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Abstract

It has beer shown thal the combination afn:n:.l'n:lp!én.- .gn:.-l
r'e_.fl:n.-:menr ermed ml:n'!é;rfJ:afﬂ!érm. Kroviier :r:l':rpra'w:' meiliti-
level methody, pmrf.-.&' cii':sn:'&'re r:rre:']m.-.[r_fbr sr.llw'mlg pur&'m'
J['.ﬁ'.}'mﬂh:m' mlun'rms Ll :equt'm’:'m' CERpilers, R.:-'c'em'n'.'.'.
resecrch s been performed on parallelizing these proce-
cliires. f'.].rerh:l.-'e p:rﬂl!n'e'!f::r!ﬁrm i c.l'é_fﬁrm'n' becabige .-_u_,l' e
frm;q-m'.-:r rerlenne .-_n_,l' hoth uJupffw!_v re'_.ffneJ _:rf:l': el thee
mm'ra'.grprm:.'r. Thix ix pkrr!écﬂ!cln'y trite om clusler com-
pitlery which have slow conmmiinication chanrels that re-
qur'nt' :l{:r_r.lrr'!hm.'r with Enjiqlm! compripiceation. Ar -
prr.lur.l'r I ;:mr:rﬂt'ﬁ:r'n_q aiupn'r'rt' mitltileve! methods with
J'En'rammﬂnén:':r&'rm Kleps i pre.'.'em'.-:'u:.l'. Nemerical resulis on
ar d-precessor PO cluster demonstrare 80-9% efficiency

1. Introduction

The numerical solution of partial differential equations
(FDEs] is the most compuie-intensive parl of most scientific
compuber simulations, with applications in all Gelds of sci-
ence and engineering, Consequently, improving the meth-
ccds for solving PDEs has been the focus of much me=each
in numerical methods for seveml decades. In the last bao
Jecades it has been showwn that the combination of adaptive
grid refinement and multigrid solution, known as adaptive
multilevel methods, provide effective methods on sequen-
tial compuiers |2, 4, 6]. Adaptive grid relinement reduces
the problem size by focusing the effort to the regicns whene
higher resclution is needed, and multigrid i= the Tastest solo-
tion melhod for problems that can be foomulated with a grid
hicrarchy. In the last decade, reseorch has been perfoomed
on paallelizing these procedures. Effective pamllelization
i= difficult because of the imegular nalume of koth adaptively
refined grids and the multigrid process.

In the last Few yoars, cluster computers have begun o
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emerge as a viable platform For scientific computing. While
imdilional expensive massively pamllel processors (MPPs)
continue 1o thrive in the lage laboratories, organizalions
with @ more modest budgel are fnding that a cluster of
PO can prowide a small-to-medivm scale pamlle] super-
computer at the same price as a traditicnal worksiation. In-
deed, clusters of PCs are no longer just a curiosity For com-
puler scienlists, but ame now being wsed for practical com-
pulations by scientist= and engineers.

For algorithm design, the primary dilference betwesn an
MPP and o cluster computer is the speed of communica-
tion. A large portion of the expense of an MPP s the spe-
cially designed high-performance communication nelwork
between the ProcEsssrs. A clusler compulor nses aff-the-
ﬁl:”nl:lu‘-c:-rki.ng. L-|:|:|'.|r.|-::-|-::-” which iz much zlower, both in
tandwidth and, more i.m'p-c:-rl.unll_'r, sbart-up |:|I.-|.'|.1|.-_l,r. Con-
ﬂ.‘\'.]I.LlL'I.'Il.I._"'.. :||E-::-rill'|m: for cluster compulbers should be de-
ﬂgnl.'d. ko 'pl.'l.'l'-::-l'm inke IProcessor communicalion less oflen
thzin :ll.g.-::-l']lhm_". that wene dl:sigm:d for MFPs. So-called
“embanmsingly pamllel’™ algorithms ane a good malch For
clusll:l'i:umpul.-l.'m, but are pot mailable forall u'p'pﬁl:nli-::-ns.
For applications such as salving a PIE, we need coamse-
Er.l]n u.|g|.1:ri||.'|mx that communicabe ]nl.':n.'q|.1|:nl|3,' and peT-
feorm much -:umpnluli.-::-n belween communicalion shepes.

