgmxvwhg vxfk wkdw p96 @ p:6 @ 6 dv vkrzq lq Wdeoh 51

Wkh dgglwlrqdo uhgxqgdqw xqlw dgghg lq vwdjh : lv dovr

vkrzq lq Iljxuh 6 1

pmn n @ 3 n @ 4 n @ 5 n @ 6 n @ 7

m @ 4 4 4 3 3 3
m @ 5 4 4 3 3 3

m @ 6 4 4 3 3 3
m @ 7 4 4 4 3 3

m @ 8 4 4 4 3 3
m @ 9 4 4 4 3 3

m @ : 4 4 3$ 4
� 3 3

m @ ; 4 4 3 3 3

Wdeoh 6= Dgmxvwhg Lqwhjhu Vroxwlrq uhtxluhg iru Ixoo Frq0

qhfwlylw|

91 Frqfoxvlrq

Lq vrph qhwzrunv/ ghvljq hqjlqhhuv duh zloolqj wr sd|

pruh wr dfklhyh d ghvludeoh vxuylydelolw|1 Riwhq/ wkh zloo0

lqjqhvv wr sd| pruh iru d kljkhu ohyho ri vxuylydelolw| lv

frqvwudlqhg e| wkh sk|vlfdo fkdudfwhulvwlfv ri wkh qhwzrunv

dqg rwkhu idfwruv vxfk dv frvw1 Dfklhylqj wklv remhfwlyh

uhtxluhv d iudphzrun iru hvwlpdwlqj dqg suhglfwlqj wkh

qxpehu ri uhgxqgdqw xqlwv= Lq qhwzrunv vxfk dv VRQHW/

wkh qxpehu ri uhgxqgdqw xqlwv lv nhsw xqlirup lq wkh ulqj

iru vlpsolflw|1 Krzhyhu/ ydu|lqj wkh uhgxqgdqf| dorqj

wkh qhwzrun qrq0xqlirupo|/ lq rughu wr phhw wkh qhwzrun0

zlgh uhtxluhphqwv srvhg e| d ydu|lqj idloxuh surshqvlw|/

lv d yldeoh rswlrq lq ZGP qhwzrunv1 Wklv sdshu sur0

ylghv d iudphzrun iru vxfk rswlpl}dwlrq ri vxuylydelolw|

lq ZGP qhwzrunv1
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