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Abstract

The results from an interlaboratory evaluation are said to be statistically consistent if they fit a
normal (Gaussian) consistency model which postulates that the results have the same unknown
expected value and stated variances—covariances. A modern method for checking the fit of a
statistical model to the data is posterior predictive checking, which is a Bayesian adaptation of
classical hypothesis testing. In this paper we propose the use of posterior predictive checking
to check the fit of the normal consistency model to interlaboratory results. If the model fits
reasonably then the results may be regarded as statistically consistent. The principle of
posterior predictive checking is that the realized results should look plausible under a posterior
predictive distribution. A posterior predictive distribution is the conditional distribution of
potential results, given the realized results, which could be obtained in contemplated
replications of the interlaboratory evaluation under the statistical model. A systematic
discrepancy between potential results obtained from the posterior predictive distribution and
the realized results indicates a potential failing of the model. One can investigate any number
of potential discrepancies between the model and the results. We discuss an overall measure of
discrepancy for checking the consistency of a set of interlaboratory results. We also discuss
two sets of unilateral and bilateral measures of discrepancy. A unilateral discrepancy measure
checks whether the result of a particular laboratory agrees with the statistical consistency
model. A bilateral discrepancy measure checks whether the results of a particular pair of
laboratories agree with each other. The degree of agreement is quantified by the Bayesian
posterior predictive p-value. The unilateral and bilateral measures of discrepancy and their
posterior predictive p-values discussed in this paper apply to both correlated and independent
interlaboratory results. We suggest that the posterior predicative p-values may be used to
assess unilateral and bilateral degrees of agreement in International Committee of Weights and
Measures (CIPM) key comparisons.

1. Introduction

A question that is often asked about the results from an
interlaboratory evaluation is whether they are statistically
consistent. Indeed some interlaboratory evaluations are
conducted for the primary purpose of determining whether
statistically consistent results can be obtained. The summary
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data from an interlaboratory evaluation consists of n paired
results and standard uncertainties [x, u(x1)], ..., [x,, u(x,)].
The results xq, ..., x, need not be the measured values of the
same measurand; however, they are deemed to be suitable for
comparison, otherwise a check of their consistency would be
meaningless. The uncertainties u(x;), ..., u(x,) are assumed
to be non-zero and they may be unequal. The traditional
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concept of statistical consistency motivated by the Birge test[1]
is based on regarding the results xi, ..., x, as realizations
of random variables with sampling probability distributions
with unknown expected values. To apply the Birge test, the
standard uncertainties u(x;), ..., u(x,) are regarded as the
known standard deviations of those sampling distributions.
A test of statistical consistency checks whether the expected
values of the sampling probability distributions of the results
may be regarded as approximately equal.

1.1. The Birge test of consistency

The Birge test [1, 2] is based on the following three
assumptions: (i) The results xi,...,x, may be regarded
as realizations of random variables, also denoted by

X1, ..., Xy, with sampling probability density functions (pdfs)
of unknown expected values. (ii) The standard uncertainties
u(xy),...,u(x,) may be regarded as the known standard

deviations of the pdfs of xy, ..., x,, respectively. (iii) The
sampling pdfs of x,...,x, may be regarded as normal
(Gaussian) and mutually independent. The following test
statistic, called the Birge test statistic is calculated from the

data [xy, u(x)]1, ..., [x., u(xy)]:
R2=Zw,-(x,-—xw)2/(n—1), (D
i=1
where w; = 1/u’(x;)) for i = 1,2,...,n, and

xw =y ;wix;/ Y ; w; is the weighted mean of the results
X1, ...,X,. If the expected values E(x;),..., E(x,) of
the results are all equal to some unknown value u, then the
expected value of the test statistic R? is one*. Thus if the
calculated (realized) value of R? is substantially larger than
one or equivalently the calculated value of (n — 1) R? =
Zi w; (x; — xw)? is substantially larger than (n — 1), then the
results x, ..., x, are declared to be inconsistent.

To quantify the largeness of a calculated value of (n — 1)
R?, a statistical approach is needed. Suppose the calculated
value of R? is R3. Now suppose that x2[1 — «] is the 100
(1 — a)th percentile of the chi-square probability distribution,
x2, with degrees of freedom v; that is, Pr{x? < x2
[1—al}=1—a, for 0 < ¢ < 1. A traditional value of
« is 0.05, which corresponds to the 95th percentile X3[0.95].
The calculated value (n — 1) RS is compared with the 95th
percentile X(zn_l)[O.95] of the chi-square distribution X(zn_l)
with degrees of freedom (n — 1). The 95th percentile
X(Z,Fl)[O.95] is substantially larger than (n — 1); therefore,
if (n — 1) Ré is larger than X(zn_l)[O.95] then it would be
substantially larger than (n — 1). Suppose the calculated
value (n — 1) Rj is larger than x}_,[0.95]; that is, the
event {(n — 1)R(2) > X(zn_l)[O.95]} occurs. Then the results
X1, ..., X, aredeclared to be statistically inconsistent with 95%
confidence. Statistical inconsistency implies that the expected
values E(x;), ..., E(x,) of the results may not be regarded as
equal.

4 This particular statement does not require that the forms of the sampling

distributions of xi, ..., X, be normal. However, the normal distribution is
required to make a probabilistic statement about statistical consistency.
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1.2. Statistical consistency defined as not excessive
dispersion in the results

We had previously used in [3] the following definition of
statistical consistency: the results xj,...,x, are said to
be statistically consistent, relative to their stated variances
u*(xy), ..., u*(x,) and covariances u (x; x2), . . ., u(Xy_1, Xp),
if their dispersion is not greater than what can be
expected from a normal statistical consistency model which
postulates that xj,...,x, have a joint n-variate normal
sampling pdf with a common unknown expected value pu,
known variances u>(x;), ..., u>(x,), and known covariances
u(xy x2), ..., u(x,—1, x,). In the Birge test of consistency, all
covariances are assumed to be zero.

In matrix form, the normal consistency model postulates
that the random vector x = (x1,...,x,)' has an n-variate
normal distribution, N (1, D), with expected value 1 and
variance—covariance matrix (dispersion matrix) D, where
1=(1,..., D" the variances u2(x), . . ., u>(x,) are diagonal
elements of D, and the covariances u(x x2), ..., u(x,—1, Xn)
are off-diagonal elements of D. The superscript t in the
definitions of x = (xy,...,x,) and 1 = (1, ..., 1) indicates
transpose of a vector or of a matrix. We can express the normal
consistency model as the linear statistical model”:

x=1u+e, where e ~ N (0, D). 2)
By the relational symbol ~ used in (2) we mean that the
random vector ¢ = (eq,...,e,)" has the joint n-variate
normal probability distribution N (0, D). Using the notation
u(x;, x;) = u’(x;) fori = 1,2,...,n, we can express the
variance—covariance matrix D as [u(x;, x;)]. In the linear
statistical model (2), the dispersion matrix D is assumed to be
known and positive definite [3]. In terms of the model (2), we
had previously used in [3] the following definition of statistical
consistency.

Definition 1. The results x = (x1,...,x,)! are said to
be statistically consistent relative to the variance—covariance
matrix D = [u(x;, x;)], if their dispersion is not greater than
what can be expected from the normal consistency model (2).

1.3. Statistical interpretation of the Birge test and its
generalized version

Reference [3] interprets the Birge test of consistency as a
classical test of the null hypothesis Hy that the variances of
the sampling pdfs of the results xy, ..., x, are less than or
equal to their stated values u?(x;),...,u>(x,) against the
alternative hypothesis H; that the variances of the sampling
pdfs of xi,...,x, are greater than u’(x,),...,u(x,). A
modern statistical protocol for hypothesis testing is to calculate
the classical p-value. The classical p-value is the maximum
probability under the null hypothesis Hy of realizing in
conceptual replications of the interlaboratory evaluation a

3 Statisticians often express a general linear statistical model asy = X3 + e,

wheree ~ N (0, IZE). The model (2) is a special case in whichX =1, 3 = p,
S =Dandt?=1.
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value of the test statistic R? that is equal to or larger than
its realized (observed, calculated) value. The null hypothesis
Hy is rejected when the p-value is too small. Reference [3]
gives an expression for the classical p-value of the calculated
Birge test statistic Rg. Then it is shown in [3] that the classical
p-value of the Birge test statistic R? is equal to the Bayesian
posterior probability corresponding to the null hypothesis
of statistical consistency based on non-informative improper
prior distributions for the unknown statistical parameters.

