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1 Introduction

Apn adaptive multlgrid method solwes an elliptie parilal differential equation (PDE)
by beginning with & very eoarse geld amd eyding theough phases of adapiive refine
meent of the geld and multigeld selution of the loear system of equatbons resulting
rom disceetization of the PDE on the adaptive greld. In a parallel adaptive mulil-
grid method, the adaptive reflnemwent phase can cause the load balanee over the
peocessoes to hecome unequal. IT the load 8 teo unbalanced, the grid must be
repartitloned and redistributed Before continulng with the solution phasea.

An lmportant part of a parallel adaptive multigeid method & the method for
determining this partitlon. In thls context, [t must oot only produce equal sbeed
sels to balance the load and minimize cut edges to reduee communieation, but must
also be very fast to not dominate the computation time of fast multlgeld, and must
peoduce similar partitions lor the reflnement of a geid to reduce redisteibution costs,

In this paper we present the HK-way Refinement Tree (RTK) partitboning
merthesd, a8 new method for partitboning gelds that seme created by adaptive refline
meenit. The method uses & welghted teee representation of the reflinement process
that created the grid. A traversal of the teee sums the seights of the nodes. A
second teaversal of the teee places subtrees Into sets o quickly determine egually-

welghted monnected partitions.
The BRTK method was developed as a k-way versbon of the Reflnement Tree
Recursive Blsectlon (RTRB) method [6]. RTRE ks the same a8 RTK except that
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the partitioning phase partitions the greid Inte only two paris, and 8 recwsively
applied untll the desired number of partitions have been generated. The motlvation
for develpplng BTH was the ameunt of communication lnvoelved In RTRB. The
welght summation phase must be performed on each subteee partitioned during the
recurslve hisection, and each of these lnvolves one communieation step. This Is
a total of p— 1 all-to-all communication steps lor RTRBE, which guickly becomes
a hottleneck as p lncreases. In contrast, RTH wses only one communication step
lndependent of jp.

Although deelved Fom BTRE, the RTK method 8 oweey closely pelated to
the Octree Partition method (QCTPART) of Flaherty ot al. [2, 3. The primary
difference hetween RTH and OOCTPART = the gencration of the teee. Usually in
COCTPART, the tree ropresents a geomettic peflnement of a reglon eoverlng the
domain through local subdivision of octants, eather than the reflnement of some
lnitial set of coarse geld clements. Many of the noedes o the octree do not seprescnt
coarser grid elements as In RTK. In most eases this 15 of little consequence, Tt
there may be sltuations where having the correspondonos Lo coarse grid elemeonts is
ugeful. The ramalnder of the (QCTPART method 18 vory slmilar to RTK, with only
a few minor differenoes.

Another elass of related methods are the space filling curve methods [4, 7).
These methods produce a curve that passes through every clement once, and cut
the curve Into segments o deflne the parttions. In BTH, I the childven In the
veflnement troe are properly ofdered then the path passing throwgh the clerments
ardered by a teaversal of the reflnement teee 8 4 space Olling cwrve. This can
be viewsd as & topologleal peneration of a space (lling curve, In contrast to the
traditional algeleale generation.

The multilewvel methods, ke the multibevel diffusion algoeithn of Schloeegel et
al. [8], also use a tree-like approsch to partition grids quickly. These algorithms
conslst of theee phases: coarsening, multilevel diffusion and multilevel pefinemont.
The coarsening phaso merges nodes o the graph to ceeate a multilevel hlerarchy,
analogous to the refinement teee. In the multilevel diffusive phase, nodes are mowved
to neighboelng partitbons to balance the load. The multlleve] meflnement phase
improves the quality of the partitions by reducing the edgecut. These methods are
maoee generally applicable by using an artificial tees, but mequire more soek than a
almple method like RTE.

The rest of the paper 1= organised as follows. Sectlon 2 describes the K-way
Refinement Teee algorithm (RTE). In Section 3, a method ls presented for deter-
naloed the order of the children such that a space (lling curve s generated within
each nitlal element. Section 4 contalns numerleal pesulis to compare RTH with
two other fast partitioning methods, recursive coordinate hisection and a multilevel
diffusive method from ParMETTS.

