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Abstract

In this note a probability model for the number of atoms in a magneto-optical trap is suggested. We study an ergodic
Markov chain for the number of atoms in the trap under a feedback regime for different load distributions. Formulas for
the stationary distribution of the process are derived in several cases. They can be used to adjust the loading rate of atoms
to maximize the probability of a single atom in the trap. Approximate optimal regimes are found.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

The ability to control individual atoms is crucial in quantum information processing (quantum
computational schemes) and nanotechnology (control over dopants and the atom-by-atom construction).
Atom-on-demand technology represents a fundamental step towards this goal. Bettermann et al. (1996) have
suggested a birth—death process model in continuous time for an uncontrolled number of atoms present in a
magneto-optical trap (MOT), while Hill and McClelland (2003) employed a deterministic model by
suppressing random nature of load and loss processes.

In this paper we suggest and study a stochastic recursive model for the number of atoms in a MOT, designed
to isolate single atoms. According to this model, X, the number of atoms in the trap at step n, is a Markov
chain. Under mild conditions we prove its geometric ergodicity. For several pairs of load and loss distributions
the probability of isolating exactly one atom in the stationary regime is determined. To attain the highest
likelihood of a single atom in the trap, this probability is to be maximized, and approximately optimal
parameters for that are found. For uniform loss we prove the existence of a stationary distribution and
determine it for general load. Similar results are obtained for geometric load. Assuming that the load
distribution has a finite second moment, the stationary distribution for the binomial loss is derived.
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2. The atom-on-demand Markov chain model

Because of physical limitations, the number of atoms in the MOT cannot be monitored continuously, the
trap can only be checked every T seconds. During that period more than one atom can get inside the trap
before the door is closed. Let R, be a random variable representing the load (number of atoms entering the
trap at step n), and let X, be the number of atoms in the MOT at step n. Denote by Y, the random loss (the
number of atoms which escaped the trap between steps n — 1 and n).

A simple recursive model for the number X, of atoms present in the MOT at step » under a feedback
regime is

Rn if anngnfla

X, = .
' Xn—l - Yn—l if Xn—l > Yn—l;

(2.1)
with independent R, and (X;, Y;), 1 <i<n — 1. At step n — 1 there is a random number X,_; atoms in the
MOT. With Y,_; atoms removed, (X,_; — Y,_1), atoms are left in the MOT. If this number is zero, the load
is applied and X, is determined by this load; otherwise, no atoms are added to the MOT, and
X,=X,_1—Y,_. Clearly, X,,, n=1,2,... forms a countable state Markov chain in discrete time. One
cannot observe the number of atoms in the trap, but an empty MOT is recognized. The chain is run until it
reaches the stationary regime. It is of interest to study the steady-state distribution and to determine the
parameters which maximize 7|, the probability of having exactly one atom under this distribution.

2.1. A sufficient condition for the stationary distribution

The transition probabilities of the Markov chain X, are

P(ylx) = P(Xy, = y|X -1 = X)
= P(Xn =) Y. >X|Xn—1 = X) + P(Xn—l - Y, = ) Y. <X|Xn—l = X)
== P(Rn == J/)P(le >X|anl - X) + P(Ynfl =X _y|Xn71 == x)1{1<y<x}

=r(y) - > fklx) +/(x = D)<y 22)
k=x

For a fixed X,, = x, denote by f(-|x) the discrete density of the conditional distribution of Y. It is assumed
that it does not depend on n and f(0|x)<1 (with a positive probability at least one atom is lost). Clearly
f(x) = 0 for y>x, so that (2.2) can be rewritten as

P(ylx) = r()f (x|x) + f(x =yl <y<y- (23)

Here 0 <r(k) = P(R, = k)< 1 assuming that the probability of loading no atoms or at least one atom are both
positive. Note that if for k> x one has f(x|k) >0, and if the support of R, is of the form {0, 1,..., M} possibly
with M = oo, then the chain is irreducible.

Assuming that a stationary distribution with 7y >0 exists, define for n>1,

Ty
Uy =—.
o
Then v = (v1,v2,...) € I, since ) ;- v; = [|vll; = (I — m)/mo. Clearly n can be recovered from v,
1 Un
T=—— ) my=—"  p=1,2,.... (2.4)
L+ lvlly L+ vl
One has

P(x]0) = r(0) - f(x]x) = r(0)dx,
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where dy = 1, and
> mPn|0) = r(0)Y " mudy = m. (2.5)
n=0 n=0

so that with the superscript T denoting the transpose,

|
dip=0v'd=——1.
; KUk 0)

Also P(y)0) = r(p).