Occasionally the interlaboratory results are correlated and
it is necessary to check for their consistency. Reference [3]
presents a general test of consistency for both uncorrelated
and correlated results, of which the Birge test is a special case.
Then it is shown in [3] that the classical p-value of the general
test statistic is equal to the Bayesian posterior probability
of the null hypothesis based on using non-informative prior
distributions. The general test makes it possible to check
the consistency of correlated results from interlaboratory
evaluations.

1.4. Statistical consistency defined as fitting the normal
(Gaussian) consistency model

In this paper we propose an improved definition of statistical
consistency in interlaboratory results than the definition used
earlier in [3]. Suppose the expected values E (x), ..., E(x,)
are unequal; that is, the differences between them are of
practical importance. If the variances u?(x1), ..., u>(x,) were
stated to be too large and consequently the calculated value
of the Birge test statistic R(Z) were sufficiently small, then the
results xi, ..., x, would appear to be statistically consistent.
This apparent statistical consistency would be an artefact of
stating the variances u”(x;), ..., u%(x,) to be too large. Thus,
if a metrologist overstates the uncertainties then he (she) may
mask inequality of the expected values E (x1), ..., E(x,); that
is, wrongly declare the results with unequal expected values to
be consistent.

A review of the Birge test in [2] notes that if the
value of R(Z) is substantially less than one®, then the stated
variances u”(xy), . . ., u>(x,) may well be too large. To prevent
unreal pronouncements of statistical consistency arising from
excessively overstating the variances, in this paper we use the
following definition of consistency.

Definition 2. The results x = (xi,...,x,)" are said to
be statistically consistent relative to the variance—covariance
matrix D = [u(x;, x;)], if the normal consistency model (2),
reasonably fits the results xq, ..., x,.

A modern Bayesian method for checking the fit of a
statistical model to the data is posterior predictive checking
[4, chapter 6]. In this paper we use posterior predictive
checking to check the fit of the normal consistency model (2)
to the results x = (xq, ..., x,)". If the model (2) reasonably
fits, then the results x, . . ., x, may be regarded as statistically
consistent.

6 If the value Ré is substantially larger than one, then either the

expected values E(xi),..., E(x,) are not equal or the stated variances
u?(x1), ..., u(x,) are too small.
514

1.5. Bayesian posterior predictive checking of the fit of
statistical consistency model

Concept of posterior predictive checking. The concept of
posterior predictive checking of the fit of a statistical model
to the realized data is a Bayesian adaptation of the classical
(frequentist sampling) method of hypothesis testing [4]. A
statistical model is a description of the sampling probability
distribution attributed to the data; it describes the probabilities
of obtaining various data values conditional on the values of
certain parameters in contemplated replications of the data
generation process. The aim in classical hypothesis testing
is to assess whether the unknown values of the parameters
of a sampling distribution belong to a set specified by the
null hypothesis. A suitable test statistic is determined. A
test statistic is a criterion to check the discrepancy between
the realized data and the other data which might be obtained
under the set of parameter values specified by the null
hypothesis.  The classical p-value of a test statistic is
the maximum probability of obtaining a value of the test
statistic more extreme than its realized value in contemplated
replications according to the sampling distributions under the
null hypothesis. A small classical p-value indicates that
the realized data have low probability of occurrence under
the sampling distributions specified by the null hypothesis.
Therefore if the classical p-value is too small then the null
hypothesis is rejected.

All Bayesian statistical inferences are conditional on the
realized data. A posterior predictive distribution is like a
sampling distribution of the data except that it is conditioned
on the realized results rather than conditioned on unknown
or hypothesized values of certain statistical parameters. A
posterior predictive distribution of potential data is the integral
of the sampling distribution with respect to the Bayesian
posterior distributions of the parameters conditioned on the
realized data. A discrepancy measure is a measure of the
discrepancy between the statistical model and the data. It plays
the same role in Bayesian posterior predictive model checking
that a test statistic plays in classical hypothesis testing.
The posterior predictive p-value of a discrepancy measure
is the probability of obtaining a value of the discrepancy
measure more extreme than its realized value in contemplated
replications according to the posterior predictive distribution
conditioned on the realized data. An extreme posterior
predictive p-value (one which is close to O or close to 1)
indicates that the realized data have a low probability of
occurring under the postulated statistical model. That is, the
statistical model does not appear to fit the realized data.

In this section we discuss application of the concept of
posterior predictive checking to assess the fit of the statistical
consistency model (2) to the results x = (xq,...,x,)". Let
x™ = (x;*P, ..., x,")! represent potential results that could be
obtained in a contemplated replication of the interlaboratory
evaluation under the normal consistency model (2). The
sampling distributions of x™P and x, conditional on the
unknown parameter p, are identical; that is, x ~ N(1u, D)
as well as x™ ~ N(1u, D). The values of the parameters
w and D = [u(x;, x;)] remain unchanged in contemplated
replications. The state of knowledge concerning the
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unknown value of u is described by the Bayesian posterior
probability distribution of ¢ conditional on the realized results
x = (x1,...,x,)". When there is no a priori knowledge
about the value of u, a non-informative improper prior
distribution is used to determine the posterior distribution of 1
conditional on x.

Posterior predictive distribution of the potential results. The
posterior predictive distribution of x™P is the conditional
distribution of x™P given the realized results x = (x1, ..., x,)".
Let f (x™P|) be the sampling pdf of x™P conditional on the
unknown parameter p postulated by the normal consistency
model (2). Now suppose, p(u|x) is the posterior pdf of u
given the realized results x, then the posterior predictive pdf of
x™P given x, p(x"P|x), is the integral

P Plx) = / f &Pl p(ulx) du. (3)
The posterior predictive pdf p(x™P|x) is the average of the
conditional pdfs f(x"P|w) of x™P over the posterior distribution
of w. It is the prediction of the potential results x*P that could
be obtained in contemplated replications of the interlaboratory
evaluation under the normal consistency model (2) conditioned
on the realized results x.

If the statistical model (2) fits, then the replicated results
x™P obtained from this model should look similar to the
realized results x [4, section 6.3]. Another way of saying
this is that the realized results x = (xi,...,x,)"! should
look plausible under the posterior predictive pdf p(x™P|x). A
systematic discrepancy between the results x™P obtained from
the posterior predictive pdf and the realized results x indicates
a failing of the statistical model (2).

Discrepancy measures. A discrepancy measure T(x™P) is a
measure of the discrepancy that one wishes to check between
the statistical model and the data [4, section 6.3]. Unlike
a classical test statistic which depends only on the data,
a Bayesian discrepancy measure may depend in addition
to the data on the model parameters under their posterior
distribution. Since, in model (2) there is only one unknown
parameter; therefore, the discrepancy measures depend only
on the data, such as classical test statistics. We will discuss
several discrepancy measures for checking the fit of statistical
consistency model (2) to the results x.