2 K-way Refinement Tree Partitioning Method

This sectlon desceibes the K-way Reflnement Teee (RTK) algorithm. It beglns with
a definition of the reflnement tree, describes the RTE algorithm, and presents the



Figure 1. Correspondence betureen grid refinemend and the refinement frec.

parallel form of the RTH algerithm.

The refinement troe 5 & representation of the refinement peocesses that pro-
dueed an adaptive grid om an Initial geid, as Mustrated for bisected telangles n
Flgure 1. The nodes of the twee correspond to the geld elements that existed at sone
podat during the pefincment process. The childron of a node coreespond to the grid
elpments that weee croabed when the corresponding elemont was peflned. Leal nodes
correapond to the elements In the Aoal grid. Nodes on the fese level correspond to
the elements of the Initlal coarse grid. The rood I8 an artificial node with the flest
lewe] nodes as ehildron. Alternatively, an artlficlal teee can he constructed above
the Orat level nodes, ultimately terminating with a slngle root.

In KTK, the aedes of the teee are welghted, The welght assigned to a node
should be related to the amount of work assoclated with the corresponding element.,
For example, elements contalning a Dirlchlet boundary may have a amaller welght
than elements [n the Interlor of the domain, The welghts are not Imited to leal
nodes; one may wish to apply welghts to Interbor wodes to, for example, pepresent
the work on a coarse grid of a multigeld solver. In this paper se conslder only the
slmplest welghting scheme In which the leal podes have welght 10 and the Inteclor
nodes have weight (0. This pesulis in a partitioning of the elements of the Anal
grid Into sets that differ In slze by at most one.

BTK consists of two phases. In the frst phase, every nede §8 labeled with
the sumn of the weights In the subieee rooted at that node. This s aceomplished
by & depth st teaversal of the tree, and takes O{N) operatlons whem N s the
number of nodes o the tree. In the second phase, & truncated depth fiest teaveesal
af the tree & performed to create the partitions. The desired slee of each partition
s determined by dividing the summed welght at the oot node by the number of
partitions, and the partitions are inltlallzed to be empty. Durdng the teaversal, the
summed weights at the nodes are escamined relathve to the skee of the partitlon under
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Figure 2. Parfitioning the geid and free inke bwo sels,

construction. I it ls small enough to be addoed to the partitlon without sxeesding
the dealeed slze, then it ls added and the subteee 18 not traversed. Otherwise, the
children are visited and the subiese will bhe split among two or moee partitions.
Figure 2 Mustrates this proeess for & simple geid parttioned nto two parts. Most
of the time the subiree will fit in the curpent partition, so lange portbons of the grid
are assigned 1o & partition at the same tlme. Only when a pariltlon s nearly Tull
will the traversal go deep Into the tree to fnd a small encugh subtree to fl out the
partition. I there ape p partitions and the depth of the tree 5 Clog V), one would
expect the second phase to reguire Ciplog N} operations.,

In a parallel implemencation, the geid s distelbuted over the p processors.
Each promessor contalns a reflnement tree that Includes at least the Indtlal grid and
the part of the grid belonging io this processoe. Parts of the geid belonging to
other processors will have beon pruned om the teee. Thus the summation of the
welghts must be done In a distributed manner. This ean be accomplished with two
tree teaversals and one all-to-all communieation step. In the Orst teee iraversal, the
welghts are summed for nodes that belong to this processer. Leal nodes that are
pruning paints are given the welght 0.0, but otherwise the summation occurs as
usual. The processors then exchange Informatbon to provide the summed welghts
for the pruning podnts, by each processor sending what 1t has as the summed welght
for each node that 1s a pruning point on a different processor. Note that a processor
may recelve contributbons for & prunlng polot from mose than ope proeessor, and



the sum of these ls the correct surmmed welight for that node. New with the summed
welght avallable for the pruning polots, a second teaversal 8 performed to obialn
the coreect summed welghts for the entire tres.

Each processor now has sufflelent Informeatlon to perform the secpnd phase of
the RTE algorithm independently. Without further communleation, all prooessors
will phialn the same partlilon, exeept for details within parts of the grid that the
processor does not have, These detalls are not needed sinee all the procoessor nesds
to koo 18 the new assignment for the elements It currently has so that It can send
those elements to the new ownee during the redistributlon of data.

For a grid with N elements, I each perocessor has (NP elements and
SN ) “shadow™ elements, the expecte] number of opecationg on each processor
Is E N p).

