
Jeffrey T. Fong
Mathematical & Computational

Sciences Division,
National Institute of Standards &

Technology (NIST),
Gaithersburg, MD 20899

e-mail: fong@nist.gov

James J. Filliben
Statistical Engineering Division,
National Institute of Standards &

Technology (NIST),
Gaithersburg, MD 20899

e-mail: filliben@nist.gov

Roland deWit
e-mail: dewit@nist.gov

Richard J. Fields
e-mail: rjfields@nist.gov

Metallurgy Division,
National Institute of Standards &

Technology (NIST),
Gaithersburg, MD 20899

Barry Bernstein
Departments of Mathematics

and Chemical Engineering,
Illinois Institute of Technology (IIT),

Chicago, IL 60616
e-mail: bernsteinb@iit.edu

Pedro V. Marcal
MPave Corp.,

1355 Summit Avenue,
Cardiff, CA 92007-2429

e-mail: marcalpv@cox.net

Uncertainty in Finite Element
Modeling and Failure Analysis:
A Metrology-Based Approach
In this paper, we first review the impact of the powerful finite element method (FEM) in
structural engineering, and then address the shortcomings of FEM as a tool for risk-
based decision making and incomplete-data-based failure analysis. To illustrate the main
shortcoming of FEM, i.e., the computational results are point estimates based on “deter-
ministic” models with equations containing mean values of material properties and pre-
scribed loadings, we present the FEM solutions of two classical problems as reference
benchmarks: (RB-101) The bending of a thin elastic cantilever beam due to a point load
at its free end and (RB-301) the bending of a uniformly loaded square, thin, and elastic
plate resting on a grillage consisting of 44 columns of ultimate strengths estimated from
5 tests. Using known solutions of those two classical problems in the literature, we first
estimate the absolute errors of the results of four commercially available FEM codes
(ABAQUS, ANSYS, LSDYNA, and MPAVE) by comparing the known with the FEM results of two
specific parameters, namely, (a) the maximum displacement and (b) the peak stress in a
coarse-meshed geometry. We then vary the mesh size and element type for each code to
obtain grid convergence and to answer two questions on FEM and failure analysis in
general: (Q-1) Given the results of two or more FEM solutions, how do we express
uncertainty for each solution and the combined? (Q-2) Given a complex structure with a
small number of tests on material properties, how do we simulate a failure scenario and
predict time to collapse with confidence bounds? To answer the first question, we propose
an easy-to-implement metrology-based approach, where each FEM simulation in a grid-
convergence sequence is considered a “numerical experiment,” and a quantitative un-
certainty is calculated for each sequence of grid convergence. To answer the second
question, we propose a progressively weakening model based on a small number (e.g., 5)
of tests on ultimate strength such that the failure of the weakest column of the grillage
causes a load redistribution and collapse occurs only when the load redistribution leads
to instability. This model satisfies the requirement of a metrology-based approach, where
the time to failure is given a quantitative expression of uncertainty. We conclude that in
today’s computing environment and with a precomputational “design of numerical ex-
periments,” it is feasible to “quantify” uncertainty in FEM modeling and progressive
failure analysis. �DOI: 10.1115/1.2150843�
1 Introduction

In a survey article presented at the First International Confer-
ence on Structural Failure, Product Liability and Technical Insur-
ance �Vienna, 1983�, Ross �1� reported a disproportional increase
in the annual rate of product liability cases �25%� versus that of
the population in the United States �2%�. He cited a landmark
1963–1964 California decision �2� in product liability law to alert
engineers that it was no longer sufficient to design and manufac-
ture �construct� a product without looking at all conceivable sce-
narios of failures:

“A manufacturer is strictly liable in tort when an article he
places on the market, knowing that it is to be used without inspec-
tion for defects, proves to have a defect that causes injury to a
human being.”

Contributed by the Pressure Vessels and Piping Division of ASME for publication
in the JOURNAL OF PRESSURE VESSEL TECHNOLOGY. Manuscript received September 30,
2005; final manuscript received October 23, 2005. Review conducted by G. E. Otto
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Rossmanith �3� reported at the same conference, as shown in
Fig. 1, that engineers need to be familiar with all possible failure-
inducing parameters before committing to a product design and
manufacturing �construction� plan. Implicit in his representation is
the notion of two types of uncertainty.