The reduced transition probabilities matrix P formed by elements {P(y|x), x> 1, y>1} can be written in the
form

P=B+dil, (2.6)
where 7 = (r(1),r(2),...)" and

fO|) 0 0
fR) fO2) 0
B=1|rep) rap) ron

From the stationarity of = we get vTP = vT — 7T, and (2.6) implies that

VIP=0"B+vdiT =v"B+ L 17T
r(0)

Thus with C = BT,

(I—-Cyw=—F 2.7)

Under general conditions, g >0 (for example if f (x| x)> 0 for all x). If (2.7) has a unique solution in /;, then
by Theorem 6.9 in Kemeny et al. (1976, p. 135) the Markov chain with the transition probabilities (2.3) is
ergodic.

Assuming that the Markov chain X, is irreducible, one can prove its geometric ergodicity under general
conditions using a result from Nummelin (1984, p. 90). These conditions hold in all cases considered in
Section 3, and then the nth step transition probability P"(x, 4) tends uniformly to the stationary limit 7(A)
with a common geometric rate over any 4 C {0, 1,...}.

Theorem 1. If'lim sup,_, . f(0|x)<1 and E(pR)< oo for some p>1, then {X,} is geometrically ergodic, i.e. for
some ¢ and p<1

|P"(x|y) — x| <cp", n=12,.... (2.8)

Proof. We show that for some 0<{<1, b>0 and a finite set of states F'

> PP <P+ blp(x). (2.9)
y
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Using (2.3), one gets
SPGB =D ) +(x = p10) 00 ()]
y y

= (Z ﬁyr(y)>f(x|x) +B° D P —ylx)
y

I<y<x
SEPBYP(Y, = xIX, = %)+ FEB X, = x)
= BB EBYP(Y, = x|1X, = x) + E(B "X, = x)].

For any {, 1 — (1 — p7)[1 — lim sup,_, ., f(0|x)]<({<1, so that there is an x;¢ such that for x> x;,

ﬁ_XE(ﬁR)P(Yn =x|X,=x)+ E(B_Y”|Xn =x)<{,

and the conclusion easily follows with F ={0,1,...,x;}. O

A result in Meyn and Tweedie (1994) can be used to relate the convergence rate in (2.8) to the parameters
used in the drift inequality (2.9).

3. Two approaches

We give two approaches for solving (2.7). The first consists in directly solving (2.7) and is exemplified by the
uniform loss and a general load or by the geometric load and a general loss distribution. The second approach
uses an expansion of (/ — C)~! and is illustrated by a binomial loss and a general load.

3.1. Uniform loss

In the uniform loss case, f(y|x) = 1/(x+ 1), y=0,...,x and (2.7) has a unique solution in /; since the
homogeneous equation obtained by replacing the right-hand side by 0 has a unique solution in /;, namely the
null solution. Indeed,

nvy, — (n+ Doy =0,

so that v, = (1/n)vy, which corresponds to an element in /; if and only if v; =0, i.e. v = 0.
Next, we solve (2.7) in /. One has

nv, — (4 Doy = (m+ 1)(r, — ”n+1)/70
and
v) —nvy = Q2ry + 12+ -+ ey — nry)/1o.

Since v,r € I}, one has v; = (1 —rg + r;)/ro. Therefore,

l—rg—r — o —Fp Y
b, = ro —rq Fp—1 + nr >0 3.1)
nro
and
1'_ — I'n
1 :ﬂ,...,wﬂr] = " Un—rn rl—H. (32)
ro n+1 0
Thus,

ol =~ Z(l +Zi>rn
i=1

o n=1

and v € /1 if E(log R)<oo0.
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Introduce now g, the moment generating function of the stationary distribution, and m, the moment
generating function of the load distribution. Notice from (2.7) that

Z 1 v v I
— Uy =0 ——.
sn+ 1" 70
According to (2.4), >~ m(n + 1)~! = ny/ro, so that
1 TEO
E .
(X"‘r‘ 1) ro

We have

X, k t HXu+1)
m(t) e 1 e e

E@E¥1X,) = > = m(t) ——— :

140 Xn+1+k=1Xn+1 X,,+1[() ef—1}+Xn+1

Therefore, for the stationary distribution

1
EIX:ht El—— H(X+1)
e (1) + <X+le ,

where

et
h(t) = {m(l) — } .
ro -1
Differentiating with respect to ¢ gives a linear differential equation for g,

g =n@+ey@,
with the solution

7

(e = 1)?
The expected value of the number of atoms in the trap under stationary regime can be derived either from the
moment generating function or directly as above,

g(t) =1 +/ H()e dz e =1 +—/ [m (z) — } e dz. e,

ER Yook
+ ,
X,+1 & X, +1

E(Xn-H |Xn) =

which gives

EX =

2noER
ro '

Further moments of this distribution can be found using the same argument. For example,

EX? = 37 0 [3ER* + ER].