In this paper we present a cosre-gmin algorithm for the
soluticn of elliptic PIIE= by adaptive multilevel methods.
The algorithm wses only two communicaiion steps during
an adapiive refinemeni phase, two during losd balancing,
and lwo during each multignd cycle. This i= in conirast
i traditicinal parallel algorithms thal communicaiion much
more Frequenily. For example, a taditional penallel mulii-
grid algorithm would communicate at least iwice on each
grid leve] during a cvele.

The high-level pouallel adaptive multilevel algorithm is
given in Fig. 1. It is a full multigrid methed consisting of
allemalely redining the grid and solving the equaticns an the
new grid until it is determined that the grid s fine encugh
o give o sufficiently accurate solution. In the parallel ver-
sion, cne must alse perform load balancing since different



ztart with wery cocarze mesh
rep=at
adaptire grid refinem=nt
load balance
multigrid cycles
until termination crikbe-
rion iz met

Figure 1. Parallel adaptive multilevel algo-
i thurr,

processors are likely o perform dilferent amouwnis of refine-
ment, which would result in an unbalanced load during the
multigrid evcles. A variant of the algorithm in Fig. | is o
use predictive load baluncing in which load balancing oc-
curs befoae adaplive melinemeni

2. The Tull domain partition

The key 1o the reduced communication in the parallel
adaplive multilevel algorthm s a pew fcom of data distri-
bution known as the full domain parition, first intoduced
in [7]. In this distribution, the grid is paciitioned and dis-
tribuled b the processors as useal. But in addition, cach
processor coniains shadow copies of enough additional ele-
ments ko cover the full domain. These elements come from
coarser levels of the sdaptive grid hicrarchy, Figore 2 il-
lustrzbes an adaptive grid paritioned for bwe processors and
the full domain parition that cach processor contains, The
colors indicate the assignment of elements o processors,
Shadoow elements are shown in grey.

The number of additicnal clemenis decreases exponen-
tially a5 one moves away from the padition bowndary, re-
sulting in the toial number of additional elemenis being pro-
portional to the square ot of the oumber of clements in
the partition (in 213), the same as the taditional approach
of adding shadow copies of adjacent clements. The conse-
quence of the full domain parition is thal eoch processor
containg a grid that looks like an adaptively mefined grid for
the whole problem, and can pecform essentially the sequen-
tial adaptive muliilevel algorithm wilth cceasicnal commu-
nication o keep the soluticns synchronized. A modification
ol this technique 1o eliminaie all communicaticon vuntil the
final grid is being developed by Bank and Holst [1], but in
this paper we consider an appmach that atbempts o produce
nearly the sime resulis as the sequential algorithm.

3. Adaptive refinement

The full domain partiticn provides an eosy means of par-
allelizing an adaplive melinement algocithm, Additional de-
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Figure 2. An adaptive grid partitioned for two
processors, and the twe full domain parti-
tions.



tails of this appreach can ke found in [8]. Adaplive refine-
ment can be porformed by cach processor in parallel without
communicalion until the very end. The algorithm is iden-
tical 1o the sequential algorthm except that only the «le-
ments in the parlition owned by the processor, and thoss
necded For compatibility of the grid, are candidates For re-
finement. This can be achieved by selting the nofinement
crmor indicator o wemo cuizide the patition. The parallel
refinement algorithm actually creates the full domain parti-
tion. A communication step at the end informs clher pro-
cessors of any elements that were refined oulside the parti-
tion te insure that the owner of that clement also refines il
A zecond communication slep enforces an overlap require-
ment needed For fast comergence of the pamllel multigrid
ul..g,ur]lhm (see Rection 5).