Uncertainty-1. Engineers use a deterministic model, a compu-
tational tool named a finite element method �FEM�, and a number
of assumptions based on experience, to configure a product with a
series of code-specified safety factors to account for uncertainty
due to load, geometry, material property testing, and manufactur-
ing process, in order to estimate an “acceptable” product life.
Alternatively, engineers may use a probabilistic model and the
associated finite element method �PFEM� to arrive at a distribu-
tion of product life that is acceptable to the user. In either case,
uncertainty-1 needs to be expressed and verified, if required, by
technical experts. Uncertainty-1 allows engineers to conduct risk-
based decision making.

Uncertainty-2. When a failure occurs and a failure analyst is
engaged to identify the damage, find the probable causes and as-
sist the proper parties in assessing the damage claim for recovery

by insurance, a different type of uncertainty enters the picture.
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Foremost among the uncertainties is the loss of data relevant to
the failure. If the analyst uses a deterministic model, the input data
is no longer deterministic. Results of failure simulations based on
a finite element method with variable input data need to be ex-
pressed with uncertainty-2, which is required to be not only veri-
fied by a panel of experts, but also admissible in a court of law. An
analyst manages uncertainty-2 with incomplete-data-based fail-
ure analysis.

To update our knowledge of uncertainty in the finite element
method �FEM� and failure analysis �FA�, we resort to Google
Scholar �4� and obtain the following statistics:

Fig. 2 One of three benchmark test problems of NUMISHEET
†71‡, an international interlaboratory validation exercise for
simulating three-dimensional aluminum and steel sheet-

Fig. 1 The addition of two types of uncertainties in a represen-
tation of the interrelation of fracture mechanics, failure analy-
sis, product liability, and technical insurance by Rossmanith
†3‡
forming processes
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1,240,000�100% � — Search “failure analysis,”
81,900�6.6% � — add “finite element method,”
14,400�1.2% � — add “uncertainty,”
3910�0.3% � — add “stochastic,”
1510�0.1% � — add “structural engineering,”
31�0.002% � — add “metrology.”

Four application papers �5–8� are significant in the sense that they
represent the current state of the art of how engineers manage
uncertainty with the newly found power of laptop, parallel, and
network computing.

The purpose of this paper is two-fold. First, we present cases
studies to argue that FEM is still inadequate to assist engineers in
managing uncertainty. We then propose a metrology-based ap-
proach such that both types of uncertainty mentioned above can
be addressed. In Sect. 2, we briefly review the impact of FEM in

Fig. 3 „a… Force versus displacement results of five simula-
tions and one experiment „BE-01, Korea… reported in 2002 NU-
MISHEET †71‡. The simulations resulted from five different FEM
models, i.e., BS-07 „LS-DYNA3D, 384 elem.…, BS-08 „ABAQUS,
4400 elem.…, BS-09 „PAM-STAMP, 3600 elem.…, BS-10 „DD3 IMP,
7380 elem.…, and BS-12 „Indeed 7.3.1, 4000 elem.…; „b… details of
each team of investigators.
structural engineering practice. In Sect. 3, we trace the steady
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progress made in three disciplines, namely, �a� stochastic ordinary
and partial differential equations, �b� probabilistic structural me-
chanics, and �c� a stochastic finite element method, and we con-
clude that tools to address the uncertainty of FEM and FA are still
not yet available.

In Sect. 4, we propose a metrology-based approach to resolve
this dilemma. Some typical results from two example problems,
RB-101 and RB-301, to illustrate this approach, appear in Sects. 5
and 6. A summary of the main results and some concluding re-
marks are given in Sect. 7. A list of references is given in Sect. 8.

2 Impact of Finite Element Method (FEM)
The finite element method owes its development to seven sets

of “parents:” three from mathematics �M�, three from structural
engineering �SE�, and one from computer technology �CT�. Be-
ginning with Gauss in 1795 �9�, through Galerkin in 1915 �10�,
and until Biezeno and Koch in 1923 �11�, the method of weighted
residuals �Parent-M1� was combined with variational methods
�Parent-M2 due to Rayleigh in 1870 �12� and Ritz in 1909 �13�� to
give engineers a viable numerical method without computers.

Fig. 4 A typical result of the free vibration solution of the ref-
erence benchmark problem, RB-101, using ANSYS †83‡ with
5120 solid elements „ST45…. This run is part of a 96-run design.