Posterior predictive p-values of discrepancy measures. The
Bayesian posterior predictive p-value, pp, of a realized value
T(x) of the discrepancy measure T(x™P) is the probability
of realizing in contemplated replications a value of the
discrepancy measure T(x™P) more extreme than its realized
value T(x); that is,

pp = Pr{T (x"P) > T (x)|x}, “4)

where the probability is defined with respect to the posterior
predictive distribution of x™P conditioned on the realized
results x. The statistical model (2) is suspect if the posterior
predictive p-value pp of a discrepancy measure T(x) is extreme
(that is, close to 0 or close to 1), thereby indicating that the
realized results x are not very likely to be seen in contemplated
replications if the statistical model (2) were true.
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1.6. Outline

In section 2, we discuss an overall measure of discrepancy
for checking the statistical consistency of interlaboratory
results. Then we determine the posterior predictive p-value
of obtaining a value of the overall discrepancy measure more
extreme than its realized value. In section 3, we discuss two
sets of unilateral and bilateral measures of discrepancy. A
unilateral discrepancy measure checks whether the result from
a particular laboratory agrees with the statistical consistency
model. A bilateral discrepancy measure checks whether the
results from a particular pair of laboratories agree with each
other. Then we determine the posterior predictive p-values
of obtaining values of unilateral and bilateral discrepancy
measures more extreme than their realized values. A p-value
close to zero or close to one suggests discrepancy. In section 4,
we illustrate the calculation of posterior predicative p-values
of discrepancy measures. In section 5, we suggest that the
posterior predicative p-values may be used to assess the
degrees of agreement in the results from an International
Committee of Weights and Measures (CIPM) key comparison.
A brief summary appears in section 6.

2. Overall measure of discrepancy for checking
consistency

The normal consistency model (2) postulates that the sampling
pdf f(x|w) of x given p is

fxlp) = @r)™"|D|~1?

x exp{—z (¢ = 1L1)'D™ (x — 1)} )

We will determine a Bayesian posterior pdf p(u|x) for the
unknown parameter u in (5) using a non-informative improper
prior distribution for w. Then we will use the integral (3) to
determine the posterior predictive pdf p(x™P|x) of x™P given
x. We will introduce an overall discrepancy measure T, (x™P)
for checking the fit of the normal consistency model (2) to the
realized resultsx = (x, ..., x,)". Itturns out that the posterior
predictive pdf of the overall discrepancy measure T (x"P) has
a simple and well-known form. Thus, the posterior predictive
p-value, pp, of the realized value of the overall discrepancy
measure T.(x) can be analytically determined.

2.1. Bayesian posterior distribution of the common expected
value

The generalized least squares estimate (GLSE) m of the single
unknown parameter 1 in (5) is that value m for which the
quadratic form (x — 1)'D™! (x — 1) is minimum. The
GLSE m has the following properties, which are special
cases (corresponding to 72 = 1) of the properties derived in
[3, appendices B and E]:

(i) The GLSE estimate’ m of w in (5) is m = B'x where
B'=1'D~'1n'1'D~!.

7 The minimization of the quadratic form (x — 1) D~ (x — 1) in (5)

is equivalent to maximization of the pdf f(x|uw) interpreted as a likelihood

function of . Therefore, m = B'x is both the GLSE and the maximum
likelihood estimate (MLE) of 1.
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(i) The sampling distribution of m = B'x is normal with
expected value E(m) = p and variance V(m) =
ap-'p-t.

(iii) The quadratic form (x — lu)‘D’1 (x —1p) in (5) can be
parsed as

@ —10)'D7 = 1)

(m — p)?

=(x— lm)thl(x — lm) + W

(6)
This expression shows that the minimum value® of the
quadratic form (x — 1)'D~! (x — 1) is (x — 1m)'D~!
(x — 1m).

(iv) The sampling distribution of the minimum quadratic form
(x—1m)'D~' (x —1m) is the chi-square distribution X(zn_l)
with degrees of freedom (n — 1).

(v) The sampling distributions of m and (x—1m)'D~" (x—1m)
are independent.

The estimate m is the minimum variance unbiased estimate
of u in the sense that it is unbiased, that is E(m) = u, and
it has the smallest variance among all unbiased estimates of
w [5, section 5a.2]. Thus it is a statistically optimum estimate
of the parameter 1 in model (2).

As discussed in appendix A, the Bayesian posterior
distribution of u given x, based on using a well-known
non-informative improper prior distribution p(u) for pu,
is normal, N(m,(1'D~'1)~"), with expected value m =
B' x = 1'D~'1)~'1'D~'x and variance (1'D~'1)~! having
the pdf

p(ulx) = @m) *[A'D ')~/

1 (u—m)? }

211! @

xexp{—

2.2. Posterior predictive distribution of the results

The sampling pdf f(x™P|u) of x™P conditional on the unknown
parameter yu postulated by the normal consistency model (2) is

f@Plp) = @m)™D| 712
®)

As discussed in appendix B, the posterior predictive
distribution of x™P conditional on the given results x
determined from the integral (3) is the n-variate normal
distribution with the pdf

p&™Plx) = 2m) "2|V|712

x exp{—3 (@' — 1)’ D~ (x™P — 1p)}.

®

having the expected value Ex™lx) = 1B%x =
1A'D'1)"'"1'D~'x and the variance—covariance matrix
Vx™x) = V = D+ 1(1'D~'1)~ 1. Since the results x
are known, both parameters, expected value and variance, of
the posterior predictive pdf p(x™P|x) are known.

x exp{—3 (" — 1B'x)V"' (x"? — 1B'x)},

8 The minimum quadratic form (x — 1m)'D~'(x — 1m) is the residual sum
of squares for the model (2) [5, table 4.a.7, column 4].
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2.3. Overall measure of discrepancy and its posterior
predictive p-value

A generic measure of discrepancy between the model (2)
and the results x™P (motivated by generalized least squares
theory [5]) is the quadratic form (x™P—1)' D~ (x™P—1p),
which depends on the unknown parameter p. Therefore
we use its minimum value (x™P—1m™P)' D! (x™P—1m"P) as
an overall measure of discrepancy, T.(x"P), where m™P =
B! x and B' = (1'D~'1)~'1'D7' [3, section 2]; thus,
Te(x™P) = (x™P—1m"P) D! (x*P—1m"P). The realized value
of the overall discrepancy measure T.(x"™P), calculated from
the results x, is T.(x) = (x — 1m)'D~'(x — 1m), where
m=Bx=1'D""1)"'1'D " 'x.

We show in appendix C that the posterior predictive
distribution of the overall discrepancy measure T (x™P)
conditional on the realized results x is the chi-square
distribution X(znq ) with degrees of freedom (n—1). In symbols,

(T P)x) ~ Xy (10)
Therefore the posterior predictive p-value pp of T(x) is
pp =Pr{T. () > T.(x)|x} =Pr{x;,_,, > T.(®)}. (11

Thus, to check the fit of model (2) to the results x, we calculate
the overall discrepancy measure T.(x) = (x — 1m)'D™!
(x — 1m) where m = B'x = (1'D7'1)"'1'D~'x. Then
we determine the posterior predictive p-value of T.(x) from
the expression (11). A posterior predictive p-value pp that
is extreme (close to O or 1) indicates that the statistical
consistency model (2) does not fit the results x; that is, the
results may not be regarded as statistically consistent.

A posterior predictive p-value close to 0 (say, less
than 0.05) indicates that either the expected values
E(xy),..., E(x,) are not equal or the stated variances
u(xy), ..., u%(x,) are too small. If the stated variances are
believed to be reliable then one may conclude that the expected
values E(xy), ..., E(x,) appear to be unequal. A posterior
predictive p-value close to 1 (say, greater than 0.95) indicates
that the stated variances u2(x,), ..., u>(x,) may be too large;
thus, they are not a reliable basis for assessing the equality
of the expected values E(x;),..., E(x,). Thus a posterior
predictive p-value that is close to 0 or close to 1 indicates that
the resultsx = (xp, ..., x,)' may not be regarded as consistent.

2.4. Birge test of consistency for independent results

If the results xi, ..., x, are mutually independent then the

covariances u(xy x2), ..., u(x,—_1,x,) are all zero. Thus
the variance—covariance matrix D reduces to the diagonal
matrix D = Diag[u®(x)), ..., u*(x,)] with inverse D! =
Diag[wy, ..., w,], where w; = 1/u*(x;) fori =1,2,...,n.