3 Child Order

BTK will partition the grid Into sets that aee as equal-glaed a8 possible lor the glven
welghts, hut one must also eonsider the quality of the partition. In dynamle repag-
titboning, one looks for & peasonably good partition quickly, rather than spendlog a
lot ool tiene gptlmbzing the gquality of the partition. RTH uses a heurlstle approach n
which a reasonably good partitbon ls obtained by keeplng the partition conmected.
It is casily seen that large connected blocks of elements are added to & partitlon at
the same time, sinee the elements ¢orresponding to a subitees ave all the descendents
ol a slngle clerpent. But this alone does not guaranbes connected partitlons. It is
Important to pick the rght order o which to traverse the children of a node to
guarantoe connected partitions. This sectlon preseats one method of determinlng
the ehild order that works with most element types and refinement strategies.

Begin with an ordering of the elements of the Initlal coame geld such that
cach clement 8 connecbed to the element that follows . Within each clersent,
designate one vertex a8 the i vertex, and a different vertex as the oel vertex such
that the oul vertex of an eloment = the same as the i vertes of the next clement.
[Automatically determining such an oedering and designation s currently a pesearch
tople.) Then, for the remainder of the reflnement tree, the child ordor and infout
designation ape determined such that the flest child contalns the i vertex of the
parent, the last child contains the sat vertex of the parent, and the out vertex of
the k% child k= the in veetex of the (k4 1) child. Such an order and designation
can be found provided that the m and ouf vertlees do not lie only In the same child.
(O the common element types and refllnement steategies, the gnly known examples
where they cannot be loumd aee bisecibon of quadsilaterals In 2D and bisection of
hexahedra in 30 A different approach 1o finding the child order would be requived
In these cages.

At worst, the order and designation can be found by exbaustive seacch. Al
though this has exponential complexity n the number of ¢hildren, the number of
children s typleally bounded and very small, wsually two, oue or eight. So this ls
not an nfeasible approach. But for a koown element type and reflnemsent steate-
gy, one can use that konowledge to determine the order and designation a grderd,
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Figure 3. Templale for element order and Infoul designation for bisected
triangles. (o) The peak is nol an Infout perter. [5) The peak is one of the Infout
teriices.

and deflne templates to quickly make the asslgnmeonts. The templates for hisected
irlangles and quadrizected guadreilaterals ave shown in Figures 3 and 4. Templates
have also been found for quadrisecied triangles (aka. regular or red refinement],
bisected tetrahedra, octasected teteahedra, and octaseeied hexahedra.

4 Numerical Results

Numerical experlments weee performed to compare RTE with Recusive Coordinate
Bisection (RCE) and & musltilevel diffusive method n torms of esecutbon time and
the quality of the partitions. These experiments were perlormed using PHAML, a
paralle]l adaptive multigeid program [or solving elliptic PDEs. PHAML Is weltten
ln Fortran 90 and uses MPT for message passing. Adaptlve pefinement & by newest
nosdie hisectlon of triangles.

BTK was Implemented as part of PHAML. RCE was Implemented In verslon
L1 of Zoltan (1], & C language Hheary for dynamie load balancing. The multilevel
diffusive method was obtalned from vorslon 2.0 of the ParMETIS library (5], a C
language library that 8 curvently the most widely used parallel library for geaph
partitioning. The method wsed rom ParbETIS s RepartLDiffusion, with Partk-
wiy for the flest partition, and PardMETIS was accessed through Zoltan.

The computations weee performed on a cluster of elght 400 MHz Peatium IT
hased ' POs connected by 100 BaseT ethernct switch and opeeating under Linux

YThe mention of spediiic products, irademarks, or brand names is for purposes of ldemtificailan
only. Such mestlon s nod te be Interpreted n amy wiy as an endorsemesd or certification of
sweh producis or brands by the MNadonal Instlcute of Standards and Technology., Al trademarks

mentboned herein belong to thelr respoctlve owners.
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Figure d. Template for senent order and Infout desigation for quade-
sected quadrilaterale. (o) The Infoul verlices are adjacent. (b)) The Infout verlices

are gppesile.