Fig. 5 A typical result of estimating uncerta
three-parameter exponential fit of a grid conv

solution.
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Then came Courant in 1943 �14�, Prager and Synge in 1947 �15�,
and Zienkiewicz and Cheung in 1964 �16� to clinch the math-
ematical side of FEM through the use of piecewise continuous
trial functions �Parent-M3�.

On the structural engineering side, Hrenikoff in 1941 �17�,
McHenry in 1943 �18�, and Newmark in 1949 �19�, innovated out
of necessity, independently from the work of Courant, Prager, and
Synge, to give us the so-called “structural analogue substitution”
method �Parent-SE-1�, which soon led to the development of “di-
rect continuum elements” �Parent-SE-2� by Argyris in 1955 �20�
and Turner, Clough, and Martin in 1956 �21�. Computer technol-
ogy was then at its infancy, and code convergence was the major
barrier. Beginning in 1966, Bruce Irons �22–24� led the develop-
ment of the powerful “patch test” �Parent-SE-3� that became, un-
der fairly broad restrictions, the necessary and sufficient condition
for convergence.

Commercially available FEM began to appear in the 1970s. As
computer technology �Parent-CT-1� improved over the last three
decades, so did the power and versatility of FEM. Today, its im-
pact in structural engineering is so pervasive that no engineering
design or analysis is acceptable without FEM. Its value to the
engineering community is comparable to the development of an x
ray in the medical and dental professions, where practically no
one is willing to consult a dentist if he or she does not offer the
patient an x-ray record for diagnosis. There are many good text-
books or references on FEM, and we consider the ones by Zien-
kiewicz and Taylor �25� and Hughes �26� as among the best. As a
tool for engineers, FEM today is unsurpassed in its power and
ease of use.

3 Shortcomings of FEM and Its Recent Progress
As a tool for design simulations, FEM is intrinsically used to

deliver a so-called “point estimate” of the solution of a “determin-
istic” model. Three categories of variability in any such problem
may be considered: Category V-1 refers to initial and/or boundary
data associated with a fixed set of governing equations. Category
V-2 refers to material properties that change the governing equa-

y of a natural frequency of RB-101 using a
ence run. Note the comparison with an exact
int
erg
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tions. Category V-3 is common in failure analysis, where both the
governing equations and the geometry may change. For example,
in a progressive failure scenario, a weak element of a structure has
a localized failure and is separated from the main structure. This
causes a load redistribution due to a change of geometry, and a
modification of the governing equations because the global mate-
rial property distribution has changed after the removal of a weak
element.

To address all three categories of variability in FEM and FA, as
mentioned above, let us examine recent progress in three disci-
plines, namely, �a� stochastic ordinary and partial differential
equations �SDE�, �b� probabilistic structural mechanics �PSM�,
and �c� stochastic finite element method �SFEM�. First of all, SDE
traces its beginning from the 1938 paper of Wiener �27�, and the
1976 series of three papers on diffusion problem by Becus and
Cozzarelli �28–30�. Two books, one on stochastic wave propaga-
tion by Sobczyk in 1985 �31� and the second on stochastic elastic
and viscoelastic systems by Potapov in 1999 �32�, rounded up the
three types of partial differential equations, namely, parabolic, hy-

Fig. 6 A typical result of a nonlinear „large deformation… analy-
sis of RB-301 using MPAVE †87‡

Fig. 7 Plot of a three-parameter Wei
strength based on 5 test data „3, 4, 5,

ness of fit equal to 0.964 546 †90‡.
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perbolic, and elliptic. Using a powerful technique known as the
Wiener-Askey polynomial chaos, Xiu and his colleagues �33–36�
published a series of papers in 2002–2003 to address stochastic
problems in fluids and heat transfer. In 1999, Platen �37� pub-
lished a monumental paper on numerical methods for SDE that
listed 349 references. So far, however, none of this impressive
mathematics research has been applied to structures.