Thus, 1'D7'1 = Y, w;, AD'D! = 1/Y, w;, and
1D 'x =x'D7'"1 =Y, wix;, and ¥'D~'x = Y, w;x?. The
GLSE of u reduces tom = B'x = (1'D~'1)"'1'D"'x =
> wix;/ D wi = xw, the weighted mean. Consequently, the
sampling distribution of m = xy is normal with expected value
p and variance V(xw) = (I'D7'D)7! = 1/Y, w;. We will
use the symbol u? (xw) for the variance V (xw) = 1/ > w;of
the weighted mean xw.

Metrologia, 45 (2008) 512-523
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When the results are independent, the quadratic form
x—1)'D" (x—1p)reducesto Y, (xi—)*/u(x;) = 3, w;
(x; — )% with minimum value (x —1m)' D~ (x—1m) = >ow;
(x; — xw)? = (n — 1)R?. Thus, the sampling distribution of
dowi (g — xw)? = (n — 1)R? is the X(Zn_l) distribution.
Also, the sampling distributions of xw and (n — 1) R? are
independent [3, appendix B].

If the results xy, ..., x, are mutually independent, then
the posterior pdf p(u|x) given in (7) reduces to

2

p(ulx) = @)~ 2lu’ (ew) ™2 exp { —1M} :
2 ul(xw)

(12)

Further, the posterior predictive distribution p(x™P|x) of x™P
conditional on the results x given in (9) reduces to an n-variate
normal distribution, N (1xw, D+u> (xw)11"), with the expected
value E(*Plx) = 1(I'D~'D""1'D"'x = 1xw and the
variance—covariance matrix V (x*P|x) = D+1(1'D~'1)~'1' =
D + u?(xw)11", where D = Diag[u?(x)), ..., u*(x,)].

The overall discrepancy measure introduced in section 2.3
reduces to T.(x™P) = >, w; (x[rep - xéf,p)z, where x{f,p =
> w,-x;ep /Y_; w; [3, appendix B]. The realized value of this
discrepancy measureis Tc(x) = D, w; (x; —xw)? = (m—DRZ,
where Ré is the realized (calculated) value of the Birge test
statistic (1). The posterior predictive distribution of the overall
discrepancy measure T.(x"™P) = Y . w; (xl.rep — )c\r,f,p)2 is the
chi-square distribution X(zn_]) with degrees of freedom (n — 1)
(section 2.3). The posterior predictive p-value of the realized
discrepancy measure T(x) = Y, w; (x; —xw)l=m— l)Rg is

pe ="Prix;_;, = (n — DRG}. (13)
As discussed in [3, appendix D], the event {(n — 1)R§ >
X(Zn_l)[O.95]} is equivalent to the event that pp = Pr{X(Zn_l) >
(n—1) RS} < 0.05. Thus a comparison of the posterior
predictive p-value pp relative to 0.05 is equivalent to the Birge
test of consistency discussed in section 1.1.

3. Unilateral and bilateral measures of discrepancy
for individual laboratories

A great advantage of the posterior predictive checking is that
there is no limit on the number of potential discrepancies
between the statistical model and the data that may be
investigated. For example, one may investigate whether the
result from a particular laboratory agrees with the statistical
consistency model (2) and whether the results from a particular
pair of laboratories agree with each other [10]. The result
x; from the laboratory labelled i agrees with the statistical
model (2) if the difference between x; and the prediction of
x; based on the model is not too large in view of the stated
variance of the difference, fori = 1, 2, ..., n. The results x;
and x; from the laboratories labelled i and j agree with each
other if their difference is not too large in view of the stated
variance of the difference, fori, j = 1,2,...,nand i # j.
In this section we introduce two sets of unilateral and bilateral
discrepancy measures which are suitable for investigating such
discrepancies.
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A basic statistical measure of discrepancy between a
statistical model and the data is the vector of residuals which
are differences between the data and their predicted values
determined by replacing the unknown statistical parameters in
the model by their estimates [11, chapter 3]. If all residuals
are zero, the model fits the data perfectly. If the residuals
show a random pattern, then the model may be useful for
statistical prediction. On the other hand, a systematic pattern
in the residuals indicates inadequacies of the model in fitting
the data. The unilateral and bilateral discrepancy measures
discussed below are linear functions of the residuals.

We will determine the residuals and their posterior
predictive distributions. Then we will discuss the discrepancy
measures. A statistically optimum estimate of the parameter p
in the model (2) is m™ = (1'D~'1) "' 1'D~'x"™P (section 2.1).
The corresponding prediction of the potential result x; © is m™P,
fori = 1,2,...,n. The difference r;(x"P) = x;T — m™P
between the result )cir ? and its prediction m™P is the residual,
fori = 1,2, ..., n. Theresidual r; (x™P) indicates discrepancy
of the result x;” from the model (2). The n residuals
r; (x*P) form the vector r(x™P) = (r;(x™P), ..., r,(x"P))! =
P = m™, L x, T — m™P)! with realized value r(x) =
x—1m) = (@), ....,r,x)' = (xy —m,...,x, —m),
where m = (1'D~'1)~'1'D~ .

As discussed in appendix D, the posterior predictive
distribution p(r(x™P)|x) of the vector r(x™P) of residuals is
the n-variate normal distribution, N(0, D — 1(1'D~'1)"'1Y),
with expected value E(r(x*P)lx) = 0 and variance—
covariance matrix V (r(x"P)|x) = D — 1(1'D~'1)"'1". Since
A'D~'1D)~! = V(m) (section 2.1); therefore, V (r(x™P)|x) =
D — V(im)11' = [u(x;,x;) — V(m)]. Thus, V(r@x™P)|x)
is a matrix whose ijth element is u(x;,x;) — V(m). It
follows that the covariance of r; (x"P) and r; (x"P) is C (r; (x"P),
ri(x*P)x) = C()cirep — m™P, x;ep —m™Px) = u(x;, x;) —
V(m), and the variance of r;(x™P) is V(r;(x™P)|x) =
V(xl-rep —m™|x) = u*(x;) — V(m) for i,j=12,...,n. In
symbols,

par&x™®)|x) ~ N(O, [u(x;, x;) — V(m)]), (14)

where u(x;, x;) — V(m) is the ijth element of the variance—
covariance matrix V (r(x™P)|x) and V(m) = (1'D~'1)~! for
i,j=12,...,n.

3.1. Unilateral discrepancy measures

As a unilateral measure of discrepancy, denoted by T;(x"P),
between the result x; from the laboratory labelled i and
the statistical consistency model (2), we can use the residual
ri(x™P); that is, T;(x™P) = r,(x*P) = xirep — m™P,
for i =1,2,...,n. From (14), the posterior predictive
distribution, p(T;(x™P)|x), of T;(x™P) conditional on the
realized results x is normal, N (0, u*(x;) — V(m)), with

expected value 0 and variance u?(x;) — V (m); that is,
p(Ti(x"™)|x) ~ N (0, u?(x;) — V(m)). (15)

Thus the posterior predictive distribution of the ratio
T; (x*P)/+/(u%(x;) — V (m)) conditional on x is the standard
normal distribution with expected value 0 and variance 1.
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The realized value of T; (x™P) is T; (x) = r; (x) = (x; —m),
fori =1,2,...,n. The posterior predictive p-value pp of the
realized discrepancy measure T;(x) = (x; — m) is

pp = Pr{T;(x"?) > T;(x)|x}

{ (x; —m) }
=Pr{Z> — 1,
Vur(x;) = V(m)
where Z is a variable that has the standard normal distribution
with expected value 0 and variance 1. If the results x, ..., x,
are mutually independent then m = xw, and V(m) =
Vixw) = A'D7'1)7! = 1/3, w; denoted by u?(xw). In
that case the posterior predictive p-value pp of the realized
discrepancy measure T; (x) = r; (x) = (x; — xw) reduces to

(16)

pp = Pr {Z > i xw) } (17)
Vur(xi) — u?(xw)
fori =1,2,...,n. Aposterior predictive p-value that is close

to O or close to 1 indicates that the result x; from the laboratory
labelled i does not agree with the statistical consistency model
2),fori =1,2,...,n.

