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Noise considerations for locking to the center of a Lorentzian line
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Many areas of science require locking a probe signal to the center of a Lorentzian line. In this paper we
experimentally explore the limits to the resolution for locking a sine-wave modulated probe signal to a
Lorentzian line. Surprisingly we find that in some cases relatively high-frequency phase mod(fa#pn
noise on the probe signédven 100 times the linewidth of the resonancan significantly degrade the stability
of the lock. The 6.835-GHz hyperfine transition 8fRb was used as a test bed for these studies because it
affords very high resolution for investigating this effect. The details presented here should prove useful for
testing a complete theory of this effect and give some insight into the requirements of PM noise of local

oscillators to be locked to a Lorentzian line.
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PACS numbses): 42.62.Eh, 32.80.Bx, 06.20f

I. INTRODUCTION

For square-wave modulation and sine-wave demodulation,

the general formula fo€,, and the first few coefficients are

In this paper we explore the limits to the resolution for given by

locking a probe signal to a Lorentzian resonance line result-
ing from phase modulatioPM) noise on the local oscillator
or, more generally, PM noise on the total resonant field. This
is a universal problem caused by the shape of the resonance
and is independent of the way in which the line shape is
realized[1]. The 6.835-GHz hyperfine transition #Rb is a

very convenient test bed for these studies because the line-
width of this resonance in a typical buffer gas cell is approxi-
mately 1 kHz, the line can be optically pumped with avail-
able diode lasers, and the signal-to-noise ratio is extremely
high. This results in very high resolution for investigating
this universal effect.

Kramer[2] pointed out that PM noise in the interrogating
source at the even harmonics of the sine-wave modulation
frequency degrades the resolution for locking a probe signal
to a resonance. Various analyses have been done for fre-
guency standards operating either in pulE&dr continuous
[4,5] mode. None of these analyses treats the practical case
investigated here, namely, the sensitivity to PM noise at Fou-
rier frequencies that are large compared to the nominal line-
width for sine-wave modulation and demodulation.

Reference$4, 5] investigate the “quasistatic” case where
the modulation frequency¥,, is very small compared to the
linewidth. This approach can be calculated analytically, but
is expected to break down when the modulation frequency
approaches the linewidth. The limits to the resolution or frac-
tional frequency stability due to PM noise at even harmonics
of the modulation frequency in the quasi-static approxima-

c - 2n m
2= (an-1)(2n+1) v, 9eMerA
2 fm
C2:§v_ (second harmonj¢
0

fm -
C4—1—5 V_o =0.4C, (fourth harmonig,

6 f,
Ce= 3—5—~0 .26C, (sixth harmonig,

8 fm

Cg= 6—3—~0 19C, (eight harmonit,

FM control

laser beam NIST microwave

synthesizer

Phase

tion, with square-wave modulation and sine-wave demodu-| Isolator modulator VCXO

v A
87Rb cell and
laser sideband /(

Lock-in
detector

servo system

o]

¢

2

lation, are given by4] A
O'y( ) PM noise~ { \/2 C qu 2nfm)| 3
Band-pass Noise

*Present address: Datum Inc., Efratom Time and Frequency Prod“’s"‘“’“’de fiter  [*7 source Detection
ucts, Inc., 3 Parker, Irvine, CA 92618.

TPresent address: Observatoire Cantonal de Neeichaue de
I'Observatoire 58-CH-2000 Neucted, Switzerland.

1050-2947/99/5@)/7735)/$15.00

FIG. 1. Block diagram of the Rb clock. The role of the noise
source is described in the tef@ec. I).
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FIG. 2. PM noise coefficient&) C,, (b) C4, (c) Cg, and(d)
Cg at vy=16.8347 GHz. The modulation frequency is indicatAa.
(=900 H32 is the atomic resonance width.

wherewy is the center frequency of the Lorentzian resonance
line. Equationg1) and(2) are useful for estimating the effect
of the synthesizer PM noise, but cannot provide a precise
evaluation for our device where we use sine-wave modula-
tion, sine-wave demodulation, and a modulation frequency
fm (300 H2 equal to one-third of the resonance linewidth
[full width at half maximum(FWHM) equal to 900 Hx We
have experimentally obtained the coefficients of Eq.by
measuring the white frequency noise contribution to the frac-