Progress in the second discipline, PSM, is more promising. It
began in 1939 with Weibull �38� on a statistical theory of breaking
strength, and 1946 by Freudenthal �39� on fatigue. The statistical
concepts of structural materials advanced by Freudenthal in 1950
�40� led to a 1969 probability-based structure code by Cornell �41�
and a structural risk analysis and reliability-based design method-
ology in the 1970s by Ang �42� and Ang and Tang �43�. Also in
the 1970s, a statistical theory of fatigue using Weibull statistics at
the microscopic, specimen, and component levels was developed
by Fong and his colleagues �44–46�. PSM became a well-
established discipline in the 1980s �47� and was the subject of a
handbook in 1995 by Sundararajan �48�. However, as succinctly
stated by Hess, Bruchman, and Ayyub �49�, “preceding the devel-
opment of any reliability-based design procedure, relevant vari-
ables must be identified and their statistical characteristics need
to be defined.” Without data, Thacker et al. ��50�, p. 17� stated the
following:

“Since data were not available to characterize the model inputs
sufficiently, it was decided to model all random variables with a
coefficient of variation �cov� of ten percent.…default distributions
were assigned based on experience, i.e., a lognormal distribution
was used to model modulus variables and a normal distribution
was used otherwise.”

Rahman ��51�, p. 115� admitted in his Table 1 of statistical
properties of random input that he assumed the elastic modulus
and the farfield tensile stress of a DENT specimen to be normally
distributed with an arbitrary c.o.v. of 5% and 10%, respectively.
Without a proper statistical database of material properties, PSM
simulations are challengeable in a court of law.

Since SDE and PSM are both ineffective, we naturally turn our
attention to the third discipline, namely, the stochastic finite ele-
ment method �SFEM�, and we were not disappointed. Beginning
in 1975 with a paper by Cambou �52�, we saw steady progress in

ll distribution of the column ultimate
and 8…. Note in small print the good-
bu
5,
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the 1980s �see, e.g., �53–61�� and the 1990s �see, e.g., �62–67��,
ending with a landmark paper entitled “3D SFEM for elasto-
plastic bodies” by Anders and Hori in 2001 �68�. Two more con-
tributions in 2004, one by Babuska, Tempone, and Zouraris �69�
and the other by Hlavacek, Chleboun, and Babuska �70� suppos-
edly gave us the rigorous foundation to rush into SFEM and
implement it in the same way as we tackled FEM in the 1960s.
However, this promising tool is still not the answer, as shown in a
concluding remark given by Anders and Hori in their remarkable
paper ��68�, pp. 474–475�:

“The comprehensive predictions of the proposed SFEM provide
design tools in terms of bounding response analysis. However,
due to the unpredictability of three-dimensional bifurcation phe-
nomena in random media, to ensure meaningful applicability of

Fig. 8 A typical sample of a progres
44-column grillage loaded at a const
distribution given in Fig. 7 †90‡

Fig. 9 A typical time-to-collapse distr
gressive failure of a 44-column grilla
given in Fig. 8. Note the difference bet

ministic mean.
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the method to a particular problem, the authors advise a prelimi-
nary coarse-mesh Monte-Carlo analysis to assess the probabilis-
tic content of potential modes of failure.”

Thus, we are back to square one, where for most applications
involving multiparameter calculations, a Monte Carlo analysis is
not a viable option to handle uncertainty within a reasonable time
and funding constraint. An example to motivate a new approach to
FEM and FA uncertainty is given in the next section.

4 A Metrology-Based Approach to FEM and FA
Since 1991, five international conferences on the numerical

simulation of three-dimensional �3-D� aluminum and steel sheet-
forming processes �NUMISHEET� have taken place. At the 2002

e failure analysis of the collapse of a
rate with a 5-test ultimate strength

tion based on 100 simulations of pro-
with one of the sample simulations

en the simulation mean and the deter-
siv
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conference held in Korea, the results of three benchmark test
problems involving 12 experiments and 41 simulations by inves-
tigators from 7 countries �71� were reported. Typical results of one
of the three test problems are given in Figs. 2 and 3. None of the
simulations was reported with an expression of uncertainty, and
the goal of validating the numerical simulations of all three test
problems was thus unattainable in the sense of Oberkampf, Tru-
cano, and Hirsch �72�.