3.2. Bilateral discrepancy measures

As a bilateral measure of discrepancy, denoted by T;_; (x™P),
between the results xl.rep and x;ep from two particular
laboratories labelled i and j, we can use the difference
between the residuals r;(x™P) and r; (x"P); thatis, T;_ ; (x"P) =

L) — T;(0%) = ri(x) — r; () = ([P — mP)—
(xjp —m?) = (x P xjp), fori,j = 1,2,...,n and
i # j. From (14), the posterior predictive distribution,

p(Ti_j(xP)|x), of T;_;(x"P), conditional on the realized
results x is normal, N (0, u?(x;) + u*(x;) — 2u(x;, x;)), with
expected value 0 and variance u?(x;) + u2(xj) — 2u(x;, x;);
that is

P(Tij (™)) ~ N (O, u?(x;) +u” (x;) — 2u(x;, x;)).
(18)

Thus the posterior predictive distribution of the ratio
Ti—j(x™P) //(u?(x;) + u?(x;) — 2u(x;, x;)) conditional on x
is the standard normal distribution with expected value 0 and
variance 1.

The realized value of T,_;(x"P) is T;_;(x) = ri(x) —
rix) = (x; —xj), fori,j = 1,2,...,nand i # j. The
posterior predictive p-value pp of the realized discrepancy
measure T;_;(x) = (x; — x;) is

pp = Pr{Ti_;(x"?) > T,_;(x)|x}

:Pr{z> (i = ) }

V() +u?(xj) — 2u(x;, x;)
where Z is a variable that has the standard normal distribution
with expected value O and variance 1. If the results
X1, ...,X, are mutually independent then all covariances
u(xy x2), ..., u(x,—_1, x,) are zero and the posterior predictive
p-value pp of the realized discrepancy measure T;_;(x) =
ri(Xx™P) — r; (x™P) = (x; — x;) reduces to

(x; —x;) }
Vur) +ut(x)) )

19)

pr = Pr {z > (20)
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Table 1. Mean relative differences x1, ..., xi¢ from the BIPM
measurements for the wavelength 514.536 nm and their associated
standard uncertainties u(x;), ..., u(xy), reproduced from the BIPM
Report [12, table 65, columns 6 and 7].

Indices i x; x 10% u(x;) x 10*
1 —0.20 1.30
2 1.10 1.70
3 2.00 1.40
4 —0.30 2.50
5 13.10 4.90
6 1.70 2.70
7 —11.00 6.80
8 0.00 2.20
9 0.30 1.30

10 —-5.10 2.40

11 5.90 3.20

12 —1.10 2.60

13 1.30 1.10

14 5.30 3.40

15 2.90 2.90

16 —1.00 5.10

fori,j = 1,2,...,nand i # j. A posterior predictive
p-value that is close to 0 or close to 1 indicates that the results x;
and x; from the laboratories labelled i and j do not agree with
each other, fori, j = 1,2,...,nandi # j. Ininterlaboratory
evaluations between particular national measurement institutes
(NMlIs), complete bilateral consistency between all pairs may
be required to assure that the international measurement system
is working properly.

4. Calculation of posterior predictive p-values

To illustrate the calculation of posterior predictive p-values of
the realized discrepancy measures, Tc(x), T;(x), and T;_;(x)
fori, j =1,2,...,nandi # j, we have used a small subset
of the data from a BIPM Report [12] on the supplementary
comparison CCPR-S3 of cryogenic radiometers carried out by
the Consultative Committee for Photometry and Radiometry
of the CIPM. A set of three transfer standard detectors was
calibrated by the cryogenic radiometer of the laboratory
labelled i (for i = 1,2,...,n, where n = 16) and also
by the radiometer of the BIPM (which served as a reference
laboratory). The result x; is the arithmetic mean of the relative
differences’ between the ‘responsivities’ of the three detectors
calibrated at the laboratory labelled i and the same three
detectors calibrated at the BIPM fori = 1,2,...,16. The
responsivity of a detector depends on the wavelength for the
laser source. The results xi, ..., x;s and the corresponding
standard uncertainties u(xi), ..., u(x;¢) for the wavelength
514.536 nm from the BIPM Report [12, table 65, columns
6 and 7] are reproduced in table 1. For our discussion, the
identities of the laboratories are not relevant so we display
only the indices, i = 1,2, ..., 16, for the laboratories. The
results (mean relative differences) xi, . .., x;¢ are regarded in
the BIPM Report [12] as mutually independent. Also, the

9 If R; and Rgipm are responsivities from the laboratories labelled i and

the BIPM, respectively, fori = 1,2, ..., n, then the relative difference is
(R; — Rpipm)/ Rpipm-
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Table 2. Realized values of the unilateral discrepancy measures
T;(x) = x; — xw, standard deviations S(T;(x"P)), and posterior

predictive p-values pp fori = 1,2, ..., 16.
Indicesi  T,(x) x 10°  S(T;x™)) x 10*  pp
1 —1.01 1.20 0.80
2 0.29 1.63 0.43
3 1.19 1.31 0.18
4 —1.11 2.45 0.67
5 12.29 4.88 0.01
6 0.89 2.65 0.37
7 —11.81 6.78 0.96
8 —0.81 2.14 0.65
9 —0.51 1.20 0.66
10 —5.91 2.35 0.99
11 5.09 3.16 0.05
12 —1.91 2.55 0.77
13 0.49 0.98 0.31
14 4.49 3.36 0.09
15 2.09 2.86 0.23
16 —1.81 5.08 0.64
BIPM Report regards the variances u?(x;), . .., u>(x¢) as the

known variances of the sampling pdfs of the results.

The weighted mean of the n = 16 results xi, ..., X6
shownintable 1is xw = 0.81x 10~* with standard uncertainty
u(xw) = 0.49 x 10~ units. The realized (calculated) value of
the Birge test statistic (1) is R> = 1.53. The realized value of
the overall discrepancy measureis To(x) = Y, w; (x; —xw)? =
(n— I)R(% = 22.98. The posterior predictive distribution of
the overall discrepancy measure T.(x™P) conditional on the
realizedresultsx = (x1, ..., x16)" is the chi-square distribution
with degrees of freedom (n — 1) = 15 (sections 2.3 and 2.4).
The posterior predictive p-value of obtaining in contemplated
replications of the CCPR-S3 a value of T.(x™P) more extreme
than T.(x) = 22.98 is pp = 0.08. Relative to the traditional
benchmark 0.05 for pp the realized discrepancy measure
T.(x) = 22.98 is not extreme. Thus solely based on the
overall discrepancy measure T, (x), the statistical consistency
model (2) appears to fit the results x.

The overall discrepancy measure T.(x) does not give a
sufficiently detailed picture of the fit of model (2) to the
results x. A more informative picture is provided by the
unilateral and bilateral discrepancy measures. Table 2 displays
the realized values of the unilateral discrepancy measures,
T;(x) = x; —xw, fori = 1,2,...,16. Table 2 also displays
the standard deviations S(7; (x™P)) = /u?(x;) — u?(xw) of
the posterior predictive distributions of T; (x"P) conditional on
the results x and the posterior predictive p-values of T;(x), for
i=1,2,...,16. The extreme posterior predictive p-values
relative to the traditional benchmarks of 0.05 and 0.95 are
shown in bold type. Thus the results from the laboratories
labelled 5, 7, and 10 do not agree with the statistical consistency
model (2). (We note that the BIPM Report [12] regards the
laboratories 5 and 7 as discrepant but not the laboratory 10
with a more extreme p-value than the laboratory 7.)