4. Load balancing

Lioad balancing consisis of two phases: partitioning the
grid, and redistribuiing the data among the pocessors. In
the first phase the grid i= partitioned inio equal sized pieces
for assignment o the processors, There are several fast par-
titioning algorthms that ame approprizie o use in an adap-
tive mullilevel setting [3]. The refinement-tree based parti-
tioning algorthm KTK [ 0] preduces contiguons partilions
with cnly one communication slep. The melinement tree is
a representation of the refinement processes that produced
an adaptive grid From an initial grid. The nedes of the tree
comespond ko the grid elemenis thatl existed at some point
during the mhrement process. The childmen of a pede cor-
respond to the grid elements that were created when the cor-
responding element was refined. The nodes are weighied 1o
reflect the work load associaled with an element. For ex-
ample, using a weight of 1.0 on the leaf elements and 0.0
on the inteticor elements will create partiticns thal have an
cgual number of elemenis From the fnal grid. For predic-
tive load balancing, the enor indicator of the cormesponding
clement i= a good weight for leal elemenis, with 0.0 on the
inferior elements. In the ficst phase of KTK, a tree traver-
sl is performed 1o sum the weighi= below each node. This

requires cne communication sbep o poss partial sums for

the parts of the tree that have been pruned on other poo-
ceszors. In the sceond phase, the partitions are defined by
another tree terversal with no communication. The desined
size of each partition is determined by dividing the summed
welight al the mot node by the number of paditions. During
the tzrversal, the summed weight al the nodes are examined
relative to the sl of the partition under construction, [Tt is
small enough ke be added 0 the parition withoul exceeding
the desired =ize, then it is added and the subbtree i= oot bra-
verzod. (therwise, the children are visited and the subtres
will be split among two or mome paditions. Furher details
cuan be Found in [ 10].

Table 1. Contraction factors for parallel multi-
grid.

Partitions  without exim with exim
-::-vn:r|:r|:l |.11.-|.':r|:||:|
l L5 LS
2 AT LS
4 244 LG
8 215 R
1 240 1]
32 224 BINE]
i 254 BINE]

The second phase is to redistribute the data sccording
io the new pariticns. This uses one communication step
o pass dala From the old owoer of an element 10 the new
Creene

5. Multigrid

The penamllel multigrid algorithm is defined in detail in
[9]. On each processor, it is essentially the sime as the
szcuential multigeid algorithm on eoch processor, with the
addition of two communication steps. Since the full do-
main partiticon provides each processor with o compatible
grid thatl covers the whole domain, the muliigeid algovithm
can be min on exch processor in parallel. Obviously, some
level of communication will be necessary, since the individ-
pal grids de not contain sufficient reclution over the enline
doemain. The key difference belween the sequential and par-
allel versions is the compuiation of the residual injection in
thi right hand side. The parts of the residual dus 10 aodes
that are not in a parlicular processor’s grid cannot be com-
puled by that processor Instead, the processors exchange
peutial residuals when the coorsest grid is reached, i.e., alter
half of a V-cycle. To cach shadow copy of the nodes a pro-
cessor owns, it sends the corment solution valve and part of
the residual due 1o the other nodes that it cwns. The seoond
half of the V-cycle is then pechormed, and solulion values
foor shadeww nodes are exchanged in o socond communica-
lion step.