3.2. Poisson load and uniform loss

When the load R is Poisson(4), exact formulas for the stationary distribution can be obtained. Rewrite (3.1)
as

1 ; n 1 lln_l _M/ln )vn
Un=—e/“P(R>n)+/L_=—e/l/ eidt‘i‘_a
n n n Jy (n—=1) n!
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so that
I n—1,—Atyn n
) t c ;\, )L
loll, = Z(e/ 'dt+'>
n>1 0 n! n!
1 . —t n 1 — At
e At ; ; 1—e
=e)*/ Z( ‘) dl+e’V—1=e’V/ di+¢* —1.
0 t w1 n. 0 t
Note that

1 1 _ e—Af
/ ; dt =y + In(4) + Ei(1, 1),
0
where Ei(-,-) is the exponential integral function. Substituting in (2.4), we obtain exact formulas for the
stationary probabilities. For example,
I e
Lol (1 —e)/nde+1
The probability of exactly one atom in the trap, 7, is maximized when 4 = 1.027767647. One has
. 2
fo(( —e)/ndi+1
- 307 + 44
2(fy (1 —eMy/ndi+ 1)

and one can prove by induction that EX¥~1*. According to the Carleman Theorem (Shohat and Tamarkin,
1943), these moments uniquely determine the distribution of X.

= (33)

3.3. Binomial loss

Suppose the loss distribution is binomial(X,,p), 0<p<1, and the load distribution has the finite second
moment. We denote D = diag(1,2,...).
Eq. (2.7) can be rewritten as

(I—-DCD Yu=1, (3.4)
with u = Dv and / = D7 /r(0). The upper triangular matrix G = DCD™! is given by elements
iG—D ;. i
gij = i — l.)!P] (1-p),

for j=i>1. We have
J .
G-V
9ij = (1 =p)=1-p
; v ;(1—1)!(]—1)!
and
9y = : pi‘i(l—p)i=1.
RN

Using a theorem by Schur (Halmos, 1982, Problem 37 with p; = 1), we see that the operator defined by the
matrix G has norm in L less than /1 —p<1(asg;; =1 —p, |G|l =1 — p). Therefore, I — G is invertible in L,
and the solution of (3.4) is

u=>_ Gl (3.5)

k=0
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Fig. 1. The stationary probability n; for Poisson(4) load and binomial(p) loss.

Since / € [, Dvis in /; and by the Cauchy—Schwartz inequality, v € /. Denote by «;; the elements of (/ — G) !,
and put o; = ZKj axj/k. Notice that oy = o = 1/p.
One can prove the recurrence formulas,

J 1 J
oy =05+ Y il % = i > gy,
k=i k=1

which show that o; <oy and
1
o< Ll.l =
J
Substituting (3.5) into (2.4), we get
_ ERm)
H0)+ S0 ()

Fig. 1 shows the stationary probability n; for Poisson(/) load and binomial(p) loss. Define the truncation nff of
T as

(3.6)

yat

= Z;l=1j°‘ljr(f)
I OFS Sy s

Using the upper bound for «; and o;, one obtains

i< > 0+ 0 k) (37)
k=n

2
k=n p
and
lim |n; — #}] = 0.
n—oo
Given a margin of error ¢, (3.7) can be used to obtain a level of truncation n, for which || — n]| <& for any
n>=n,. For Poisson(4) load, the upper bound in (3.7) takes the form, e *(p + A — le *)y(4,n — 1)p~2 where y is

the incomplete gamma function.
A formula similar to (3.6) holds for Poisson loss and Poisson load distributions.
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3.4. Geometric loss

Assume that for a fixed X,, = x, the loss distribution is that of min[Z, x], where Z is a geometric random
variable, P(Z = k) =p(1 — p) k=0,1,....
In this case, the inverse of I — C in (2.7) takes a simple form,