Table 3 displays the realized values of the bilateral
discrepancy measures, T;_;(x) = x; — x;, expressed as 10~
units, fori, j = 1,2,...,16 and i # j. Table 4 displays the
standard deviations S(T;_;(x"P)) = \/u?(x;) + u(x;) of the
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posterior predictive distributions of the bilateral discrepancy
measures T;_;(x™P) conditional on the realized results x,
expressed as 10~* units, for i, j=12,...,16 and i # j.
Table 5 displays the posterior predictive p-values of the
realized bilateral discrepancy measures T;_;(x), for i, j =
1,2,...,16 and i # j. The extreme posterior predictive
p-values relative to the traditional benchmarks of 0.05 and 0.95
are shown in bold type. We note that the posterior predictive
p-values of 62 of the 16> — 16 = 240 bilateral discrepancy
measures x; — x;, fori # j, are extreme. That is, 26% of the
bilateral discrepancy measures have extreme p-values.

If the statistical consistency model (2) reasonably fits
the results x, ..., x, then they are declared to be consistent.
However, a check of the fitness depends on the criterion
used for checking. We discussed three criteria: overall
discrepancy, unilateral discrepancy and bilateral discrepancy.
The unilateral discrepancy measures T;(x) = x; — xw and
the bilateral discrepancy measures T;_;(x) = x; — x;, for
i, j = 1,2,...,n and i # j, give a more detailed
picture of the fit of the statistical consistency model to the
interlaboratory results xy, .. ., x, than the overall discrepancy
measure T.(x). A set of results may be consistent according
to one criterion but not according to a more stringent criterion.
For example, from tables 1 and 2 we note that the results from
the supplementary comparison CCPR-S3 may be regarded as
statistically consistent according to the overall discrepancy
measure T(x) = Y, w;(x; — xw)?> = (n — 1)R] but not
according to the unilateral discrepancy measures T;(x) =
x;—xw,fori =1,2,..., 16, because three of the results (from
laboratories 5, 7 and 10) have extreme posterior predictive
p-values. If the laboratories 5, 7 and 10 are removed then
the results from the remaining 13 laboratories are consistent
according to the unilateral discrepancy measures. However,
from table 5, we note that the results from the following
two pairs of laboratories have extreme posterior predictive
p-values: (1, 11) and (11, 12). Thus statistical consistency of
all unilateral discrepancy measures does not imply statistical
consistency of all bilateral discrepancy measures.

5. Use of posterior predictive p-values to assess the
degrees of agreement in CIPM key comparisons

CIPM key comparisons are interlaboratory evaluations
between national metrology institutes (NMIs) conducted by the
consultative committees of the CIPM. They serve as technical
bases for international Mutual Recognition Arrangements
(MRA) [13]. A CIPM key comparison is expected to
yield as output a key comparison reference value (KCRV),
unilateral and bilateral degrees of equivalence (DOE), and
their associated standard uncertainties. When the results
Xi,...,X, are judged to be overall consistent, the KCRV
is generally set as the weighted mean xw with standard
uncertainty u(xw) [10]. Then the unilateral DOE are defined
asd; = x; —xw with uncertainties u(d;) = /u?(x;) — u?(xw),
for i =1,2,...,n, and the bilateral DOE are defined as
d;_;j = x;—x; withuncertainties u(d;_ ;) = \/u?(x;) + u?(x;),
for i,j=1,2,...,n and i # j. These uncertainties
are determined in [10] from the statistical consistency
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Table 3. Realized values of the bilateral discrepancy measures T;_; (x) = x; — x;, expressed as 10~* units, fori, j =1,2,..., 16 andi # j.
Indices j
Indices
i 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 —1.3 —2.2 0.1 —-133 —-1.9 10.8 —-0.2 —-0.5 4.9 —6.1 0.9 —-1.5 —-5.5 —3.1 0.8
2 1.3 -0.9 1.4 —-12.0 —-0.6 12.1 1.1 0.8 6.2 —4.8 2.2 —-0.2 —4.2 —1.8 2.1
3 2.2 0.9 23 —11.1 03 13.0 2.0 1.7 7.1 -39 3.1 0.7 -33 —-0.9 3.0
4 —0.1 —1.4 -2.3 —134 -2.0 10.7 -0.3 —-0.6 4.8 —6.2 0.8 —1.6 —-5.6 -3.2 0.7
5 13.3 12.0 11.1 134 114 24.1 13.1 12.8 18.2 7.2 14.2 11.8 7.8 10.2 14.1
6 1.9 0.6 —-0.3 20 -—-114 12.7 1.7 1.4 6.8 —4.2 2.8 0.4 —-3.6 —1.2 2.7
7 -10.8 —-12.1 —-13.0 -10.7 -24.1 —12.7 —-11.0 —-11.3 -59 -16.9 -99 -—-123 -163 -—-139 -10.0
8 0.2 —1.1 —-2.0 03 —13.1 —1.7 11.0 —-0.3 5.1 -5.9 1.1 —-1.3 —-53 -29 1.0
9 0.5 —0.8 —-1.7 0.6 —12.8 —-14 113 0.3 5.4 —5.6 1.4 —-1.0 —-5.0 —2.6 1.3
10 —4.9 —6.2 -7.1 —48 —182 —6.8 59 -5.1 —54 —11.0 —4.0 —64 —104 —8.0 —4.1
11 6.1 4.8 3.9 6.2 —7.2 42 169 5.9 5.6 11.0 7.0 4.6 0.6 3.0 6.9
12 —-0.9 —2.2 -3.1 —-08 —14.2 —2.8 9.9 —1.1 —14 4.0 -7.0 —2.4 —6.4 —4.0 —0.1
13 1.5 0.2 —-0.7 1.6 —11.8 —-04 123 1.3 1.0 6.4 —4.6 2.4 —4.0 —1.6 2.3
14 5.5 4.2 3.3 5.6 —7.8 3.6 163 5.3 5.0 104 —0.6 6.4 4.0 2.4 6.3
15 3.1 1.8 0.9 32 —-10.2 1.2 139 2.9 2.6 8.0 -3.0 4.0 1.6 —2.4 3.9
16 —-0.8 —2.1 -3.0 -0.7 -—14.1 -2.7 10.0 —-1.0 —-1.3 4.1 —-6.9 0.1 -2.3 —-6.3 -39

Table 4. Standard deviations S(T;_;(x"?)) = \/u?(x;) + u?(x;) of the posterior predictive distributions of the bilateral discrepancy measures

T;_;(x™P) conditional on x, expressed as 10~ units, for i, j=12,...,16andi # j.
Indices j

Indices

i 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 2.1 1.9 28 5.1 3.0 69 2.6 1.8 2.7 3.5 2.9 1.7 36 32 53
2 2.1 22 30 52 32 70 28 2.1 2.9 3.6 3.1 20 3.8 34 54
3 1.9 22 29 5.1 3.0 69 2.6 1.9 2.8 35 3.0 1.8 3.7 3.2 5.3
4 2.8 3.0 29 5.5 3.7 72 33 2.8 3.5 4.1 36 27 42 38 5.7
5 5.1 52 5.1 5.5 5.6 84 54 51 5.5 5.9 5.5 50 6.0 57 7.1
6 30 32 30 37 56 7.3 3.5 30 36 42 37 29 43 40 58
7 69 70 69 7.2 84 73 7.1 6.9 72 1.5 7.3 69 76 74 85
8 26 28 26 33 54 35 7.1 26 33 39 34 25 40 3.6 56
9 1.8 2.1 1.9 28 5.1 3.0 69 2.6 2.7 3.5 2.9 1.7 3.6 32 53
10 2.7 29 28 3.5 5.5 36 72 33 2.7 40 3.5 26 42 38 5.6
11 3.5 3.6 35 4.1 59 42 75 3.9 3.5 4.0 4.1 34 47 43 6.0
12 29 3.1 3.0 3.6 55 3.7 7.3 34 29 3.5 4.1 28 43 3.9 5.7
13 1.7 2.0 1.8 27 50 29 69 2.5 1.7 2.6 34 28 3.6 3.1 5.2
14 3.6 3.8 37 42 60 43 76 4.0 36 42 47 43 3.6 4.5 6.1
15 3.2 3.4 3.2 3.8 5.7 4.0 7.4 3.6 3.2 3.8 4.3 3.9 3.1 4.5 5.9
16 5.3 54 53 57 7.1 5.8 8.5 56 53 56 6.0 57 52 6.1 5.9

model (2), which postulates that the results xj, ..., x, have unequal variances into account. One simple way is to divide

independent normal sampling probability distributions with
known variances u>(x1), ..., u*(x,), respectively.