Because data at the shadow nodes lags slightly behind,
the computation is not identical o the sequential algorithm.
Hewever, numerical experiments with a model Laplace
preblem indicate that the mulligrid e of convergence i=
degimded by an insignificant ameount iF there is sufficient
coverlap al the boundaries of the partitions. Table | shows
the comargence rate of the pardle]l muligeid algerithm for
Laplace™s equation on the wnitl squane discretized by the G-
nite element methed with linew clemenis and a tiangula-



tion of approximately 40550 verlices, The first column is
the number of partifions in the grid (or number of proces-
sors). The second colomn gives the contmction factor (the
factor by which a %-cycle reduces the energy nomm of the er-
ror) for the muliigrid algocithm of [9] with the full domain
parition without exira cverlap, One can see that, while the
contraction Factors are still small, they degrade significantly
as the number of paritions s increased. The thind column
gives the contmclion faclors when cne also guarmntees that
all immediate neighbors of the nodes in the partition ame in-
cluded in the shadow nedes. Hers the mile of comergence
remains nearly consiant as the number of partitions is in-
croased.

6. Mumerical results

The methods described in this FEIpseT Weres imr\-h.'munl-.'-.‘l
in Fortran 90 in the program PHAML (Pamllel Hiemrchi-
cal ."'l.d'.lpli'rn.' Blultilevel). This i= a finile clemenl progrim
using plecewise linear basis functions over tdangular ele-
ments. Adaplive refinement is by newest node bisection [5]
using the hierarchical coefficient ermor indicator. The multi-
grid methed i= based on a hiemrchical basis formulation [G]
Predictive lead balancing is used for the results presented in
this mecticon.

The com pul'.lli--n-: e p-\.'rl-.'-lrrh.'d on a cluster -.'-I'q.'ighl
400 MHz Pentium II based ' PCs connected by 100 BaseT
P

cthernet swilkch and --r\-\:luling under Linux 2.2 16, e

grams were compiled with LaheyFujitsn LFYS 5.5 using -
O [en q.'-plimi..-:uli--n. Mq.':-.*-;ll.'-.' rlu.-'--:ing WS pe rformed with
the 1AM 6.3.1 impl-.'mn.'nl'.lli--n af MPI.

Tor demonstimle the rl;nu||-|.'| ul'l'lciq.'n_':-.' that can be ob-
tmined |'~:-.' the :'F‘F"‘-":"‘-'I" described in this paper, Poisson’s
-|.'|.||.|'.|Ii--n wis salved on the unil SCjUare with the |'i5 ht hand
side and Dirichlel Foundary conditions set such that the ex-
act solution is 2% 4 3*, which has o mild koundary Laver
u|-.'-ng the loaps and riEhI side oof the domain. An q."-::lmph.'
l.'l'id with '.|r\-p|'--ximul|.'|}' AN} werlices is shown in Figun.'

3. The colors indicate the r\:lliili--ning al this l.'lil\.‘l for four

Procossors.

The equation was solved using 1, 2, 4 and 8 processors.
The problem size was scaled with the oumber of processors
s that in all cases the final gid has approsimately &5,000
verlices per processor. Ideally, execotion time would -
main constant as the number of procesors and problem sive
change. The “wall clock” execution times, measuned by
the Fortran 90 intrinsic Y8 TEM CLOCK subroutine, are
l.'i\'q.'n in Table 2. In additicn to the wotal time for the -

"The mention ol specillie produces, inademarks, ar hund mmes i Tor
purpeees of idewilimilon only. Such mention is oot i be inerpreisd inoame
wiy o5 an encoremert of cenblicaiion of such procucts or brands by the
Nuilenal Irstiime al Standands ancd Technokagy. Al rademarks menilonsd
terein belong o dweir nespecilve owmers
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Figure 3. Example grid colored by partition.

Table 2. Execution times (wall clock seconds).

Proc. Refine Load Bal.  Solution  Tolal
1 283 0.0 17.72 2081
2 3.93 315 2035 2710
4 4.30 364 2337 3049
B 5.09 1.14 2619 3558

gram, the lime [or the major phases of the program (refine-
ment, load balancing, and salution) are given. The pamllel
clficiency, defined as the miio of the time on one processor
o the time on muoltiple processors, is given in Table 3 for
the refinement and sslution rh'.l:-.q.':.. and the total g T,
[t may ke observed thal the efficiencies mn between 56%
and 7% [or this example.
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