(Hz) Synthesizer 1 Synthesizer 2
10 4x10° 13 4x10° 13
50 2.6x10° 2.6x10° %8
100 1.610 %3 1.6x10713
300 2<10° 1 3.2x107
600 1.2<10° 6.4x10° 1
1x10° 1x107 14 1.2x10°15
3x10° 1x107 14 1.2x10°15
10x 10° 1x10 * 1.2x10° 1
30x 10° 1x10° 1x10716
100% 10° 1x10° 1x10 %6
300% 10° 1x10°* 1x10° %6
1x10° 1x10714 1x10716
3x10° <5x10°1° <5x10716

tional frequency stability o (7) pm noise r€sulting from PM
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TABLE Il. Limit to short-term frequency stability of Rb gas-cell clocks due to the microwave PM
noise calculated from Ed1), the PM noise of column 2 of Table | and the coefficients of &y.and Figs.

2 and 3.
Harmonic
contribution 2nd 4th 4th—350th 350th—3500th Total
in Eq. (1) 574 Hz 1148 Hz 1-100 kHz 0.1-1 MHz limit
quasistatic 2.1x10° %8 8x 10" 1.2x10° %8 <1x107%4 2.4x10718
(theory
Dynamic 1.3x10°13 1x10714 7x10° 14 1.4x10° 18 2x10713
(Expt)

in which a microwave local oscillator is locked to tAB&Rb and as a function of the fractional linewidth of the resonance
hyperfine resonance. The three main components of the teBWHM divided by 2v,. This normalized scale can be used
bed (physics package, laser, and microwave synthesizertto estimate this universal effect in many areas of science.
have been described if6]. A distributed-Bragg-reflection In Figs. 2 and 3 we observe that the magnitude of the
laser is used to optically pump a rubidium vapor in a buffer-coefficients decreases by about one order of magnitude be-
gas cell. The laser is stabilized to a saturated absorption lineveenC, and C,, but then decreases very slowly. In fact,
of a separaté’Rb evacuated cell. Sideband locking at 12the coefficient is reduced only about 50% fradg to Czq,.
MHz is used[7]. If we use the quasistatic formul@), we obtain a 97% re-

To evaluate the effect of the microwave PM noise on theyyction betweerCg and C5o,. However, the quasistatic ap-
stability, we added band-limited PM noise that Was narroWn oach is not valid for high harmonics sinca,>Av. The
compared td, and centered on the secofat fourth, sixth,  ¢onsequence of the slow decrease of high-order coefficients

and eighth harmonig¢gsy turning the switch on in Fig. 1 and that broadband PM noise in th thesi igorai
centering the frequency of the adjustable passband filter tg &' broadban nolse In tne Syninesizer sl ore

. i . enerally the total resonant figldan significantly affect the
the dgswed harmonlcs. We then measur_ed the stability as ock stability [because of the high number of terms that
function of the PM noise whefi,, was varied from 21.5 to contribute to the instability; cf. Eq1)]

607 Hz. The results are given in Fig. 2. For low modulation T '

frequencies, there is good qualitative and even quantitative
agreement between the quasistatic predictions and the ex-
perimental results. The coefficients for the added white fre-

quency nc_)ise increase. Iinearly with the modulation fre-  \we measured the power spectral density of PM noise
guency, with a slope slightly different from that predlcted,s (f ) of our synthesizer at 100 MHz by using the “three-

PfObab'Y becau_se the theory was established for SqQuare-walf nered-hat, cross-correlation techniqug8]. The results
modulation while we used sine-wave modulation. Whenare shown in column 2 of Table |

2nfy, (n=1,2,3...) becomes large compared 0 the reso-  rpg gffect of the microwave PM noise on the clock insta-
nance half-width, the coefficients stop increasing Ilnearlybi”ty can be calculated from Eq2) and Fig. 3. Table Il

and instead appear to become nearly constant. ompares the results obtained with the coefficients corre-
W'th, this technique, we have also mgasured the effect 0 ponding to the quasistatic model to the coefficients mea-
PM noise centered on the odd harmonicsfgf The noise ¢ 1ad in the “dynamic” case. Even though the two total

added to the first harmonic produced an instability 40 timegmits are very close, we can observe a significant difference
Iowe.r than for the .sgcond. .PM noise added at the third harr'egarding the origin of these two limits. In the quasistatic
monic has a coefficient 5 times lower th@n and actually

o | case the contributions from the low-order harmonics are
smaller than the coefficient of the 350th harmonic. Thus Weygminant and the effect of the broadband noise is negligible.
conclude that the general form of the quasistatic model i, the dynamic case, the effect of the low-order harmonics is