It is not clear what the ‘degrees of equivalence’ are meant
to be. The expected values of the sampling distributions of
di = x;—xwandd;,_; = x;—x; are zero, fori, j = 1,2,...,n
and i # j. This implies that their realized values are statistical
estimates of zero. Therefore, d; = x; — xw do not quantify
the agreements of individual results with the weighted mean
xw (regarded as the KCRV), and d;_; = x; — x; do not
quantify the agreements between pairs of individual results,
fori, j=1,2,...,nandi # j [14].

The variances of the differences di, ..., d, and d;_;, for
i,j=1,2,...,nandi # j, are generally unequal; so, they
cannot be directly compared. To compare the differences,
they should be transformed into another metric that takes their
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dy,...,d,andd;_j,fori, j=1,2,...,nandi # j, by their
standard deviations (square roots of their variances). The ratios
di/u(dy)...,d,/u(d,) can be directly compared. Likewise,
the ratios d;_; /u(d;—;), where i, j = 1,2,...,nandi # j,
can be directly compared.

The term ‘degrees of equivalence’ suggests a quantitative
scale of measurement for displaying the degrees of agreement.

We suggest that d; = x; — xw may be regarded as realized
values of the unilateral discrepancy measures T;(x™P) with
variances u2(d;) = u?(x;) — u?(xw), fori = 1,2, ..., n. We

suggest that d;_; = x; — x; may be regarded as realized values
of the bilateral discrepancy measures T;_ ; (x"P) with variances

uz(di_j) = u?(x;) + uz(xj), fori, j = 1,2,...,n and
i # j. The posterior predictive p-values pp of d; = x; — xw,
fori = 1,2,...,n, may be used to assess the degrees of

Metrologia, 45 (2008) 512-523



Bayesian posterior predictive p-value of statistical consistency in interlaboratory evaluations

Table 5. Posterior predictive p-values pp of the realized bilateral discrepancy measures T;_;(x) = x; — x;, fori, j =1,2,...,16 and

i # j. The extreme p-values pp are shown in bold type.

Indices j
Indices
i 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 073 088 049 1.00 074 0.06 053 061 004 096 038 081 093 084 044
2 0.27 066 032 099 057 004 035 035 0.02 091 024 054 087 070 035
3 0.12  0.34 021 099 046 003 022 019 001 087 015 035 08 061 029
4 051 0.68 0.79 099 071 007 054 058 0.08 094 041 072 091 080 045
5 0.00 0.01 0.01 0.01 002 0.00 0.01 001 0.00 o011 001 0.01 010 0.04 0.02
6 026 043 054 029 098 004 031 032 003 084 023 045 080 062 032
7 094 096 097 093 1.00 0.96 094 095 079 099 091 096 098 097 0.88
8 047 0.65 078 046 099 0.69 0.06 055 006 094 037 070 09 079 043
9 039 065 081 042 099 068 005 045 002 09 032 072 092 079 040
10 096 098 099 092 1.00 097 021 094 098 1.00 087 099 099 098 0.77
11 004 0.09 013 0.06 08 016 001 0.06 0.05 0.00 004 0.09 045 024 0.13
12 062 076 085 059 099 077 009 063 068 013 0.96 080 093 085 0.51
13 0.19 046 065 028 099 055 004 030 028 0.01 091 020 087 0.70 033
14 007 013 018 009 09 020 002 0.10 008 0.01 055 0.07 0.13 030 0.15
15 0.16 030 039 020 096 038 0.03 021 021 0.2 076 015 030 070 0.25
16 056 065 071 055 098 068 012 057 060 023 087 049 067 085 0.75

agreement between the individual results and the statistical
consistency model (2). The posterior predictive p-values pp
ofdi_j = x; —xj,fori, j =1,2,...,nand i # j, may
be used to assess the degrees of agreement between pairs of
results.

6. Summary

A set of the results x = (xq, ..., x,)" from an interlaboratory
evaluation with a stated (known) variance—covariance matrix
Vx) = D = [u(x;, x;)] is said to be statistically consistent
if the model x ~ N (1u, D) reasonably fits the results x. We
refer to the model x ~ N(1u, D) as the normal statistical
consistency model. Statistical consistency implies that the
expected values E(xy),..., E(x,) of the results are equal
(to some unknown constant ), at least approximately; that
is, the results xi, ..., x, agree with each other. A modern
method for checking the fit of a statistical model to the data
is Bayesian posterior predictive checking. It is a Bayesian
adaptation of the classical (frequentist sampling) method of
hypothesis testing. We used posterior predictive checking to
check the fit of the normal consistency model, N (1u, D), to
the interlaboratory results x.

The principle of posterior predictive checking is that if a
statistical model reasonably fits then the realized results should
look plausible under the posterior predictive distribution
of potential results that could be obtained in contemplated
replications of the interlaboratory evaluation under that model.
A posterior predictive distribution is the integral of the
sampling distribution of potential data with respect to the
Bayesian posterior distributions of the parameters conditioned
on the realized data. A systematic discrepancy between the
results obtained from the posterior predictive distribution and
the realized results indicates misfit. A discrepancy measure is
a measure of the discrepancy that one wishes to investigate
between the statistical model and the results. A Bayesian
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posterior predictive p-value, pp, of a discrepancy measure
is the probability of realizing in contemplated replications
a value of the discrepancy measure more extreme than its
realized (observed) value. The statistical model is suspect
if the posterior predictive p-value pp is close to O or close
to 1, thereby indicating that the realized results are unlikely
to be seen in contemplated replications if the statistical model
were true.

We discussed an overall measure of discrepancy for
checking the overall fit of the normal consistency model
N(u, D) to the interlaboratory results x. The posterior
predictive distribution of the overall discrepancy measure
conditional on the realized results x is a chi-square distribution;
therefore, the corresponding posterior predictive p-value
is analytically determined. @We also discussed two sets
of unilateral and bilateral measures of discrepancy. A
unilateral discrepancy measure checks whether the result from
a particular laboratory agrees with the statistical consistency
model. A bilateral discrepancy measure checks whether
the results from a particular pair of laboratories agree with
each other. The particular laboratories of interest could
be any of the participating laboratories. =~ The posterior
predictive distributions of the proposed unilateral and bilateral
measures of discrepancy are normal with zero expected values
and known variances; therefore, the corresponding posterior
predictive p-values are analytically determined. A posterior
predictive p-value pp that is extreme (close to O or 1) indicates
that the normal consistency model does not fit the results x.

We have illustrated the calculation of posterior predictive
p-values. The numerical example indicates that the unilateral
and bilateral discrepancy measures give a better (more
detailed) picture of the fit of the normal consistency model
to the interlaboratory results than the overall discrepancy
measure. The overall, unilateral and bilateral discrepancy
measures and their posterior predictive p-values apply to
both correlated and independent interlaboratory results. We
proposed that the posterior predictive p-values of the realized
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unilateral and bilateral discrepancy measures may be used to
assess the degrees of agreement in the results from a CIPM key
comparison.
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Appendix A

The Bayesian posterior distribution of p given x is
normal, N(m, 1'D~'1)""), with expected value m =
A'D~'1)~11'D~'x and variance (1'D~'1)~1.

The variance—covariance matrix D = [u(x;, x;)] is
known; therefore, by substituting (6) in (5) we have

fxlp) = @m)"|D|~1?