2216, Programs were complled with Lahey (Fujitaw LEF9S 5.5 or eges 29166 us-
Ing “0F for optimization. Message passlng was performed with the LAM 6.3.1
Implementatbon of MIFL

Laplace’s equation was solved on the unit square with Diclehlet boundary eon-
ditipng. O thees sldes the boundary eondition 8 homogeneous. On the top it s
phecewise linear and eontlnuoes, golng from 000 at (01D to LO at (L7040 1o
0.k at (LUK, The singularity focuses the reflnement to be mear (007,105, The
program beglng with a grid contalning two triangles (with an artiflclal root added
i the reflinement tree) and cycles theough four phases: 1) refine (o approximately
double the pumber of tdangles, 2] repartitbon the geid, 3) redistribute the data, 4)
salve the linear system using two multlgeld V-eyeles, To avold extraneous commn-
nbeatkon, the progeam i85 run oo one proeessor without partitboning until the grid has
LED vertices. The program terminates when these are approximately G4,000 wer-
thoes (128.00H) triangles). This glves seven applications of geid partitioning, when
the number of vertices & appeoximately 1000, JHEE, 4000, ... G40 Runs were
meade using fmom two 1o elght processors, with the number of partitions equal 1o
the ke of processors. Figure § shows an example grid with approsimately L0
vertlees and the four-set partition preduced by cach of the three methods,

Table | sleows the execution time of the partiioning algorithms. This s “wall
clock™ tlme and Ineludes all of the tlme spent by the partitoner during the o,
including communication. It & easlly seon that RTH Is slightly faster than RCB and
two to thees thoes [aster than ParMETIS. It may be noted that the tioee does oot
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Figure 5. f(a) Sample grid, and partifions for fouwr processors from [0)
RTH, {¢) RCB, and {d} ParMETIS.

decrease like COF N[ p) as expected from the gperation count in Section 2. This is due
top the tlose spent in communication. Table 2 shows the breakdewn of the thoe Loe
RTK lnto computation and communication. Here it s seen that the computation
time decreases ke 0N p) and the communication tlose Increases ke £ log o).

Takbles 3 and 4 show measuees of the quality of the partitbons. Table 3 shows
the number of cut edges In the fnal grid. A eut edge cormesponds 1o a triangle side
that s shaved by triangles In different partitbons. The number of cut edges peflects
thee volumee of dats that must be communieated during the solutlon peocess. Talile 4
shows the wall elock executlon time for migration of data after repartitioning. This
Is a measure of bow slmilar the new partitions ave to the old partitions, In the sense
of how much data must be moved between processors to create the new partitions,
These resulis show no slgniflcant difference hetween the methods In terms of guality
aof partithan.



Table 1. Time for parlition [sec. .

Processors RTH  ROB Meds

2 119 D4 245
N Doz 1.99
074 D48 1.85
0T nTz 1.84
NGEr 0Tl 1.84
N6y DBh 1.4
N6 Dar 204

| =1 & o

Table 2. Breakdoun af time for RTH.

Processors  Computation  Communbeation
2 L.16G 003
3 .74 005
4 T 010
1] 451 010
i 049 014
T 044 016
B 045 .19

5 Summary

This paper Introduced the K-way Refllnement Tree partitioning method for grids
that were created by adaptive reflncment. It was orlglnally desived Teom the Becur-
slve Bleection Reflnement Teee partitioning method, but ls also closaly related to the
QCTREE method and gpace (lling curve methods. RTH uses & wee represcntation
ol the reflnement process with welghts representlng the amount of work assoclated
with each element. When executed In paralle] on p processors, the expecied number
of operations for partitloning Into g sets s (N /p) with ooly one communlcation
step. A method was presented for determining the child order for most common
elpment tvpes and reflnoment. stragegies. A numerical example was presented In
which BTK Is two to three tlmes faster than a muolillevel diffusive method from
ParMETIS, and slightly [aster than recursive coordinate bisection, while producing
partitions of similar quality.



Table 3. Number of cul edges,

Procesagrs BTK RCB Meils
639 0 207
4491 Lt 414
242 T2 713
247 B4 a72
1120 108s 1n1g
1204 1212 1145
133 L1300 1337

- S & & 9 bl

Table 4. Time for dafe migralion. (gec ).

Processams HTK RCB Meils
064 076 DGR
08 0B85 D56
042 139 05
0hE 050 D4R
030 045 D42
0.Aa5 Gl D4db
045 Gs  0.arv
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