Eq. (1) is correct, namely, only noise at the even harmonicsych jower, but the broadband noise contribution is not neg-
of the quulatlon makes. a S|gn|f|cant contribution to the!igible and is actually even larger than the effect for the
added white frequency noise. As discussed below, the ampligcond harmonic.

tude and variation of the coefficients with harmonic number ¢ \\.« include the effects of the photocurrent noise (1.2
seem to be much different from those predicted by the quas, 10137712 the light shift (2< 10137~ 2 [9,10,6), and

sistatic model. PM noise in the probe signal (210 372, we obtain a

A second type of measurement was performed to evaluaiGyit tor short-term fractional frequency stability, (7) =3
the effect of higher harmonics. The modulation frequency>< 10" 13712 This is equal to the measured performance.

was fixed at 287 Hz. The bandpass filter after the noise
source was adjusted so that, instead of one harmonic, the
noise spectrum(typically 25 kHz wide included a large B. Improving the microwave synthesizer

number of harmonics. An estimate of the average coeffi-

cients could then be obtained by measuring the clock stabil- Since the clock instability is due to both the PM noise at
ity as a function of the noise power. The results are given irthe second harmonic and the broadband noise, it is necessary
Fig. 3 in terms of an absolute instability for offRb clock to reduce the amplitude and the spectral width of the PM

A. Limit due to microwave synthesizer PM noise
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TABLE IIl. Limit to short-term frequency stability of Rb gas-cell clock s due to the microwave PM
noise calculated from Eq1), the PM noise of column 3 of Table I, and the coefficients of @yand Figs.

2 and 3.
With
Harmonic 2nd 4th 4th—42nd Total notch on
contribution 574 Hz 1148 Hz 1-12 kHz limit 2nd harmonic
quasistatic 1.6x10° %3 3x10° % 4x10° 1 1.6x10° % 4x10°1
(theory
dynamic 1x10 8 4x10°1° 1x10° 1 1x10 8 1x10°14
(Expt)

noise in order to significantly diminish this effect in this white frequency noise have been experimentally determined
case. The use of a notch filter at the second harmonic alorfer PM noise at Fourier frequencies up to the 350th harmonic
would not be sufficient to reach the intrinsic frequency sta-or approximately 200 times the half linewidth of the reso-
bility [11,12. nance. These data confirm the general form of the quasistatic

In synthesizer 1 the output frequency of 6.8 GHz wasmodel given in Eq.(1), except that coefficients for noise
obtained by doubling a low-noise 5-MHz quartz oscillator toabove the half linewidth of the resonance are smaller than
10 MHz, applying the frequency modulation, and multiply- predicted. Surprisingly, the coefficients for even harmonics
ing the output to 6.8 GHz. The broadband PM noise of thidarger than 10 times the resonance bandwidth fall very
synthesizer is primarily limited by the noise floor of the slowly with increasing harmonic number. As a result, PM
modulator. Several changes were made to reduce the broadeise-induced white frequency noise at high modulation fre-
band noise in synthesizer 2. First, the 5-MHz quartz oscillaquencies can dominate the ultimate resolution of locking the
tor was used to phase lock a low-PM-noise 100-MHz quartprobe signal to a Lorentzian resonance. Using these data en-
oscillator [6]. Second, the modulator was moved to 100abled us to refine our microwave synthesis so that it now
MHz. The broadband PM noise of this second approach igsontributes only & 10”37~ Y2 to the overall instability of a
reduced by a factor of at least 50 over the previous design, &Rb clock. The use of a notch filtdrl0] at 2f,, would
shown in column 3 of Table I. The resulting limit for the reduce the effect by a factor of 10.
short-term stability of the clock is now dominated by PM  We can use the results of these experiments to estimate
noise at 2, as shown in Table III. how these effects would scale in a resonance with a different

From this analysis and Ref5], we find that the added linewidth. For 2nf, less than or equal to the half linewidth,
white frequency noise due to PM noise in the interrogationve can use Eq(2) to estimate the coefficients. Fom2,,
signal derived from synthesizer 2 is significantly smallergreater than the half linewidth, we need to use the coefficient
than the expected frequency stability of our present clock oflata in Fig. 3. The data presented in this paper should also
2.5x10 37 12 for 1s<r<25s. If a notch filter at the sec- prove helpful in testing a complete dynamic theory of this
ond harmonic of the modulation were used, our present syreffect.
thesis would support a clock operating neax 10~ 147~ 1/2
[10]. See Tabile Ill.
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