1 P P
l—p 1—=p 1-p
o L P
1-0" = ber e
0 0o —
l—p

so that
R
Therefore,
o, = (L= = r0) + pER

ro(1 —p)

The stationary distribution is

o r,l, —t[;%,;g;k . (3.8)
In particular,
- l+ f;l(ERrO— l;’l)7 (3.9)
which is an increasing function in p if
1 —ro=rER. (3.10)

Thus p 1 1 is optimal, regardless of the load distribution satisfying (3.10). This condition holds for the
Poisson(/) load. It is straightforward to check that for 2 ~ 0, n; &~ 1.
Using (3.8), the expected value for the stationary distribution can be evaluated for general load

(p + 2)ER + pER?

EX =
2+ 2p[ER — 1]

3.5. Geometric load

Let the load be geometric(p) and the loss Y, given X, = x, is min[Y, x] with distribution of ¥ independent
of n. Then the matrix I — C has the form

1-f0) —f(1) —f(2)
0 1=f0) —=f(1)
0 0 1 — £(0)
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The inverse (I — C)~! = hj is an upper triangular matrix with /; = (1 —f(0))7", for 0<i<k, hijvie = c(k),
where c(k) is the first row of H. As in the uniform loss case, since the homogeneous version of (2.7) only has
the null solution, (2.7) has a unique solution v in /;.

Employing the Laplace transforms of the sequences /(i) and c(k), we obtain (1 — Zr(s))Z(s) = 1, so that
_
1= Zs(s)
Note that the solution for (2.7) is given by

U = Zci7i+k, k=1.

i=0

L(s) =

If the load is geometric(p), then

(1-p)

_ (1 — itk _ AN _ __\7r
=) el =p™ =(=pf L -p) == F—

i=0

and |jv]l; = (1 — p)/[p(1 — Z¢(1 — p))]. Substituting in (2.4), one derives exact formulas for the stationary
probabilities,

p( = p)

= k=1 3.11
T @10

4. Conclusions

The table below with rows corresponding to combinations of loss and load distributions gives formulas for
71 and the optimal parameter values (when available).

Load Loss | Optimal parameter(s)
General Geometric(p) 3.9

Geometric(p) General (3.1D)

Geometric(q) Geometric(p) 3.9 p,q~1

Poisson(4) Geometric(p) 3.9 A~0, p~1
Poisson(4) Uniform 3.3) A =1.027767647
Poisson(1) Poisson(u) (3.6) 2y u~0, 11/ A~0
Poisson(4) Binomial(p) (3.6) same as above

Additional information about Poisson load entries in the table can be found in Rukhin and Bebu (2006).

Acknowledgments

The work of the second author was supported in part by the Defense Research Projects Agency under the
DARPA Quantum Information Science and Technology (QulST) program.

The authors are grateful to Dr. J. McClelland (NIST) for suggesting the problem and to the referee for
penetrating comments.

References

Bettermann, F., Peng, D., Ertmer, W., 1996. Statistical investigations on single trapped neutral atoms. Europhys. Lett. 34, 651-656.
Halmos, P.R., 1982. A Hilbert Space Problem Book, second ed. Springer, New York.
Hill, S.B., McClelland, J.J., 2003. Atoms on demand: fast, deterministic production of single Cr atoms. Appl. Phys. Lett. 82, 3128-3130.



1616 I Bebu, A.L. Rukhin | Statistics & Probability Letters 76 (2006) 1607-1616

Kemeny, J.G., Snell, J.L., Knapp, A.W., 1976. Denumerable Markov Chains, second ed. Springer, New York.

Meyn, S.P., Tweedie, R.L., 1994. Computable bounds for geometric convergence rates of Markov chains. Ann. Appl. Probab. 4,
981-1012.

Nummelin, E., 1984. General Irreducible Markov Chains and Non-Negative Operators. Cambridge University Press, Cambridge.

Rukhin, A.L., Bebu, I., 2006. Stochastic model for the number of atoms in a magneto-optical trap. Probab. Eng. Inform. Sci. 20,
351-361.

Shohat, J.A., Tamarkin, J.D., 1943. The Problem of Moments. American Mathematical Society, New York.



	Stationary distributions in the atom-on-demand problem
	Introduction
	The atom-on-demand Markov chain model
	A sufficient condition for the stationary distribution

	Two approaches
	Uniform loss
	Poisson load and uniform loss
	Binomial loss
	Geometric loss
	Geometric load

	Conclusions
	Acknowledgments
	References