(m — p)* “
ap-'n-1])°
(21
where m = B'x = (1'D~'1)"'"1'D~'x. The expression (21)
regarded not as a function of x but as a function of w is the
likelihood function, / (t|x), of u given x; thus,

! |:(x —1m)' D '(x —1m) +

Xexp{—z

N2
1) o exp {_EM} ,

21! @2)

The symbol o in (22) stands for ‘is proportional to’. As a prior
distribution p(u) for u we can use a non-informative improper
function that is uniform in p [6, p 53]; that is, p(u) 1.
According to Bayes’s theorem [6], the posterior pdf, p(u|x),
of u given x is proportional to the product of the likelihood
function /(u|x) and the prior distribution p(u). Thus

1 (u—m)

p(ulx) ocl(plx) x p(n) o exp {_EW} . (23)

By normalizing the expression (23) we get the posterior pdf
p(ulx) given in (7).

Appendix B

The posterior predictive distribution of x™P conditional on
the given results x is normal, N(A(1'D~'1)~'1'D"'x, D +
1(1'D~'1)~'1Y), with expected value 1(1'D~'1)~'1'D~'x and
variance—covariance matrix D + 1(1'D~'1)~11t.

The sampling pdf f(x"P|u) of x™P given w is given in
(8) and the posterior pdf p(u|x) of p given x is given in (7).
Thus the integrand f(x™P|u) p(u|x) in the integral (3) may be

expressed as
—-1/2 1 [xfP — IM t
exp { - =
2\ u—m

D 0 e 1y
X .
0t A 'n! w—m }

The integrand f(x™P|n) p(ulx) in (3) expressed as (24) may
be regarded as the pdf of the (n + 1)-variate normal distribution

(27_’:)7(”+1)/2 D 0
o 1'p'p!

(24)
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for the random vector ((x™P — 1u)', w)" with expected value
(0, m)* and variance—covariance matrix

D 0
ot (ltD_ll)71 ’

where m = B'x = (1'D~'1)~'1'D~'x. Thus the integral (3) is
the marginal pdf of x™P determined from the joint pdf (24) of
the (n + 1)-variate normal distribution for ((x™P — 1)", w)*.
The marginal pdf of x™P can be easily obtained from the
following well-known theorem concerning the distribution of
linear functions of a multivariate normal distribution [7].

(25)

Theorem. Ify has a multivariate normal distribution with
expected value m and variance—covariance matrix X, then the
distribution of Ky is multivariate normal with expected value
Kn and variance—covariance matrix KXK',

By applying this theorem with y = ((x™° — 1u)’, n)t,
n = (O, m"X given in 25), K = [I,1], we
have Ky=@® —1u)+1lu=x°*, Kn = 1m =
1A D'H""1'D7'x, and KXK' = D + 11'D~'1D)~'1%.
Thus, the marginal pdf of x™P is normal with expected
value 1(1'D~'1)"'1'D~'x and variance—covariance matrix
D+11'D'1)~'1t.

Therefore the posterior predictive pdf p(x™P|x) defined
by the integral (3) is an n-variate normal distribution with
expected value E(x™P|x) = 1B'x = 1(1'D~'1)"'1'D"'x and
variance—covariance matrix V(x™P|x) = D + 11'D~'1)~"1%.
That is

p&™Px) ~ N(1B'x, V). (26)

where B' = I'D~'1)~""1'D'and V=D +1(1'D'1)'1".

Appendix C

The posterior predictive distribution of T, (x™P) conditional on
the results x is the chi-square distribution, X(2n_1)7 with degrees
of freedom n — 1.

As discussed in [3, appendix B], (x™P — 1m™P) =
P —11'D~ ') 1D xP] = [[—1(1'D~ 1)~ 1'D ! xrep,
Consequently, we can express the overall discrepancy measure
Tc(xrep) as TC(xrep) — (xrep_lmrep)tD—l(xrep_lmrep) —
(x"P) Ax™ where A = [D' — D~'1A'D~'D)'1'D'].
The distribution of x™P conditional on x is given in
appendix B.  We seek to determine the pdf of T.(x™P)
conditional on x. We will use the following theorem from
[8, section 2.5].

Theorem. If the distribution of y is normal N (u, V) then the
distribution of y'Ay is non-central chi-square with degrees of

freedom equal to rank of A and non-centrality parameter (1/2)
WA if and only if AV is idempotent, that is AVAV = AV.

Let us consider this theorem with y = x™P, u=1
AD ') ""1'D'x, V=D+11'D"'1)"'1',andA = [D~' —
D '11'D~'1)""1'D']. Now AV = [D~' — D '1(1'D~!
DD YD +1A'D'H 1] = [I-D"1A' D' 1Y,
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and AVAV = [I — D'11'D~'1)"'1'] I — D1
AD'DH "1 = [I-D'1(1'D~'1)"'1']. SoAV = AVAV;
that is, AV is idempotent. The rank of an idempotent
matrix is equal to its trace [9, p 134]. The trace of AV is
trd —D'11'D'D)"1Y) =tr() —tr(D~'1A'D'D) 1Y) =
tr(l) — tr((1'D~'1)"'"1'D~'1) = n — 1; therefore, the rank
of AV is also n — 1. Since D is positive definite and hence
non-singular, the matrix V = D + 1(1'D~'1)~'1! is also non-
singular [9, theorem 18.1.1]. So the rank of AV is the rank of
A. Thus the rank of A isn — 1.

Now p'Ap = x'[D~'11'D~'1)-'1 (D' — D1
aop~'np~"1'p~'] 1A@D'H'1'D~'] x = 0. Thus,
AV is an idempotent matrix, p'Ap = 0, and rank

of A is n — 1. Therefore the posterior predictive
distribution of the discrepancy measure T (x'P) =
(P AX™P = (x™P — 1m™P)' D~ (x™P — 1m'™P) is the chi-
square distribution, X(anl), with degrees of freedom n — 1.

Appendix D

The posterior predictive distribution p(r(x"P)|x) of the
residuals r(x™P) is the n-variate normal distribution, N (0, D—1
(1'D~'1)~'1Y), with expected value 0 and variance—covariance
matrix D — 1(1'D~'1)~'1t.

The posterior predictive distribution p(x™P|x) of x™P
conditional on the given results x is a fully speci-
fied n-variate normal distribution with expected value
E@™®lx) = 11'D~'1)~'"1'D~'x and variance—covariance
matrix V(x"Plx) = D + 1(1'D~'1)~'1! (appendix B). Since
r(xrep) — (xrep _ lmrep) — [xrep _ 1(1tD711)—11tD71xrep] —
(I — 1(1'D~'1)"'"1'D7']x"™P, the vector of residuals r(x'P)
is a linear function of x™P. Therefore, the posterior pre-
dictive distribution p(r(x™P)|x) of the residuals r(x™P) con-
ditional on x is also normal, which is fully described by
its expected values and variance—covariance matrix. The
expected value of the residuals r(x™P) conditional on x
is Er(x™)x) = [I—-11'D7'1)~'1' D EX®®x) =
I—110~' D~11'D~ "1 1D 'D""1'D"'x = 0. The
variance—covariance matrix of the residuals r(x"P) conditional
on x is V(rx™)x) = [I—11" D™'1)~'1'D~ 'V (x™P|x)
[I—-11" p~'n-'1tp~'1t I — 11'0~'n-"1'p™
D+1AD'D 1Y I — p'1A'D'D 1YY = [ -1
ap~'n-11'p~"1 Pl - D'1AD D] + [T - 1
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ap~'p-1p nap'y-"1yI-p~'1a'p~'nH-'1 =
[D — 1(1'D7'1)~'1'] + 0. Thus the posterior predictive
distribution p (r(x™P)|x) of the residuals (x"P) is the n-variate
normal distribution with expected value E(r(x™P)|x) =
0 and variance—covariance matrix V(r(x™P)|x) = D —
1ap~'n1t.
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