To remedy this situation, we observe that an ISO guide �73� to
and a NIST note �74� on the expression of uncertainty in measure-
ment have existed since 1993–1994. We also note that a Bayesian
approach to combining results from interlaboratory experiments
appeared in 2002 �75�. Instead of resorting to large-scale simula-
tion techniques such as Monte Carlo, we adopted an experimental
design technique known as the orthogonal fractional factorial de-
sign �see, e.g., ��76�, pp. 374–433�, ��77�, pp. 359–363��, and a
basic assumption that any computer-generated simulation is, in
fact, a “numerical experiment,” such that the ISO guide �73� ap-
plies to guide us in estimating the uncertainty of FEM and FA. We
named this approach “metrology based” because we implemented
it on a suite of benchmarks of known solutions as reported in �78�.

5 Example RB-101—A Thin Elastic Cantilever Beam
Motivated by a 1998 FEM workshop course notes �79� and the

known exact solutions in the literature �80,81�, we implemented
our metrology-based approach of verification and validation
�MV&V� on a very simple problem, namely,

RB-101 The static deformation due to an end load and the
free vibration of a thin, isotropic, and linearly

elastic cantilever beam.

We planned a numerical experiment of a fractional factorial
design �76,77� involving three commercially available FEM codes
�82–84�, each of which is required to run 4 mesh sizes, 3 element
types �3�4=12� with 6 two-level factors �26−3=8� for a total of
96 runs per code. To achieve uniformity in mesh generation and
problem specification, we used TrueGrid �85� to generate input
files of all three FEM codes. Typical results from one of those
runs are given in Figs. 4 and 5.

Fig. 11 A typical unsymmetrical patte
at its center with a point load when th

bution of the Weibull type
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6 Example RB-301—A Thin Elastic Square Plate
Our next example, RB-301, was motivated by the classical

problem of the bending of a thin, isotropic, and linearly elastic
plate, of which exact solutions for both linear �small strains� and
nonlinear �large deformation� formulations under uniformly dis-
tributed loads are known �86�. To accentuate the nonlinear aspect
of the problem, we added a fourth FEM code named MPAVE,
which was recently developed by Marcal �87� as a follow-up of
his earlier version named MARK. A typical result of nonlinear
analysis by MPAVE is given in Fig. 6.

Motivated by two studies on the distributional properties of
yield and ultimate strengths of selected steels �88,89�, we modi-
fied the geometry of RB-301 to that of a thin square steel plate
resting on a grillage of 44 concrete columns with a distribution of
ultimate compressive strengths based on five tests. Using a NIST-
developed statistical analysis software �90�, we show in Figs. 7–9
some typical results of a time-to-collapse analysis and Figs. 10
and 11 an unsymmetrical plate failure pattern even when the load-
ing and boundary conditions are symmetric.

of failure of a thin square plate loaded
aterial is given a failure strain distri-

Fig. 10 A histogram of the yield strength of 224 heats of ASTM
285 Grade C steel comparable to ASTM A36… from the purchase
record of a single fabricator †88‡. This set of data was fitted by
Fong et al. †89‡ with a three-parameter Weibull „�=1.8….
rn
e m
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7 Summary of Results and Concluding Remarks
The metrology-based approach to a quantitative expression of

uncertainty in finite element modeling and failure analysis as in-
troduced in this paper is based on five specific ideas, namely, �1�
standard reference benchmarks such as RB-101 and RB-301 men-
tioned in the previous sections, �2� orthogonal fractional factorial
design of numerical experiments as discussed in �76,77�, �3� the
ISO guides �73,74� to the expression of uncertainty in experi-
ments, �4� a three-parameter exponential-fit of at least four grid-
convergence run results, and �5� the Bayesian approach to com-
bining results from multiple methods �75�.

To illustrate the feasibility of this new approach, we show a few
examples in this expository paper as motivations to answer the
following two generic questions on engineering uncertainty:

�Q-1� Given the results of two or more FEM solutions, how do
we express uncertainty for each solution and the combined?

�Q-2� Given a complex structure with a small number of tests
on material properties, how do we simulate a failure scenario and
predict time to collapse with confidence bounds?

We show in Sects. 5 and 6 that our approach is easy to imple-
ment, and the results are physically meaningful. In particular, the
74% error shown in one example run �Fig. 9� for the difference
between the result of a deterministic mean-based model and the
mean of the stochastic model serves as a reminder that engineer-
ing design with a deterministic model may be challenged in court
as being “unsafe,” as it overestimates the time to the onset of
failure of complex structures. Further implementation of this ap-
proach and new research based on incomplete-data analysis
�91,92� are being conducted and will be reported as the results
become available.
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